STABILITY OF PERIODIC SOLUTIONS OF DIFFERENTIAL EQUATIONS
WITH IMPULSE ACTION ON SURFACES
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We will consider a system of differential equations with the impulse action

dejdt = f(hx), PR () Al =i (), (1)

in which x € R", and the functions f(t, x), Ij(x), t;(x) are defined and continuous in t
and x, teR, x€R", i€Zz. The function f(t, x) is T-periodic in t, and there exists a number
p € N, for which, for all x¢R", i€7 we have Ii+p(x) = I;(x), ti+p(x) = t;(x) + T.

The surfaces of the discontinuity satisfy a uniqueness condition which consists in
the fact that a solution of Egs. (1) intersects each of these surfaces no more than once,
and also ty(x) > tj-,(x), x €R", i€Z.

The question of the asymptotic stability of the family of periodic solutions of (1)
depending on y € R™, is analyzed here. Beforehand, a theorem was proved on the differentia-
bility with respect to the parameter of the solutions of the system °

dx/dt = f(t, x, 1), ts=1,(x,u),

. Ax ‘l=tl~(x,u) = /i (x’ “’)1

(2)

@

where the functions £(t, x, u), Ij(x, p), and ti(x, p) are defined and continuous for all
1ER, x€R", neR™, i€z with respect to t, x, and u; the surface t = t;(x, u) satisfy a
uniqueness condition and tj(x, u) > t{_;(x, u) for x€R", peR™, ieZ

Differential equations with impulse action arose as mathematical models in the solution
of practical problems of importance and now the theory of impulse systems finds wide applica-
tion in nonlinear mechanics [1-3]. 1In this paper, the results obtained are used to prove
the asymptotic stability of periodic motion of the vibroimpact system described in [4].

Let x(t) be a solution of (1) {or (2)], defined on the interval I (I can be the real
semiaxis or line).

We will say that a solution y(t) of this equation lies in an e-neighborhood of a solution
x(t) if: 1) the measure of the symmetric difference of the domains of existence of x and
vy is not larger than ¢£; 2) the points of discontinuity of y are located in an e-neighborhood
of the points of discontinuity of x; 3) for all t lying outside e-neighborhoods of the points
of discontinuity of x(t), we have ly(t) — x(t)i < &.

We will call the topology defined using e-neighborhoods a B-topology.

We will call a solution x(t) B-stable if it is defined for t 2 t,, and for any € > 0
there is § > 0 such that a solution y(t) satisfying ly(t,) = x(ty)} < € belongs to an e-
neighboroed of x(t).

A B-stable solution is B-asymptotically stable if there exists & > 0 such that for
any € > 0 there is a number 6 > t, such that a solution y for which ly(t,) — x(tg)l < &,
belongs to an e-neighborhood of x(t) for t 2z 8.

. One can verify that a solution of (2) depends continuously in the B-topology on the
initial data t, and x, and the parameter u in any compactum from R'*™™, containing (to,
X,, u) only if ty, = t;(x,, u) for all i € Z.

Let us now assume that in the domain
Fe=lbmlllx—xll<d, to<t<<ty+T, llp—ml<b}
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the functions f(t, ®, ¥), I (x, u), t;(x, u) have continuous and bounded derivatives with

respect to xj and Wi, 3 = l,n, k=1,

Let the solution x(t) = x(t, u,), x(ty) = x, of (2) be defined for all t & (t,, t. +
T). The solution y(t) = x(t, w, + au,), Ay, (Au, 0, ..., 0) also satisfies the initial
condition y{t,) = xg.

i}

Let us call a piecewise-continuous function u(t) a B-derivative of x(t) with respect
to p; if y{t) is located in a fH-neighborhood of x(t) + apu(t), & = 0(Au) and, furthermore,
for all t, located outside 6-neighborhoods of the points of discontinuity of x{t), we have
Iy(t) = x(£) — apu(e)h < v, v = olay).

The B-derivatives with respect to all the remaining u,, & =2,m, are similarly de-
fined.

Let 14, 1 = 1, p be the points of discontinuity of x%(t) belonging to (t,, t, + T).
Let us denote

A(t) _ af(ti’gj(;)» Hﬂ) , p _V _W + ( a( 7) p‘u) (E VL)’

— af (tv x(t)v P'o)

t .
i( ( z) P«o) — !
J!_ 0“’] (f Iu X z)v p‘n) f(Tir X(TL‘ '!")a p‘o)) N a[ (X (“C ‘ uo)
£ (31‘ D, e
b — <'—l—(x—élxl‘)ﬂ—)' ) f Tis x 1)7 “‘0)) aHi

The matrices V; and W; are such that for any z € R"

Oty (x '
(IR B o ey, x () o)

sz ==
dt (1 0 ¥ '
| — (.__’_(_).Ca(jc—‘)“_) ) ]\(Tis X(Ti)» 4“’0»
ézi_(.’:‘_é.}ﬁ:ﬂ)_ v 2 F (T 2 (T, ), 1)
Wiz = 3, (% (5): ) ”
| — <__z___ax_zio_, [T x (T, 1))

The scalar product in < , > is denoted by the angular brackets

THEOREM 1. If system (2) satisfies all the conditions enumerated above, then for each
My, J = 1, m, there exists a B-derivative of x(t) which is a solution of a linear system of
differential equations with the impulse action
du

=A(t)u+gl(t)! t#ti’ Aug! _P%‘{—J{ (4)

—
with initial condition u(t,) = 0.

