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Conditions for the existence of periodic solutions of weakly=nonlinear auton- 
omous and nonautonomous impulse systems in the critical case are determined. 

To construct periodic motions in systems subjected to impulse action one often resorts 
to the prooedure in which instantaneous changes take place at instants when the parameters 
of these systems satisfy some previously established relations [i, 2]. Then the instants of 
impulse action are determined not only by properties of the constraint that is external with 
respect to the system under study, but also by internal constraints~ Mathematical models 
for such systems are differential equations with impulse action at nonfixed instants~ The 
basic results of the theory of differential equations with impulse action at nonfixed in- 
stants are treated in [31. 

In this paper we generalize to equations of this kind the theorems of existence of peri- 
odic solutions in the critical case for differential equations [41o 

I. Periodic Solutions of Nonautonomous Systems~ Consider a system of differentia] 
equations with impulses of the form 

dx 
8-'7" = A(t)x  + [ ( 0  § ~F(l,x,~), ~ ! ~  + ~ (x, ~)~ 

~ :  It=~i+~,~(x,~,l = Bix + i~ + ~W~ (x, ~), 
(1) 

where x e R n, ~ is a small parameter, A(t), t e R, and Bi, i e Z (the set of integers) are 

n • n matrices, F e C(~ Wi, ~i e C (z,2)~ There exist a real number w > 0 and an in- 
teger p such that for any x, ~, t, i one has the relations 

,4 (t + ~o) _- A (t), i (t ~ o~) = ! (t), F (t + o~, x, ~) = F (t, x, ~), 

l i + .  = tt + (o, B i + p  = B~, "~.:+p (x,  p~) = "~i (x ,  p~), &+p = l i ,  

W~+,, (x, ~t) = W~ (x, ~). 

Before we continue the investigation of system (i), let us formulate a number of defini- 
tions used below [5-8]. 

Let xj(t), j = i, 2 be solutions of system (i), and let tiJ be the discontinuity points 

of these solutions. We say that the solution x1(t) lies in the e-neighborhood of the solu- 
tion x2(t) if: i) the measure of the symmetric difference of the domains of existence of 
the two solutions is no larger than s; 2) the inequality iti I - ti21 < g holds for all i; 3) 
the inequality Ifx~(t) - x2(t)ll < e holds for all t such that It - ti21 > e. 

The topology defined by means of these g-neighborhoods will be referred to as the B- 
topology. This topology is Hausdorff and can be defined also in the case where the solutions 
exist on the real half-line or line. 

We say that a piecewise continuous function uj!t) is a B-derivative of the solution 

x(t) = x(t, to, x0) of system (i) with respect to x~, j = I, n, x 0 = (x0 l, x02 .... , x0n), 

if the function ~uj(t) lies in the 0-neighborhood of the difference xj(t) - x(t), where xj(t) 

is the solution of system (i) with initial condition xj(t 0) = (x01 ..... x0j + g ..... x0n) 

and 8 § 0 as ~ ~ 0. Furthermore, for all t lying outside the e-neighborhood of the disconti- 
nuity points of x(t) one has the inequality fJxj(t) - x(t) - Suj(t)Ii < e I, where 81 = o(g). 
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By analogy with the definition of the B-derivative with respect to the initial condition 
one can give the definition of the B-derivatives with respect to the initial time to and the 
parameter ~. Solutions of impulse systems are here assumed to be left-continuous at every 
point in the domain of existence. 

Now let ~i, i = i, k, k < n, be solutions of the linear homogeneous system corresponding 
to system (i), 

dx 
= A(t)x ,  t=/= 6, Axlt=h. = Btx, ( 2 )  

dt 

which form a maximal set of linearly independent m-periodic solutions. Then the system trans- 
posed to (2), 

dy _ _ _  A T ~r , - - l~ r  d l -  (t)y, t=/=ti, A y l l = , . = - - ( E + m i  ) m~y (3 )  

(where T denotes transposition), also has k linearly independent m-periodic solutions ~j, j = 
1 . . . . .  k [31 .  

