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DIFFERENTIABLE DEPENDENCE OF THE SOLUTIONS 

OF IMPULSE SYSTEMS ON INITIAL DATA 

M. U. Akhmetov and N. A. Perestyuk UDC 517.911 

In several applied problems [1-3] one encounters systems undergoing an impulse action 
at the moment when the solution attains definite points in the extended phase space. Mean- 
while, such systems, unlike the equations in which the solutions are subjected to impulses 
at fixed instants of time, selected in a random manner [4, 5], have been inadequately inves- 
tigated. 

In this paper we investigate the fundamental properties of differential equations with 
impulse action on surfaces: existence and uniqueness of solutions, dependence of solutions 
on the initial data and on parameters. Afterward, the obtained results are applied to the 
study of periodic impulse systems. 

We consider the system of differential equations with impulse action 

dx/dt = f (t, x), t =/= h (x), ~ x  I,=,~(~, = l i  (~, (1 )  

in which x e R n, the functions f(t, x), Ii(x), ti(x) are defined for all t e R, x e R n, 
i ~ Z (Z is the set of integers) and are continuous with respect to t and x. Each compac- 
tum from R x Rn intersects a finite number of surfaces t = ti(x) , and ti(x) > ti_1(x) for 
all x e R n and i e Z. Let (to, x 0) e R • R n. We separate a bounded closed set F{(x, t, i) i 
llx - x0U ~ d, t o ~ t ~ t o + T, i = i0, i0+p}, where t = ti(x), i = i0, i 0 + p, are all the 
surfaces intersecting with the domain (t, x): t o ~ t ~ t o + T, llx - x011 ~ d. 

Let M=max{maxllf(t,x)N. maxlll~(x)ID We also assume that each solution of the system 
F F 

(i) intersects any of the surfaces t = ti(x) at most once. We denote by i(t 0, ~) the number 
of surfaces t = ti(x) having at least one common point with the domain (t, x): t o ~ t 
t o + T, llx - x011 ~ d. Let h = min(T, t'), where t' is the supremum of the set of the solu- 
tions of the inequality t + i(t0, t) ~ d/M. 

Making use of the property of the mappings Ii(x) and the theorem of the existence and 
uniqueness of the solution for ordinary differential equations, one can show the validity 
of the following theorem. 

THEOREM i. If the functions f(t, x) and Ii(x) satisfy uniformly on the set F a Lip- 
schitz condition, then the Cauchy problem x(t 0) = x 0 for the system (i) on the interval [t o , 
t o + h] has a unique solution. 

Let xj(t), j = i, 2, be solutions of the system (i), let tiJ be the points of disconti- 
nuity of these solutions, i.e., the solutions of the equations t = ti(xj(t)), i = i 0, i 0 + p. 
Since, in general, the points ti I and ti 2 do not coincide, we cannot talk about the uniform 
nearness of these solutions with respect to all t. Therefore, for the piecewise-continuous 
functions, considered in this paper, we define the following topology. 

We shall say that a solution xl(t) is in the E-neighborhood of a solution x2(t) if: 
i) the measure of the symmetric difference of the domains of existence of these solutions 

Kiev University. Translated from Ukrainskii Matematicheskii Zhurnal, Vol. 41, No. 8, 
pp. 1028-1033, August, 1989. Original article submitted September 9, 1987. 

878 0041-5995/89/4108-0878512.50 �9 1990 Plenum Publishing Corporation 



does not exceed s; 2) for all i we have the inequality Iti I - tii! < g; 3) the inequality 
llx1(t) - xi(t)l[ < g is valid for all t satisfying the condition It -tiil > ~. 

The topology defined with the aid of s-neighborhoods will be called the B-topology. 
It is Hausdorff and it can be constructed also in the case when the solutions x I and x 2 are 
defined on the semiaxis or on the entire real axis. 

Topologies for piecewise-continuous functions have been defined for the first time in 
[6, 7]. In [8], the concept of the s-neighborhood is applied implicitly to the definition 
of a discontinuous almost-periodic function. 

