PERIODIC SOLUTIONS OF QUASILINEAR IMPULSE SYSTEMS IN THE CRITICAL CASE

M. U. Akhmetov and N. A. Perestyuk UpC 517.911

Conditions for the existence of periodic solutions of weakly-nonlinear auton-
omous and nonautonomous impulse systems in the c¢ritical case are determined.

To construct pericdic motions in systems subjected to impulse action one often resorts
to the procedure in which instantaneous changes take place at instants when the parameters
of these systems satisfy some previously established relations [1, 2]. Then the instants of
impulse action are determined not only by properties of the constraint that is external with
respect to the system under study, but also by internal constraints. Mathematical models
for such systems are differential equations with impulse action at nonfixed instants. The
basic results of the theory of differential equations with impulse action at nonfixed in-
stants are treated in [3].

In this paper we generalize to equations of this kind the theorems of existence of peri-
odic solutions in the critical case for differential equations {41.

1. Periodic Solutions of Nonautonomous Systems. Consider a system of differential
eguations with impulses of the form

dx . .
g%=A@x+f@+uFMAms5¢&+ynu&%
, (L
Ax ii=ti+ur,~(x,u) = Bix + iy =+ WW:' (X, @)

where x € R, u is a small parameter, A(t), t € R, and B;, i € Z (the set of integers) are

n ¥ n matrices, F e C(O’l’z), Wi, 11 € c(1,2), There exist a real number w > 0 and an in-
teger p such that for any x, U, t, i one has the relations

A+ o)=AQW), fCt+o)=[t) Fl+oxp=F{xp,
tipp =1, + o, Bip=258, Tplu)=70u, lip,=1;
Wigp (6, 1) = W, (x, ).

Before we continue the investigation of system (1}, let us formulate a number of defini-
tions used below [5-8].
Let Xj(t), j = 1, 2 be solutions of system (1), and let tij be the discontinuity points

of these solutions. We say that the solution x;(t) lies in the e-neighborhood of the solu-
tion x,(t) if: 1) the measure of the symmetric difference of the domains of existence of
the two solutions is no larger than e; 2) the inequality {tj' — t;?| < ¢ holds for all i; 3)
the inequality Ix,(t) — x,(t)I < € holds for all t such that [t — t;?] > e.

The topology defined by means of these e-neighborhoods will be referred to as the B-
topology. This topology is Hausdorff and can be defined also in the case where the solutions
exist on the real half-line or line.

We say that a piecewise continuous function uj(t) is a B-derivative of the solution
x(t) = x(t, tg, x,) of system (1) with respect to x3, j = 1, n, Xo = (%o}, X¢2, ..., X,0),
if the function &uj(t) lies in the 6-neighborhood of the difference xj(t) - x(t), where Xj(t)
is the solution of system (1) with initial condition x5(to) =(xo1, ..o, x,d + &, ..., x,1)

ané 6 >0 as £ » 0. Furthermore, for all t lying outside the 6-neighborhood of the disconti-
nuity points of x(t) one has the inequality ij(t) - x(t) ~ guj(t)n < 6,, where 8; = o(£).
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By analogy with the definition of the B-derivative with respect to the initial condition
one can give the definition of the B-derivatives with respect to the initial time t, and the
parameter p. Solutions of impulse systems are here assumed to be left-continuous at every
point in the domain of existence.

Now let ¢;, 1 = 1, k, k < n, be solutions of the linear homogeneous system corresponding
to system (1),

% =AM)x, (5=t Ax|e—y = B, (2)

which form a maximal set of linearly independent w-periodic solutions. Then the system trans-
posed to (2),

4y

= — AWy, t£t Byley = —(E+ BBy (3)

(where T denotes transposition), also has k linearly independent w-periodic solutions by, 3=
1, ..., k [3].

From these solutions we compose an n x k matrix H,{(t). Suppose that there is satisfied
the condition

© P

[(HT oo d+ Y H () 1=0.

0 i=1
Then according to [3] the equation

dx

- AYx+F@), ts£t, Axlmy= Bx+1, (4)

has a family of w-periodic solutions x (!, @) = a;¢; + %@ + ... + %P, + ¢, where ¢, is a par-
ticular w-periodic solution of Eq. (4).

THEOREM 1. Suppose system (1) satisfies the conditions discussed and Eq. (4) admits a
family of w-periodic solutions x(t, a).