From t h e s e  s o l u t i o n s  we compose  an  n • k m a t r i x  H ~ ( t ) .  S u p p o s e  t h a t  t h e r e  i s  s a t i s f i e d  
the condition 

P 

( H r (t) f (t) dt + 2 Hr~ (t i) I, = O. 

Then according to [3] the equation 

d x - - - A ( t ) x + f ( t ) ,  t=~6, Axl t=t~=Btx- t - l i  ( 4 )  
dt 

has a family of m-periodic solutions x (t, =) = ~i~i + =2~ + ..- + =h% + %, where % is a par- 
ticular m-periodic solution of Eq. (4). 

THEOREM i. Suppose system (i) satisfies the conditions discussed and Eq. (4) admits a 
family of m-periodic solutions x(t, a). 

Let ~0 be a solution of the equation h(a) = 0, where 

h (o0 = i' Hr (t) F (t, x (t, cO, o) dt + 
b 

P 

�9 -}- V H r (ti) {W~ (x (t i , oc), O) + (E ~- Bi) xi (x (t i, o O, O) A (li) [Bix (t~, ~) + li]} 
i = l  

such that 

j det ~ ~=~, :#:0, 

Then for sufficiently small I~I Eq. (i) has an m-periodic solution that converges in the B- 

topology to x(t, a0) when ~ + 0. 

Proof. Let x1(t) = x(t, t i, x, D) be the solution of Eq. (i) and let ~i be the time at 
which this solution meets the surface t = t i + DTi(x, ~). Let x2(t) = x(t, ~i, x1(~i +), D) 

be a solution of the same equation, defined on the segment [~i, ti] if T i ! t i, or [t i, ~i] 
if t i < ~i" We shall assume that the solution x2(t) is not subjected to impulse action. De- 

note 

~tQ, (x, ~) = (E + Bi) I (A (u) x~ (u) +, f (u) + ~tF (u, xa (u), ~)) du "6 
h 
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+ + .I (A (,,) (,,) + (u) + ,F (,,. (,,). d..) + 
t i  

t i  

+ I~ + [ (A (u)x~(u) + [(u) + FF(u, x..(u), ~O)du. 

One can verify that ~i e C(Z, z) and 

~ (x, O) = W~ (x, O) + (E + B~) ~ (x, O) A (6) [B~x + 61. 

Moreover, for any solution of system (i) with discontinuities at the points ~i, 
0 < Dz < q2 < ... < ~p < ~ there is a solution ~(t) of the equation 

(5) 

i = ! ,  .... p, 

d__f._x = A (t) x + f (t) + g.F (t, x, ~), t 4= 6,  
at 

Ax It=t,. = B~x + li + ~Qi (x, ~), 
(6) 

such that x(ni) = $(ni) or x(qi+) = $(qi) for all i = !, .... po 

Now let us investigate the question of the existence of a periodic solution of system 
(6)o 

Complete the matrix Hz(t) by columns that are solutions ~j, j = k + 1 ..... n~ of sys- 

tem (3) to obtain a fundamental matrix of solutions H(t)o Performing the substitution y = 
HT(0)x in Eqs. (6) we obtain the system 

dv : P ( t ) v - : . g ( t ) - F ~ , Y ( t , w , ~ ) ,  ~ h, 
dt 

AV tt=,i = QiY + ,/i + ~ l  (Y, ~), 
( 7 )  

in which 

P (0 = ;i r (o) A (t) It r (0) -~, g (0 = H r (0) f (t), 

Q~ = H r (0) B~H r (O)-t, L = H r (0) ,Q, 

(t, g, u) = H T (0) F (t, H r (O)-'g, V), ' ~  (g, l~) = H r (0) Q~ (H T (0) -~ g, g,). 