THEOREM 2. If the differential equation with impulse action 

dx/dt = f ( t , x , ~ ) , t : / = 6 ( x , ~ ) , A x l t = t ~ x , ~ ,  = l i ( x ,~O ( 2 )  

satisfies, independent of the parameter ~ e R m, all the conditions indicated for the system 
(i) and, in addition, depends continuously on this parameter, then the solution x(t, ~), 
with the initial condition x(t0, ~) = x0, depends continuously in the B-topology on ~ at 
each point D0 such that t o ~ ti(x0, ~0). 

Remark. The point (to, x 0) should not belong to any of the surfaces t = ti(x, D0). 
Otherwise, one can select a value ~, arbitrarily close to ~0, for which tk(x0, ~) < t o under 
the simultaneous condition t o = tk(x0, D0); thus, already at the moment t k + the solution 
x(t, ~) differs from the solution x(t, D0) by a quantity of order Ik(x0, D0). 

The proof of Theorem 2 is similar to the proof of the theorem on the continuous depen- 
dence for ordinary differential equations. 

The proof of the continuous dependence of the system (i) on the initial data to and 
xo reduces to the investigation of the dependence on a parameter. 

We continue the investigation of the system (i), assuming, in addition, that inside 
the domain F there exist the continuous derivatives 8f(t, x)/Sxj, 81i(x)/Sxj, 3ti(x)/Sx j, 
j :i, n. 

We shall say that a piecewise continuous function uj(t) is the B-derivative of the solu- 
tion x(t, to, x0) of the system (i) with respect to x0J, x 0 = (x01 ..... x0J ..... x0n), 
if the function $uj(t) is in the 8-neighborhood of the difference xi(t) - x(t), where xj(t) 
is the solution of Eq. (i) with the initial condition xj(t 0) = (x0Z] .. , x0J + 6 ..... xo n) 
and 8 + 0 for 6 + 0. In addition, for all t from [t o , t o + T], lying outside the 8-neighbor- 
hoods of the points of discontinuity of the solution x(t), we have the inequality [Ixj - x - 
6ujll < 8 I, where 81 is an infinitely small quantity of higher order than $. 

In a similar manner one defines the B-derivatives with respect to to also in the case 
of system (2) relative to the parameters ~k, k = i, m. 

THEOREM 3. The solution x(t) of system (1),.satisfying all the above-mentioned condi- 
tions, has B-derivatives with respect to t o and x~, which are solutions of the system 

du/dt  = A (t) u, t =/= ~i, ~ u  It=~ i = P~u, ( 3 ) 

w i t h  t h e  i n i t i a l  v a l u e s  f ( t o ,  x o) and  e i = ( O  .. . .  0 ,1 ,  O, . . . .  0 ) .  

i 

In system (3), T i are the points of discontinuity of the solution x(t), A(t) = 3f(t, 
x(t))/Sx, Pi = Vi - Wi + [31i(x(zi))/Sx](E + Vi), where V i and W i are matrices such that 
for each z �9 R n we have the equalities 

(a6 (x (~3)/ax, z> 
V~z = I - -  <att (x (~3) /ax ,  f (xi x (xO)> f (~i, x (~t)), 

(at~ ~_x(X~)) , z> 

Wtz = 06 (x (T~)) f (~' x (~ +)) .  
1 -- ( ax ' [ (~' x (~i))) 

Proof. First we prove the theorem for x0 z. According to Theorem 2, there exists an 
infinitely small quantity V(6) such that the solution x1(t) = x(t, to, x 0 + 6), 6 = (6, 0, 
.... 0) is in the V(6)-neighborhood of the solution x(t), defined on the segment [t o , t o + T]. 
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Let 8 i be points of discontinuity of the solution x1(t). For the sake of simplicity, 
without loss of generality, we shall assume that 8 i e ~i- By the assumptions of the theorem, 
for the points t e 0(~i, 8 i) we have 

/ (t, x~ (t)) -- fr x (t)) = (A (t) + O (D) (x, (t) -- x (t)), 

L (x~ (~3) - -  1~ (x (~3) = (06 (x (z3)/Ox + R (~)) (x~ ('~) - -  x ('~)), 

t~ (x~ (03) - -  t, (x (~,)) = (Ot~ (x ('~))lOx + r (U. x, (03 - -  x (~)>, 

where llO($)[l < =, IIR($)II < ~, llr($)ll < ~, = being an infinitely small quantity. 

