ALMOST-PERIODIC SOLUTIONS OF NONLINEAR IMPULSE SYSTEMS
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In the solution of many problems of nonlinear mechanics [1], the necessity arises to
analyze discontinuous almost-periodic solutions of differential equations with impulse ac-
tion.

In this article, a new definition is given of a discontinuous almost periodic function
[2], and some of its properties are analyzed. For systems of differential equations with im-
‘pulse equation on surfaces, the analogs of the theorems from [3, 4] are proved.

Let us denote by # the set of piecewise-continuous vector-functions defined on the real
axis R, expecting a countable set of points of discontinuity of the first kind (for different
functions from %, the points of discontinuity do not necessarily coincide). The sets of
points of discontinuity do not have finite limiting elements and are unbounded on the left
and right.

Using the method of [5], let us determine in R a distance function in the following
manner. Functions f and g from R we call e-equivalent and denote f& g, if a) the points of
discontinuity of these functions can be enumerated . % kecZ (Z — is the set of integers),
admitting finite multiplicity, in the order of position on the axis R so thatltﬁ——ﬁ|<:s; and
b) there exist sequences of strictly increasing numbers {7, k€Z, t,,t;—>— o for k—>—o0, 1,
f,— -+ o for k— 4 oo, for which the relations sup  ||f@)— g @) <e, It;—-t’,:_[<3, k€7 are true.
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LEMMA 1. Let the functions ¢, 9,93 belong to the set ® and ¢~ ¢,, ¢, ~@,. Then ¢, ~ @,
Proof. Let { 2, keZ. be sequences of points of discontinuity, respectively, of the
functions ¢, and m), and #£,t, be sequences of points of discontinuity of ¢, such that |¢, —&]
<&, b, — ] <e,.

One can obtain a sequence té from tﬁ, by implementing successively the following trans-
formations: 1) a change of the multiplicity of some elements of the sequence; 2) a shift of
the numbers of all the elements by one and the same integer. Preciselly, the same such trans-
formations can be applied to the sequence tk Therefore, we w1ll cons1der that the sequences
of points of discontinuity of ¢, s ¢35 can be enumerated tj, tg, ty so that [ — 1| <<e |[B—
1,|<<e,. It, hence, follows that |/l —#|<Te + e, kREZ

Let 4,1, 1, ¢, be sequences of points for which

sup fl oy () — @ () ]| <&y sup 1@ () — 9y (1) || <,
it gt ) %”;G+1
e ) e, )
[ty — 1t | <Tey, [, — b | <Tey, by, 1~ + 00 for k— + oo, #;,f,—~—o00 for k—+— co.

Let us unite the sets {f} and {/} and enumerate the elements of the set obtained with
multiplicity equal to unity, by the integers. Let us denote the sequence obtained {f;}. Let
us supplement the sets {{,} and {f;} by the elements from the sets {f;}/{#,} and {f;}/{f,} , respec-
tively. One can enumerate the sets obtained with multiplicity equal to unity, in such a man-
ner (denoting them as previously {f;} and {4} that |4, —1f|<<e, |f,— [ |<<e, and

sup [, () — @ (D], sup [ @ () — o, (D) |l
te(fk tk_H 1E(tk tk+l
Tl ) )
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It follows from the last inequalities that for any integer k, we have the relations

sup o, (1) — @ () || <oy + e, and | — 1] <&+ e
tellpatpy )
redpt )

The lemma is proved.

Let the number ¢ (f, g) = infe define the distance between the functions f and g from R.
fie
Let us fix the function ¢ € ® and denote by Re the set of all functions f from R, for which
the distance p (f, ® is a finite number. One can verify that then Ry is a metric space.

Let / = [a, bl be an interval from R. By R: let us denote the set of contractions of all
functions from R on I. Let us call functions f and g from R,, c-equivalent if: a) the points
of discontinuity of these functions can be enumerated, allowing finite multiplicity, so that
|th—#|<e, where #; and # are, respectively, points of discontinuity of f and g; and b)

there exist points f,f, k=0, |, ., n, ae=f{<f<.. <l =), a=f<<l<..<t =05 such that
sup  [[f@)—gt)l<e and [f,— | <e. '

€ltat, )

eyl

It is proved similarly to Lemma 1 that if the functions f, g, and h belong to the set

R and ffig,giih, then fdf71. It hence follows that if for any functions f and g from %,
the distance between them is determined to equal p(f, g) = infe, then R turns into a metric
. €

space. e

Let @ {c,d) be an oscillation of the function ¢ on the interval (e, d).

LEMMA 2. Let the Cauchy sequence {f,} © R, satisfy the conditions: a) the union U of
the sets of points of discontinuity of all the functions f,, has in I a finite number of limit
elements; and b) for any € > 0 there exists § > 0 such that for any f£€/ and f,, and rela-
tions wf,(a,a -+ 8 <<e. of,(b—34,b)<Te, o*f, (¢,t 4 8) e, are valid, where w*f (0, 0') = ini max {of (8, 1),
of (t, 8)). '

Then the sequence f, converges to a function, the contraction of which on the set I
without the points of discontinuity of this function belongs to %;.