Denote y(t, ~) = HT(0)x(t, ~), ~ : (~k+z ..... Sn) and let v(t) = y(t, ~, ~) be a solu- 
tion of system (7) with initial condition v(0) = y(0, ~) + (0, B)~ Further, let L(t) = 
H-l(0)H(t), Lz(t) = H-I(0)Hz(t), let L2(t) be the matrix composed of the entries of the last 
n - k columns and n - k rows of the matrix L(t), and let L3(t) be the matrix composed of the 
last n - k rows of L(t). Denote 

P 

U (cr ~, ~) ---- ~ L~ (I) $" (l, v (1), ~) dl + E Lit (t~) ~ i  (v (t~), ~), 
0' i = l  

O) p 

0 ~ = I  

Then the m-periodicity condition for the solution v(t) takes on the form of the equa- 
tions 

u (o~, ~, ~) = o, 

v(c,, [L~)  = o. 

(8)  

(9)  
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If in (9) one takes ~ = 0, we obtain 8 = 0, and then Eq. (8) has the form 

u (~, o, o) = ~ L[ (t) 9" (t, y (t, =), O) a~ + ~ L[ (6) ~ (~ (t,, ~), O) = O. (10) 

Let  s 0 = (~ 0 . . . . .  ~k ~ be a s o l u t i o n  o f  Eq. ( 1 0 ) .  S i n c e  t h e  f u n c t i o n  U has  c o n t i n u o u s  
p a r t i a l  d e r i v a t i v e s  w i t h  r e s p e c t  t o  .~j, j = 1, . . . ,  k,  in  a s u f f i c i e n t l y  s m a l l  n e i g h b o r h o o d  

o f  t h e  p o i n t  ( a0 ,  O, 0 ) ,  i t  f o l l o w s  t h a t  unde r  t h e  a s s u m p t i o n  t h a t  

the system of equations (8), (9) is solvable with respect to ~ and B so that the functions 
sj(~) and ~s(~), J = 1 ..... k, s = k + 1 ..... n are continuous and ~j(D) + sj ~ 8s(~) + 

0as~0. 

Thus, we established that for sufficiently small I~I system (6) admits an u-periodic 
solution, which for ~ ~ 0 converges to the solution x(t, s 0) of system (4). 

To complete the proof of the theorem it remains to return from system (6) to Eqs. (i). 

2. Periodic Solutions of an Autonomous System. Consider the system 

dx 
dt 

=Ax+~F(x,~I), x~F~, Ax[~r,=W(x,~), 

where x e R n, ~ is a small parameter, F, W e C(I), and A is a constant n • n matrix. 
for fixed ~, F I is the surface in R n given by the equation 

(x)+~,(x,~)= 0, ~, r ~ 

Suppose that the linear homogeneous equation corresponding to (ii), 

(11)  

A l so ,  

(12)  

dx 
Ax, 

dt 
(13) 

The general admits k (k < n) linearly independent w-periodic solutions ~i, i = 1 ..... k. 
m-periodic solution of this equation has the form 

x ( t ,  ~) = ~1~, + ... + ~h~h, ~ = (~1, ~ . . . . .  ~,,). 

Let  F be t he  s u r f a c e  in  R n d e f i n e d  by t h e  e q u a t i o n  ~(x)  = O .  Denote  by ~ i ( s ) ,  i = 1, 
.... p the instants in the interval [0, ~] at which the solution x(t, ~) meets the surface 
F, 0 < r1(~) < ~2(~) < ... < ~p(a) < ~. Suppose that for any ~ in a neighborhood of a point 

s0, to be specified below, the solutions x(t, a) intersect the surface F nontangentially. 
To ensure this it suffices to assume that the relation 

(. a(D (x (~i (o:), o0) A x  (~  (o O, o0) 4= O, 
#X 

holds for all i = i, .... p, where <, > denotes the inner product in R n. Let HI(t) denote 
the n • k matrix whose columns are linearly independent m-periodic solutions ~j, j = I, ..., 

k, of the system transposed to (13), 

dx ____Arx. (14) 
dt 

Complete Hi(t) by column-solutions ~j, j = k + 1 ..... n so as to obtain a fundamental ma- 

trix of solutions H(t). The substitution y = HT(0)x, t = ~(i + ~), where n is a function 
whose dependence on B and on one of the coordinates of the vector ~ will be specified below, 

reduces system (ii) to the equations 
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d9 

where 

(y,~) H r(O)~(N ~ -~ = (0) ~, ~,~). 