Let a, be a solution of the equation h(a) = 0, where

©
o

hio)= { HL () F (¢, x (¢, @), Oyt +

0
*-<;H{UJUVNXUna%0)+(E%-BJTAXOpaLO)AUﬂlBﬂ(h.a)+1d}
=1
such that
adh

=0,

Then for sufficiently small |p| Eq. (1) has an w-periodic solution that converges in the B-
topology to x(t, a,) when u - O.

Proof. Let x,(t) = x(t, tj, x, W) be the solution of Eq. (1) and let t; be the time at
which this solution meets the surface t = tj + uti(x, u). Let x,(t) = x(t, 14, x:(t3+), W
be a solution of the same equation, defined on the segment [Ti, ti] if 14 € ty, or {ty, T4l
if t; < t4. We shall assume that the solution x,(t) is not subjected to impulse action. De-
note

T
uQ; (x, )= (E + By) ( (A (u) x, (1) + f () + pF (u, x, (0), W) du +

o«

t
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+ W, (x4 (AW 1 @) + F @) + pF @0 @), p)due) +

£

5
+ I+ 5 (A (u) X () + F(0) + BF (i, %4 (1), p)) due.

LT

One can verify that Q4 € c(1,1) and

Q;(x,0) = W, (x,0) + (E + By 7w, (x,0) At} [Bix + ). (5)
Moreover, for any solution of system (1) with discontinuities at the points n;, i =1, ..., p,
0 <n; <ng, < v < Np < w there is a solution £(t) of the equation
dx

e =AWl x+fO)+uFltxw 55

(6)
Ax l(=1[ == Bix + !i ":‘ E"‘gz (x' p’}’

such that x{(n;)} = g(n;) or x(ny+) = £(n;) for all i =1, ..., p.

Now let us investigate the question of the existence of a periodic solution of system

(6).

Complete the matrix H;{(t) by columns that are solutions Vs i=k+1, ..., n, of sys-

tem {3) to obtain a fundamental matrix of solutions H(t)}. Performing the substitution y =
HT(0)x in Egs. (6) we obtain the system

du

dt P(t)_/ g(z) '{' Pg—(t'%y-), [=fiv

(7)
Ay limr, = Quy + J; + uPy {y, 1),

in which
Pty=H ©ANOH O, gity=H ©F).
Q=H OBH O, J.=H )1,
Flhyw=HOFCH O 'g,m Py =B OQH Oy )
Denote y(t, «) = HI(0)x(t, a), B = (Bk+1s +++» Bp) and let v(t) = y(t, o, B) be a solu-
tion of system (7) with initial condition v(0) = y(0, a) + (0, B). Further, let L(t) =
H™ ' (0)H(t), L,(t) = H"'(0)H,(t), let L,(t) be the matrix composed of the entries of the last

n — k columns and n ~ k rows of the matrix L(t), and let L,;(t)} be the matrix composed of the
last n — k rows of L{t). Denote

© r
UBw={LIOFEvO,wd+ VLT )P (v (), ),
0 i=i

Vb =@ @ —BE—p [ LLOF 0, W —p T L5y 240 ), )

0 K—-l

Then the w-periodicity condition for the solution v(t) takes on the form of the equa-
tions

U(C‘,ﬁ,p):ﬂ, (8)
V(e B, u) = 0. (9)
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If in (9) one takes u = 0, we obtain B = 0, and then Eq. (8) has the form

® P
U@0,00= (LI F (tyt, o), 0)dt + ¥ LT¢t)Pi(y ¢ty ), 0) = 0. (10)
0 {=]

Let a; = (¢;°, ..., ax”) be a solution of Eq. (10). Since the function U has continuous
partial derivatives with respect to gj, j = 1, ..., k, in a sufficiently small neighborhood

of the point (a4, 0, 0), it follows that under the assumption that

ou

}geo

a=a,

the system of equations (8), (9) is solvable with respect to o and B so that the functions
Qj(u) and Bg(p), j=1, ..., k, s =k + 1, ..., n are continuous and aj(p) - ajo, Bs(n) =
0 as u »> 0.

Thus, we established that for sufficiently small |p[ system (6) admits an w-periodic
solution, which for p » 0 converges to the solution x(t, a,) of system (4).

To complete the proof of the theorem it remains to return from system (6) to Egqs. (1).