Proof. Let the number of limit points of the set U be finite and equal p. It is assumed
that a point is a limit for the set U too in that case when it is a point of discontinuity
for an infinite number of functions f,. Let us denote the limit points ty, tyyeeestp. With-
out destroying generality, one can consider that for any sufficiently small number ¢ > 0 there
exists a sufficiently large number, beginning with which, all the functions f, are continuous
on [¢; +¢,tin—* and, consequently, uniformly converge on this interval. Actually, let ¢, /7,
fie, 6ifi, n>0, r > 0 be the points of division, determined by the equivalence of the functions
fns» fn4r and such that {6 — ) <6, |fip — H1|<<8 and for any 0€ (%, fhn), & €7, 2] the in-
cequality |[foy, 0V —F,(0)| <8 is satisfied. Let €' > 0 be arbitrarily small. Let us choose
8§ > 0 so that due to the equicontinuity of the functions f, and fhtr for any t' and t" from
the interval [{;+&,#i41 —¢€], the relations ||, () —Fn (V| <<€, || fagr )= fuur () | <<&', are satisfied
only if |# —¢"|<8. Then, for any {€[f; +&, i1 —e] the inequality | /at- () — /. ()| <& + 6 is true.

The continuity on this interval of the limit function f(t) follows from the uniform con-
vergence of the functions £, on the intervallf; + e, t;u; —e}. Since € is arbitrarily small,
“then f is a function that is continuous on the interval (tj, tj4;). Again, using the uniform
convergence of the sequence f,, and equicontinuity, we find that f has finite limit values at
ti+, on the left, and at t; on the right.

The arguments, conducted for (tj, tj4;), are true for all the remaining intervals (a, t,),
(s 0), (s ti4)s 3 =1, 2,...,n — 1. The lemma is proved.

With the help of Lemma 2, the next lemma is validated.

LEMMA 3. 1In order that the set M — %; be compact in %,, it is enough that the following
conditions be satisfied: a) the union U of the sets of points of discontinuity of all func-
tions from M has a finite number of limit elements: and b) for any £ > 0 there exists § > O
such that for any f€ M and €/ the inequalities off(a, a -8 <<e, of (b —e, b) <&, w*f (t —8, )<
§ are true; and c) the function s from M are bounded in the aggregate.
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Definition. Let us call a function g€ % almost periodic (a.p.) if for any € > 0 there
is-a relatively dense set of real numbers 1, for each element 1t of which the inequalityp (¢ ({ —
7), ¢ (f)) < ¢ holds.

The same as for almost periodic functions in the sense of Bohr, it is verified that
each a.p. function is bounded and for each € > 0 there is § > 0 satisfying the condition:
for all t from the domain of definition of an a.p. function ¢, the relation ®*@(f-6,1)<:g
is satisfied.

Let us enumerate the points of discontinuity of ¢ with a multiplicity equal to unity.
For any integers i and j let# =¢,;—% , and let us construct for each j the sequence ¢, ieZ.

LEMMA 4. Let the sequence t; of points of discontinuity of an a.p. function ¢ be such
that inf#>0. Then, the sequences i are equicontinuously almost periodic (e.a.p.) in i.
{

Proof. Let Tbe an e-almost period of ¢(f). Let us show that the points of discon-
tinuity of @ (f 4+ 1) can be enumerated ti in such a manner that ¢; = t;; —1 and |t —1i<<e,
where j, is an integer, common for alli€Z. One can consider that 2e < 6 and therefore for
arbitrary i{€Z there exists a unique point {i4j, such that the point t; — 1 is in an e-neigh-
borhood of the point t;.;,. Furthermore, the neighboring point {iy;+1 in its e-neighborhood
contains a unique point f;y; —1. Now, the assertion follows from the arbitrariness of i.

Since the set of real numbers T satisfying the inequality }?{——Tl << ¢ for any i€ 2Z, is
relatively dense, then in accord with Lemma 3 [6, p. 285], the sequences # are e.a.p. The
lemma is proved.

THEOREM 1. In order that the function 9 €R be almost periodic, it is sufficient in
the case when inf #> 0, and necessary that each sequence.of shifts ¢(f+ h,) be compact in R,

Proof. Necessity. Let @ be an a.p. function inf7i=6>>0. Let us construct a sequence
€ns € > 0, €y > 0. Let us denote by /,=!(e,) the indices of the density of the sets of ej-
almost periods of ¢ . Let us select a sequence of intervals /, =[—e¢, —,/2, ¢, 4—1/2] Let us
assume that ti is the (first in I,) point of discontinuity of m(t+—hﬁ , and t? is the (first
on the left in I,) point of discontinuity of ¢(f+ 4,) , etc. By the Bolzano-— Welerstrass theo-
rem, the sequence t! has a subsequence tJ! converging to the limit point t,. Now let t5! be
a sequence of the second (on the left in I,) points of discontinuity of the functions g(f+ An).

ni 2 )
Let us select from t,  a subsequence t,” converging to t,, etc.