The set G~ is given by the equation 

(~r(0)-~9)~-b~(~r(0)~b~ =0. (16) 

One can verify that the functions figuring in Eqso (15)a~d (16) s~tisfy the same differen ~ 
tiability conditions as those figuring in expressions (ll) and (12). De~ote y(t~ c} = 
HT(0)x(t, ~) and let v(t) = y(t, ~ 8, U, n) with ~ = (Bk+~ ..... $~) be the solution cf 
system (15) with initial condition v(0) = y(O~ ~) + (0~ $)~ The ~=p, eriodicity condition for 
the solution v(t) is expressed by the equation 

(0 

, i'~ �84 Z(~,;~,!~.,~)--(L ~ (~O) -E)v (O) - r  ~ - n )  ~ ~ (~)y(~(t), p'<" 

- -  ~] (Lr(t) Q, (t) at - -  p. %-~ L r (0~) ~ (v (~,), [0--:0, 
(17: 

i.~~ which O i = 8i(~, ~ u, q) are the discontinuity points of v(t)~ ~ ~ (~-~ = H-~<0~(t)~ Let 

L!(t) = H-~(0)H~(t)~ and let L2(t) be the matrix composed f~om the entries of t!~e last n - ~. 
columns and last n - k rows of the matrix L(t). Then using the prope~rties of H(t) we f~nd 
that Eq, (17) decomposes i~o the following equations 

d ~ d ~=~ 

0 0 g=~ 

(19) 

If in (19) we set V = 0 we obtain 8 = 0o Then Eqo (18) takes on the form 

U (~, 0, 0, N)= 0o (20) 

Let ~0 (~l ~ = , -.-, ~k~ q = D0 be a solution of Eq. (20). By Theozem 3 below, the 
solution v(t) has B-derivatives with respect to ~, $~ V~ D in a sufficiently small neighbor- 
hood of the point (60, 0, 0, q0)o 

From the fact that the right-hand side of the variational system depends cor~tinuously 
on the initial conditions and on the parameters it follows that the aforementioned B-deriva~ 
tires depend continuously in the B-topology on ~ 5, ~, ~. Consequently~ the functions 0i, 
i = 1 .... ~ p are differentiable with respect to ~, ~, ~ ri and hence the function Z(e, $~ 
~ D) is differentiabie in a sufficiently small neighborhood of the point (s0, 0, 0, q0). In 
this case the condition 

(21) 

where j takes one of the values I~ 2 ..... k, suffices to guarantee for small !~i the exis- 
tence of a solution ~I(P, ~j) ..... ~j-l(P, ~j), ~j+I(P~ ~j) ..... ~k(P~ ~j), 8(~ ~j), q(p~ 

~j) of Eqs. (18), (19) with the property that it tends to the values ~ = s0, B = 0, q = q0 

when ~ + 0, ~j + ~j0. 
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System (20) consists of k equations with respect to the (k + 1)-st unknown. Hence, one 
can choose from the very beginning ek ~ = 0. In view of the one-to-one correspondence between 
the vectors ~ and $ = (y1(O, =), .... Yk(O, =)), this last condition means that ~ belongs to 
some fixed hyperplane in R k. 

Let us return to system (ii) and write Eq. (20) in the form 

H[(t) F(x(t, ~), O) ~ + ~ S H[(t) Ax (t, ~) dt + ~, H[(% (~)) W (x~ (~), O) = O. ( 2 2 )  
0 i = l  

From this and the continuous dependence of the solutions of the impulse system (Ii) on the 
initial conditions and the parameters we derive the following result. 