Proof. Let us verify the theorem for j = 1. Let 84 be the points of discontinuity of
y(t). For simplicity, without destroying generality, we w1ll let 85 2 14 for all i.

Let us denote vw(t) = y(t) = x(t) — apu(t), where u(t) is a solution of (4) for j=1
with u(ty) = 0.

The solutions x(t), y(t), u(t) have the integral representations

(f)—xwﬂfr, @ ko) dT+ ¥ 1 (x(c), ol
f<n<t

s

yi)=x+ g Fag@mdr+ ¥ 150, w,
t <0<t
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u(t) = S(A (T u(t) + g, (1) dr + 2 (Pa(t)+ Jb). (5)
) ,

<<t

Using (5) and the differentiability of f(t, x, u), Ij(x, w), and t;(x, u), we find
that for all t € (13, 64)

v @) ) < 7 (pw (Aw) + A (Aw) T), (6)
where k= sup ||A()], @w=o0(An), §(Ap)=o(Au).

LIS+ T

Furthermore, for all Aty = 65 — 14, i = 1, p, we have

ot; . ;
AP’ (( i (xg;z)v “0) LU (Ti)> + ati (xa(‘;z)v Ho) .
A= OF, (x (T1)» ) ] +o (8w )
| — (e axz (T 2 (T o)) ]

Relations (6) and (7) prove the theorem for j = 1. Its validity is verified in the

same way for all remaining j = 2, m. The theorem is proved.

Now let us assume that in (1) the functions f(t, x), I,(x), and ti(x) are continuously
differentiable in xg, k = 1,n.

Let Eq. (1) have a family of T-periodic solutions x(t, Y) depending on Yy in some com-
pactum K ¢ 8", m < n, inside K for each Yis j =1, m, and B-derivatives ¢:(t) = ax(t, v)/
3e:. Let us assume that these derivatives are linearly independent for t = 0. Without
destroying generality, we can consider that each point x(0, y) does not belong to one of
the surfaces of discontinuity, along with some neighborhood of it.

For an arbitrary solution x(t) of (1) let us define z(t) = x(t) — x(t, v).

Let us denote by 14 = Ti(Y) the points of discontinuity of x(t, v), and by 8; the points
of discontinuity of x(t). Let 63 2 74, i = I,p.

Applying the method of proving Theorem 1, one can show that for t = (i, 81) the func-
tion z(t) coincides with the solution of
duldt = A{Q)u + g(t.u), t==7;, Allcy =Pu+J,(u), (8)

in which the matrices A(t) and P; and the functions g(t, u) and J;(u) depend on y. The
matrices A(t) and P; are determined by formulas (3), where x(t) = x(t, y). The conditions
lg(t, wi = o(liui) and §1J;(u)t = o(lull) are satisfied,

The next proposition is the analog of a theorem from [6].

THEOREM 2. For each y € K among the characteristic exponents of the system

doldt = Ao, t5£7T, Av|ie =Po (9)
let there be n — m, having negative real parts.

Then there exists a real manifold W(y) of dimension n — m, containing a point x(0, ¥y)
such that a T-periodic solution x(t, y) is conditionally B-asymptotically stable with respect
to W(y).

Proof. By Theorem 1, the B-derivatives Pj are T-periodic solutions of (9). Since
the functions ¢; are linearly independent for t = 0, they are linearly independent solutions
of this system iS]. Therefore, Egs. (9) have a characteristic exponent equal to zero, with
a multiplicity not equal precisely to m.

Let us denote by Y(t) the (normed at zero) fundamental matrix of the solutions of sys-
tem (9), and C the matrix for which

YE+T) =Y (®C. (10)
Without destroying the generality of subsequent arguments, one can consider that

C =7, (1)
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where B = diag [0, B,]}, B, is a matrix of dimension (n — m) x {(n — m), all the eigenvalues
of which have negative real parts. Let us denote Z(t) = Y(t)e Bt, v, (t, s) = Z(t) diag:

o, eBl(t"S)}Z'l(s), V,(t, s) = 2(t)diaglE, 0,]Z7*(s). It follows from the expressions
for V, and V, that there exists constants M > 1 and a < 0, for which for t > S

Vi@ )| < M0, 1V, (s < M. (12)
One can verify that the solution of the integral equation

{ o
Z,(t).—_Y(t)a+SV‘(t,s)g(C,s)ds-—XVZ(Z, g sds + Z Vit e C () — SVQ(fvxi)Ji(; (7)) (13)
§ i

RS A 28 ¥

is also a solution of (8).