2. Periodic Solutions of an Autonomous System. Consider the system
dx .
E—:Ax—%—pF(x, w, xEI'y, Ax|eer, = W(x, ), : (11)

where x € R, y is a small parameter, F, W € C(l), and A is a constant n x n matrix. Also,
for fixed u, T'; is the surface in R? given by the equation

O (x) + pdy (x,p) =0, @, @,¢cC?. - (12)

Suppose that the linear homogeneous equation corresponding to (11),

dx (13)
a = A
admits k (k < n) linearly independent w-periodic solutions ¢j, i = 1, ..., k. The general

w-periodic solution of this equation has the form
x(f, ) = ap + ... + ap@y, @ = (@), Aoy ..o Oy).

Let T be the surface in RN defined by the equation &(x) = 0.. Denote by t4(a), i =1,
., p the instants in the interval [0, w] at which the solution x(t, o) meets the surface
I, 0 < 1(a) < 1,(a) < ... < Tp(a) < w. Suppose that for any a in a neighborhood of a point
ay, to be specified below, the solutions x(t, a) intersect the surface I nontangentially.
To ensure this it suffices to assume that the relation

oo i\%),
f_—ifgggglfﬂl, Ax (v (@), @) #0,

{
holds for all i = 1, ..., p, where <, > denotes the inner product in RP. Let H,(t) denote
the n x k matrix whose columns are linearly independent w-periodic solutions wj, j=1, ...
k, of the system transposed to (13), :

dx T 14
—HT‘-——AX. ( )
Complete H;(t) by column-solutions 20 j=k+1, ..., n so as to obtain a fundamental ma-

trix of solutions H(t). The substitution y = HI(0)x, t = t(1 + un), where n is a function
whose dependence on p and on one of the coordinates of the vector a will be specified below,
reduces system (11) to the equations
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d 1 ) z2 53
—‘1%4=Qy+u(i—i—izn)3‘(y,w)—rm@, yeGy, (13)
byl e, = 0P (g, 1
where
G=H OARTO), =R OFEHE O g
Py, wy = H QW H ©) g, w.
The set G, is given by the eguation
QAT Oy 4 (H Qg = 0. (16)

One can verify that the functions figuring in Egs. (15) and (16} satisfy the same differen-
tigbility conditions as those figuring in expressions {(11) and {12). Denote vit, ¢l =
HE(0)x(t, «) and let v(t) = y(t, o, B, u, n} with 8 = (Bgey, ..., Bp) be the solution ¢
system (15) with initial condition v(0} = y(€, o) + (0, 3}). The w-periodicity condition for
the solution vt} is expressed by the equation
- o
Za b= (©—EvO) —pll+p) [LTHT GO —

Bl

o P23 -
—pn (LT@Qvtydt —p B LT (8 P40 (8), 1)==0,
8 =
in which 85 = 84(x, B, u, n} are the discontinuity points of v(t), L{c) = B77(0)R(t). Let
Li{e) = HYO0)E, (£}, and let L,{(t)} be the matrix composed from the entriss of
columns and last n — k rows of the matrix L{t}. Then using the properties o
that Be. (17) decomposes into the following eguations

o) @ ) 14 . . .
Ul pop el +pn) [ LIOGF 0O wd+n [LHOQOd+ S LE)PEEL =10 (18)
g § {1
- t:r' « .,D i} )
(Litw) =E)p—u(i+up) [ LIOF @ wdt —pn { LI Qu st — 5 S LI@) P (v @), 11) = 0. (13)
0 0 =

If in (19) we set p = 0 we obtain B = 0. Then Egq. (18} takes on the form

Ui, 0,8 =0 (207

 Let ag = (0;% ..., ag’), n = n, be & solution of Eq. (20). By Theorem 3 below, the
solution v(t) has B-derivatives with respect to o, B, u, n in a sufficiently small neighbor-
hood of the point (a,, 0, 0, ng). .

on the initial conditions and on the parameters it follows that the aforementioned B-deriva-
tives depend continucusly in the B-topology on o, 8, u, n. Consequently, the functions 0;,
i=1, ..., p are differentiable with respect to «, B, u, n and hence the function Z{a, B8,

u, n) is differentiable in a sufficiently small neighborhood of the point (a,, 0, 0, n,). In
this case the condition

From the fact that the right-hand side of the variaztionel system depends continuously

det

8U (@, B . ) L ko (21)
] @(ozl, vor s Oty Gfp sy cor y Sy T} t(an.no)J ’

where j takes one of the values 1, 2, ..., k, suffices to guarantee for small |u|

i the exis-
- Rl B -
tence of a solution al(ul C!,j), ooy G‘J’-—l(u9 (Xj}, Otj+1<119 G’j)’ [ ak{\u& f}ij), B(U; C"j}) n(P;

aj) of Eqs. (18), (19) with the property that it tends to the values o = ay, 8 = 0, n = n,

when p = 0, a; = ajo.
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System (20) consists of k equations with respect to the (k + 1)-st unknown. Hence, one
can choose from the very beginning ax® = 0. In view of the one-to-one correspondence between
the vectors o and £ = (yl(O, )y e yk(O, a)), this last condition means that £ belongs to
some fixed hyperplane in R