THEOREM 2. Suppose system (ii) satisfies the conditions discussed above and a = ~0, 
q = q0 is a solution of system (22) with the property that condition (21) holds for at least 
one of the values i, 2, ..., k. Then for sufficiently small [D[ system (Ii) admits a period- 
ic solution of period ~' such that for D + 0 the period m' tends to the value w, and the 
solution itself tends in the B-topology to x(t, a0). 

Remark. The function x(t, ~0) is a solution of the system (13) of ordinary differential 
equations, and as such is continuous. In order that the assertion concerning B-convergence 
be meaningful we assume that x(t, ~0) undergoes null jumps at the points ~i(~0). 

3. Differentiability of Solutions of an Autonomous Impulse System with Respect to Ini- 
tial Conditions and Parameters. Suppose given the autonomous system 

dx 
dl =f(x,v-), x 6 I ' ,  AXlx~r=l(x,~), ( 2 3 )  

where x �9 R n, ~ e R m, f, I �9 C (I). For fixed ~ the set F is a surface in R n given by an 

equation r ~) = 0, where r �9 C(I). Let x0(t) = x(t, to, x0, D0) be a solution to the 
Cauchy problem for system (23). Suppose that over the finite interval K = [to, t o + T] the 
solution x0(t) hits the set F at instants ~i, i = 1 .... , P, to < xl < z2 < ... < ~p < to + 
T. Denote 

f~ = f (Xo (x-~ + ) ,  v-o), 1~ = 6 (x,, (x-t), ~o), 

(~)xi : ~Z)x (Xo (X'i), V-O), A (t) = [x (Xo (t), V-o). 

We shall assume that <r f_i> ~ 0, and denote 

r (Xo (~0, v-o) 
s~ = q$- (E + G,) ii) <o~,, fi> 

g~ (t) = f~,j (Xo (t), v-o). 

+ I~ 1 (Xo (~0, v-o), 

Further, let Pi denote matrices such that the following relations hold for all z �9 Rn: 

Piz = lxiz + (F+ -- [~_ -- l~Jt_) (@~' z) 
<r fi> " 

Using the methodology developed in the papers [5-8] one can prove the validity of the follow- 
ing result. 

THEOREM 3. Suppose system (23) and its solution x0(t) satisfy the conditions discussed 
above. Then in the interval K the solution x0(t) has: 

I) B-derivatives uj(t) with respect to x0J, j = 1 ..... n, which are solutions of the 
linear syStem 

du = A(t) u, t=/==x-~, Au]t=Tt = Piu 
dt 

w i t h  i n i t i a l  c o n d i t i o n s  u~(to)=(O . . . . .  0 , 1 , 0  . . . . .  0); 

I 
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2) B-derivatives Vk(t) with respect to p0 k, which are solutions of the system 

a--L-v = A (t) o + gh (t), t ~ x .  ~o l , - . ,  = ,Pro + J~ 
dt 

with initial conditions Vk(t 0) = 0, k = i, .~., m. 
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AVERAGING IN PARABOLIC SYSTEMS SUBJECT TO WEAKLY DEPENDENT RANDOM ACTIONS. 

THE L2-APPROACH 

Bo V. Bondarev UDC 519,21 

The first initial-boundary problem for a parabolic equation witb a small pa- 
rameter under external action described by some random process satisfying an 
arbitrary condition of weak dependence is considered. Averaging of the coeffi- 
cients over a time variable is carried out. The existence of a generalized 
solution for the initial stochastic problem as well as for the problem with an 
"averaged" equation which turns out to be deterministic is assumed. Exponen- 
tial bounds of the type of the well-known Bernstein inequalities for a s~n of 
independent random variables are established for the probability of the devi- 
ation of the solution of the initial equation from the solution of the "aver- 
aged" problem. 

Consider on @T/c = [0, T/c] x G the first initial-boundary problem 

aU~ 
Ot = ~ [~'Y~ + A (t, x, Ue) + o (4 x, U~,) n (t)], 

U~ (l, x) [t=o = ~P (x), U ,  (t, x) Ix~oo = q~ (t, x). 

(i) 
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