The solutions x(t) and xz(t) have the integral representations 

x (0 = Xo + .t f (~' x (~)) ~ + ~ /~ (x (~)), 

l 

x~ (t) = xo + ~ + f / (~' x~ (~)),~ + V 5 (~  (%)). 

Let um(t) be a solution of the equations (3) with the initial value ul(t 0) = e ~. We 
denote k= sup I[A(0[[, ~(0---x~(1)-x(0-~u,(0. 

q<<.t~to+r t 
I f  t e [ t  o , x~] ,  t h e n  we f i n d  Itv(t)tI~<czg(~)(~1--to)+ ]hlt~(~)[Idx. From h e r e ,  by t h e  

to 
Gronwall-Bellman lemma, there follows that 

1[ %' (t) ]l " ~  o~V (~) (q;1 - -  [o) ekc~'--l')" ( 4 ) 

Let At = O I -- x~. Making use of the differentiability of the discontinuity surfaces 
and of inequality (4), we obtain 

m = (0q (x (~))/0x + r (U, ~u~ (~) + ~t (f (~i, x (~0)+~A (~0 u (~) + P0(~))), 

where P0 is an infinitely small quantity. 

From here it follows that there exists an infinitely small quantity pl($), of higher 
order than ~, for which we have the equality 

(Oq (x ('~O)/Ox, u~ (~0) 
At = 1 - -  (Oq (x ( 'q))/Ox, f (z~, x ('q))} + p~ (~)" ( 5 ) 

Now we estimate the difference ~(81+) - ~(T~). We have 

i ' (f  (~, (~)) f (~, x(~)) ~A (~) ul  ('0) d~ + ~, ( 0 ~ + )  - -  v (zl)  = x~ - -  - -  

+ I~ (Xl (00)  - -  I~ (x ( ~ ) )  - -  ~P~u~ (~0 = At (f (~ ,  x (~) + ~u (~) + p~ (~)) - -  

- -  [ (~1, x (~1) + Ix (x (~1)) + P~ (~)) - -  ~ (A ('q) u ('q) + P4 (~)) + 

+ 11 (x (~) + ~u (~1) + i' / (~' xl (~)) dr) - -  11 (x (~0) - -  ~Plul (~0, 

where P2, P3, and P4 are infinitely small quantities. 

From the last equality, by virtue of the boundedness of the function u I, there follows 
that ~(8: #.) - v(T I) = W($) where IIW($)II/$ + 0 for $ + 0. Thus, llv(~ I +)If ~ W($) + =V(~)" 
(~i - to) ek[T1-t~ 

In view of the compactness of F, we can assume that W($) does not depend on ~i" There- 

fore, applying the above-obtained estimate p times, we find that for any t~[j(z~,e~) we have 
i=l 

the inequality J]v(t)IP < ekT(pW($) + ~V($)T), which, together with relation (5), proves the 
theorem for x0 1 In the same manner its validity is proved for all the remaining x0J, j = 
2, n. 
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Applying B-derivatives with respect to x0J, one can show, just as for ordinary differ- 
ential equations, that the theorem holds for t o . 

Now we make use of the obtained results for the investigation of periodic systems. We 
consider the quasilinear system of differential equations with impulse action 

dx/dt = A(t) x + ! I t ) +  p~p(t,x),t=/=6 + pG(x), (6) 

Ax[,=,~+~,~, = Bix + gi + ~ i ( x ) ,  

in which A(t) and f(t) are a matrix and a vector function, continuous and periodic with peri- 
od T, while ~o,l ~(t,x)EC(t.x~(R•176 ~(I-+-T, x)=~(t,x), ~i+p(X) = ~i(x) ti+p(X) = 
ti(x), ti+ p = t i + T, Bi+ p = Bi, gi+p = gi, i ~ Z, and p is a small parameter. 