Let us return to system (11) and write Eq. (20) in the form

e —y 3

. @ p
HU@) F (et ), 0 dt +n [ BT () Ax (o) dt + Y HT (1 (@) W (3, (), 0) = O. (22)
0 =]

From this and the continuous dependence of the solutions of the impulse system (11) on the
initial conditions and the parameters we derive the following result.

THEOREM 2. Suppose system (11) satisfies the conditions discussed above and a = a,,
n =n, is a solution of system (22) with the property that condition (21) holds for at least
one of the values 1, 2, ..., k. Then for sufficiently small |u| system (11) admits a period-
ic solution of period w' such that for pu -+ 0 the period w' tends to the value w, and the
solution itself tends in the B-topology to x(t, ag).

Remark. The function x(t, a,) is a solution of the system (13) of ordinary differential
equations, and as such is continuous. In order that the assertion concerning B-convergence
be meaningful we assume that x(t, a,) undergoes null jumps at the points t4(a,).

- 3. Differentiability of Solutions of an Autonomous Impulse System with Respect to Ini-
tlal Conditions and Parameters Suppose given the autonomous system

L fouw, XETL Axler =1 (0w, | (23)

where x € R, n e RM, f, T e C(l). For fixed u the set I' is a surface in R given by an

equation &(x, u) = 0, where ¢ € c(1). Let ®o(t) = x(t, ty, X4, o) be a solution to the
Cauchy problem for system (23). Suppose that over the finite interval K = [t,, t, + T] the
solution x,(t) hits the set T at instants 14, 1 =1, ..., p, tg < T; < T, < ... < Tp < to *
T. Denote

fio =[x (T ) o)y Lo = 1 (20 (T2, o),
(Dx,- = (D; (xn (Ti)’ “0)’ A (t) = f;‘ (xo (t)' HO)'

We shall assume that <dy;, £_.1> # 0, and denote

Dy, (X, (T Be)
= (f, — (E+ L)1) "‘Zﬁjf—ﬁ o+ Loy (% (%), o),

g )= f;xi (xo (), 1g)-
Further, let P; denote matrices such that the following relations hold for all z € RN:

: Dy,
P,~Z=1x,~2+(f'+"“f_ .’:lf.—)(é) ’flz) ‘

Using the methodology developed in the papers [5-8] one can prove the validity of the follow-
ing result.
THEOREM 3. Suppose system (23) and its solution x,(t) satisfy the conditions discussed
above. Then in the interval K the solution x,(t) has:
1) B-derivatives uj(t) with respect to xoJ, § =1, ..., n, which are solutions of the
linear system
du

dt - A (t) u, t ?‘= Tis Au II=T[ == Piu

with initial conditions u;{t,) =(0,...,0,1,0,...,0)

i
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2) B-derivatives vk(t) with respect to uok, which are sclutions of the system

%?- =4 (t) U+ 8k (‘t)r HE RN Av itatg == ‘PEU -+ jg
with initial conditions vi(ty,) =0, k =1, ..., m.
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AVERAGING IN PARABOLIC SYSTEMS SUBJECT TC WEAKLY DEPENDENT RANDOM ACTIONS.
THE L,-APPROACH

B. V. Bondarev UDC 519.21

The first initial-boundary problem for a parabolic eguation with a small pa-
rameter under external action described by some random process satisfying an
arbitrary condition of weak dependence is considered. Averaging of the coeffi-
cients over a time variable is carried out. The existence of a generalized
solution for the initial stochastic problem as well as for the problem with an
"averaged" equation which turns out to be deterministic is assumed. Exponen-
tial bounds of the type of the well-known Bernstein inequalities for a sum of
independent random variables are established for the probability of the devi-

ation of the solution of the initial equation from the solution of the "aver-
aged" problem.

Consider on &7/¢ = [0, T/e] x G the first initial-boundary problem

U,
g = e[ e -+ Alt, x, Ue) + 6, %, Us) n (I,

(1)

Ug (f, x) |1=o == q;(x), Ug(t, x) ‘xe&G == (D(t, X).
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