With the help of (12) and the properties of g{t, x) and J;(x) it is proved by the method
of sequential approximations that for sufficiently small h, fal < h, there exists a solution
g{t) of (13) for which

2@l << M, exp (at/2)
uniformly with respect to t and a, t > 0, lal < h, 0 < M, < +e,

Substituting in (13) t = 0, we obtain that C;(0) = a; if i > m, and 03 = ®i(aptr, apmtos

..y ap)s i =1, m, where ¢®;(ap4ys -.., ap) = ofiai). This means
8 = Oy Cmrts Smt2s - 1 8n) (14)
and R
@, (St Sz o0 5n) = 0 ([ 2D (15)

The relations (14) determine a manifold W(y), each point (i, T,, ..., Gpn) of which,
situated in a sufficiently small neighborhood of the origin of the coordinates, is an initial
value of a solution of (8), approaching zero as t - +=. Hence, the proof of the assertion
of the theorem follows from the continuous dependence in the B-topology of the solutions
of (1) on the initial data.

A corollary of Theorem 2 is an analog of the Lyapunov—Poincare theorem on the asymptotic
stability of a unique T-periodic solution of (1).

Let us consider the dynamic system analyzed in [4]. It consists of a globule bouncing
on a platform moving vertically. It is assumed that the platform does not respond to the
impacts of the globule and moves according to the law X = ¥X;sinuwt.

The motion of the globule between kicks is determined by the formula x = 1/2gt? + x%t +
2

%%, It was proved in {4] that under the condition
i, g =R
0% > X TFR (16)

where R is the restoration coefficient, such a dynamic model admits two periodic motions
x,(t) and x,(t) with a period equal to the period of oscillations of the platform.

It is assumed that the periodic motions experience an impulse action once in the period,
at the moments t = ¢, and t = ¢,, 0 < @ ¢ < 27/w, respectively.

Using the results of [4], we find that the mathematical model for analyzing a system
on [0, 2n/w] has the form of differential equations with the impulse action

dx/dt = x,, dx,jdi=—g, i5& % arcsin% =1,(x), Ax,
[}

‘t=lo(x,> = O’
(17)
. X . g . x
Aty iy = (1 + R) [X o® COS (arcsm -Xl-;— x® -+ -=-arcsin 7’;] ,

where %% is the velocity at t = 0.
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The systems of linear equations

dufdt = uy, dujdt = —g, toqn Aul =0, Auy_ =bou, (18)

and

qui/dt = u,, duy/dt = —g, ts=q, Au, lmo, = 0. Buyl, = by, (19)

lmq

where

(1 + Rf’w z 7
b+=u—(1:—§)‘—(1+1€)m]/[%lj7’f)]-l.

(1+ Ry Xl FR) T

are, respectively, systems of equations in variations for equations (17) with respect to
x,(t) and x,(t}. \

The characteristic equation [5] for Egqs. (18) and (19), respectively, has the form

(20)
>x+1 0

2 nby
A ——2(1-% 5
and

xz_2(1+.ﬂf);\x+1 0. (21)

/

Solving. these equations, we obtain that Eq. (21) does not have roots with a nonpositive
real part. Consequently, the solution x,{(t) is unstable.

Both roots of (20) have negative real parts if

ooy /TR L - T=E :
=] [XO(I+R)]+{XO<1+(1+R)2)]' (20

Comparing (16) and (22), we find that by the analog of the Lyapunov—Poincaré thecrem on
the stability of a periodic solution, if (22) is valid, the vibroimpact system under investi-
gation admits a unique B-asymptotically stable 2w/w-periodic solution.

The result obtained agrees well with the deductiocn of [4].

LITERATURE CITED

1. N. N. Bogolyubov and Yu. A. Mitropol'skii, Asymptotic Methods in the Theory of Nonlinear
Oscillations [in Russian], Fizmatgiz, Moscow (1963).

2. Yu. A. Mitropol'skii, A. M. Samoilenko, and N. A. Perestyuk, "The averaging method
in systems with impulse action,' Ukr. Mat. Zh., 37, No. 1, 56-64 (1985).

3. V. Sh. Burd, "Stability for constantly acting perturbations and averaging over a non-
bounded interval in systems with impulses,' Prikl. Mat. Mekh., 50, No. 1, 50-56 (1986).

4, A. E. Kobrinskii and A. A. Kobrinskii, Vibroimpact Systems [in Russian], Nauka, Moscow
(1973). )

5. A. M. Samoilenko and N. A. Perestyuk, Differential Equations with Impulse Action [in
Russian], Kiev Univ. (1980).
6. M. Rozo, Nonlinear Oscillations and Stability Theory [in Russian]}, Nauka, Moscow (1971).

1372