THEOREM 4. Assume that the system 

dg/dt = A(t)g + / ( t ) , t ve -6 ,  Aylt=~ = B~  + g~ (7) 

has a unique T-periodic solution y0(t). Then, for sufficiently small ~, system (6) has a 
unique T-periodic solution, which for B + 0 tends to the solution y0(t) in the B-topology. 

Proof. Let y(t, q, p) be a solution of system (6), satisfying the initial condition 
y(0, q, ~) = q, and let y0(t) = y(t, q0, 0) be the periodic solution, with period T, of the 
generating system (7). Without loss of generality, we can assume that the point (0, q0), 
together with some neighborhood of it, does not belong to any of the planes t = t i. In 
order that for a sufficiently small p the solution y(t, q, p) be T-periodic, it is necessary 
and sufficient that the equation 

g(r,~,~)-- h =  0 (8)  

be solvable with respect to q. 

Let D(q, p) = y(T, q, p) - q. We show that the determinant Dq'(q0, 0) exists and it 
is different from zero. Indeed, by Theorem 3, there exist the B-derivatives %y(t, q, p)/Sqj, 
j = i, n. Let Z(t, q, p) = (~yiSqk), i, k = i, n. 

For a sufficiently small ~, the point (0, q0) is not on any of the surfaces t = t i + 
~ti(x) together with some neighborhood of it. In this neighborhood, the B-derivative coin- 
cides with the usual derivative. 

Differentiating system (6) with respect to q, we can see that Z(t, q0, 0) is a nor- 
malized fundamental matrix for (7). On the other hand, Dq1(q0, 0) = det (Z(T, q0, O) - E) 
and, since by virtue of the conditions of the theorem, the eigenvalues of the matrix Z(T, 
q0, O) are different from unity [4], it follows that D~Z(q0, 0) ~ 0. Therefore, in a suffi- 
ciently small neighborhood of the point (0, q0), Eq. (8) is solvable with respect to q. The 
existence and the uniqueness of a T-periodic solution are proved. The fact that the solution 
y(t, q, p) tends to y0(t) when p + 0 follows from Theorem 2. The theorem is proved. 

Assume that system (i) satisfies the conditions of Theorem 3, it is periodic with period 
T, f(t + T, x) = f(t, x), Ii+D(X) = li(x), ti+p(X) = ti(x) + T. We assume that system (I) 
has a T-periodic solution x0(~ ). 

We shall say that a solution x0(t) is B-stable if it is defined on the segment [to, 
+~) and for any e > 0 there exists 6 > 0 such that the solution xz(t), satisfying the condi- 
tion llxl(t0) - x0(t0)ll < 6, will be in the E-neighborhood of the solution x0(t). 

A solution x0(t) is said to be Bqasymptotically stable if it is B-stable and there 
exists 6 > 0 such that for any E > 0 one can find a number @ > t o such that the solution 
x1(t), for which I[xz(t0) -- x0(t)Jl < ~, is in the c-neighborhood of the solution x0, t > @. 

We prove the following statement, which is an analog of the Lyapunov-Poincare theorem. 

THEOREM 5. If all the multipliers of the equation in variations (3) for the solution 
x0(t) are less than unity in absolute value, then the solution x0(t) is asymptotically stable. 

Proof. Let xz(t) be a solution of Eqs. (i) with the initial condition x1(t 0) = x 0 + 
$. We denote by T i the points of discontinuity of the solution x0(t), and by @i the points 
of discontinuity of the solution Xl(t). Assume that @i e ~i for all i. We denote 8t i = 
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ei -- Ti" Making use of the theorem on the continuous dependence of the solution on the ini- 
tial data, we find that, for any i such that Tie [to, t o + T], we have the equality 

(Ot~ (Xo (x~))/Ox, xl  (~i) - -  Xo (x3) + r 1 (~), ( 9 )  
Ati = 1 - -  (Ot~ (Xo (~3)/Ox, f (T~ xo (~t))) 

where r1(~) ~ 0 for ~ ~ 0. We note that r1(~) does not depend on t o . 

The difference xl(t) - x0(t ) at the points t ~ U (ri, 8i) coincides with the solution 
of the system 

clu/dt = f (t, x o (t) + u) - -  [ (t, x o (t)), t ~ x~, 
O~ 

Au It=~ = I, (x o txi)) + u + ~ / ('r, x o ('r) + u) d':) - -  1~ (x o ('q)) + 

0 t "r i 

(lO) 

where x2(t) is the solution of the equation dx/dt = f(t, x) with the initial condition 
x2(e i) = x1(e i +). 

From equality (9) there follows that for the proof of the theorem it is sufficient to 
show that the trivial solution of Eqs. (10) is asymptotically stable. 

Applying the method of the proof of Theorem 3, one can verify that Eqs. (10) are equiva- 
lent to the system 

d u / ~  = A (0 u -+- [ (t, u), l :/= ~ ,  Au It=~ = Piu  -{- Ji (u), ( 11 ) 

where  I I f ( t ,  u)ll/llull * 0, IIJi(u)l l / l lul l  ~ 0 f o r  llult + 0. 

I t  i s  known t h a t  t h e r e  e x i s t s  a p i e c e w i s e  c o n t i n u o u s ,  T - p e r i o d i c  Lyapunov t r a n s f o r m  
[ 9 ] ,  which r e d u c e s  t h e  s y s t e m  (11)  t o  t h e  e q u a t i o n s  

d ~  = C v  + g ( t , u ) ,  t = ~ i ,  Avlt=z i = Vi(v) ,  (12)  

p r e s e r v i n g  t h e  weak n o n l i n e a r i t y .  

As f o l l o w s  f rom t h e  a s s u m p t i o n s  o f  t h e  t h e o r e m ,  a l l  t h e  e i g e n v a l u e s  o f  m a t r i x  C have  
n e g a t i v e  r e a l  p a r t s .  From h e r e  i t  f o l l o w s  [4] t h a t  t h e  z e r o  s o l u t i o n  o f  s y s t e m  (12)  i s  asymp- 
t o t i c a l l y  s t a b l e .  The t h e o r e m  i s  p r o v e d .  

. 

8. 

9. 

LITERATURE CITED 

A. A. Andronov, A. A. Vitt, and S~ E. Khaikin, The Theory of Oscillations [in Russian], 
Nauka, Moscow (1981). 
N. N. Bogolyubov and Yu. A. Mitropol'skii, Asymptotic Methods in the Theory of Nonlinear 
Oscillations [in Russian], Nauka, Moscow (1974). 
A. E. Kobrinskii and A. A. Kobrinskii, Vibration-Shock Systems [in Russian], Nauka, 
Moscow (1973). 
A. M. Samoilenko and N. A. Perestyuk, Differential Equations with Impulse Action [in 
Russian], Izd. Kiev. Univ. (1980). 
A. D. Myshkis and A. M. Samoilenko, "Systems with impulses at given instants of time," 
Mat. Sb., 74 (116), No. 2, 202-208 (1967). 
A. V. Skorokhod, "On the limit transition from a sequence of sums of independent random 
variables to a homogeneous random process with independent increments," Dokl. Akad. 
Nauk SSSR, 104, No. 3, 364-367 (1955). 
A. V. Skorokhod, "Limit theorems for random processes," Teor. Veroyatn. Primen., ~, 
No. 3, 289-319 (1956). 
A. Halanay and D. Wexler, The Qualitative Theory of Systems with Impulses [in Romanian], 
Ed. Acad. Rep. Soc. Romania, Bucharest (1968). 
A. M. Samoilenko, N. A. Perestyuk, and M. U. Akhmetov, Almost Periodic Solutions of 
Differential Equations with Impulse Action [in Russian], Akad. Nauk UkrSSR, Inst. Mat., 
Kiev, Preprint No. 83.26 (1983). 

882 