Since the distance between neighboring points of discontinuity is not less than 6, then
after a finite number p of steps, we obtain a sequence ¢(f +h, ) , and the union of the sets

of points of discontinuity of all the functions, which has a finite number of limit elements,
that is, this sequence satisfies for %, condition a) of Lemma 3. The validity of conditions
b) and c) follow from the property of boundedness and uniform continuity on the totality of
intervals not containing points of discontinuity of an a.p. function. In such a manner, one
~can select from ¢ (f + 4,) a subsequence ¢ (f + i) converging in %, . Similarly, from @(t+—hb
is extracted a subsequence ¢(/ 4 h;) converging in R, , etc. The diagonal sequence ¢(f -+ hy)
converges in each of the spaces %, to @,€% . For simplicity we will suppose that the se-
quence (¢t + h,) itself possesses such a property.

Let £ > 0 be arbitrary. For any k, there is a number Ny starting with which, for any
natural number £, the inequality p%(@muﬁ-+fmfﬂ,wn(t+-h“)<:s is true. Due to the en-almost
periodicity, it follows that for n > Ni the inequality p(@wu(fﬁ—hn+ﬂ,¢”(t+—hﬁ)<:e-%8n is
satisfied. It hence follows that the sequence ¢({ + h,) converges in R, to ¢,({). One can
show that this function ¢, is almost periodic.

Sufficiency. Let us assume that ¢ is not an a.p. function. Then, there exists g, > 0
and a sequence of intervals [h,—{,, h, + [.], [, > max|/,|, where %; is arbitrary, for each { from

y m<n
Pl +5.9()>e is true.

Let us consider the sequence of shifts @+ h,). For each subsequence ¢(/+ f1,,) of it,
from the fact that for njp > ng, we have h%—;hnke[hw-—lnwlh”%-hwl, it follows that p(¢(f + ha)),
QO +hn)) =0(@( + (hu,—h,). @(1))=>¢,. This means that the sequence ¢(f -+ #4,) is not converging
in ;. This contradicts the proposition. The theorem is proved.

Let the elements of the space © be countable sets of real numbers, unbounded on the
left and right. We will call the elements M;, M, €9 , e-equivalent and denote M, * 3, if the
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points of these sets can be enumerated by the integers, respectively, m!, m2, allowing finite
multiplicity, in the order of position on the axis R so that sup|m|—m?|<Ce.
i
We will consider the distance between M, and M, in ® to be the number pg(M,, M,) =
inf e,
4
My~M,

Let the distance between any neighboring points of set T be not less than some positive
number. Let us enumerate the elements of the set T with multiplicity equal to unity. Let

= {ti}.
One can verify that the following lemma is true.
LEMMA 5. 1In order that the sequences E% be e.a.p., it is necessary and sufficient that
from each infinite sequence of shifts {{t;, - h,};}, , one can select a subsequence converging in

D.

Let us denote by R (K) the space of bounded functions f(t, x), continuous in x, on the
compactum K < R", allowing if the point (t, x) falls on the surface { =t (x), (€ Z, discontin-
uities of the first kind, in such a manner that for fixed x, the function f(f,x)éN. We de-
fine the distance in R(K) to equal the number-m<0hfg==sEppU]U.fo20,xD, where [, f, € R(K).

Let M(K) be the space of sequences of vectors {/;(x)}, bounded on K, each element of which
is continuous in x. The distance between the sequences /{"'(x) and /¥ (x) from M (K) equals the
number sup || 7" — /.

ZXK

Also let D(K) be the space of sequences {;(x). i€Z, of continuous functions #;(x):R"—>R
-with the topology determined by the distance suppq(f”(xL # (%)), where 7" (x) and 1’ (x) are se-
quences from P (K).

Let us denote by W(K) the topological space-product R(K) x M(K) x D(K).
Let us consider a system of differential equations with the impulse action
dxfdt = (8, %), 1 £ (), Axlmigenr = 1, (), SRS

in which x€R", Ax|i=, = x({; -) —x(t; —), and the function f(t, x) and the sequences I;(x), tj(x)
[4 1 1

are such that for any compactum K — R" we have (f({, x), /;(x), {;(x)) = B,€ W(K). The sequence tj(x)
is such that

inf [inf ¢; (x) — sup t;— (x)] >0 (2)
i K K

and the sequences f/(x) are e.a.p. in i, uniformly with respect to x€K.

We will consider that each solution of the system (1) meets with each of the surfaces
t = tj(x) not more than one time. For this, for example, it is sufficient to assume that the
inequalities (determined in [7]) £ (x + 7, (x)) <<t (%), |6;(x) — ()| <Skl|x—yll, AM <1 are true for
all i€Z, x,y€ K, where M:;ug(”f(t,x)]t.
X

Let us assume that f(t, x) is a function a.p. in t in the metric of the space R(K), and
I;(x) is a sequence a.p. in i in the metric of the space m (K).

For simplicity, let us identify system (1) with the element B,. One can verify that if
x(t) is a solution of equation B,, then the function x(t + 8), where 6 is a solution of the
system dm%t::f(t4—9,thséth)——9,Axhzguy_ﬁ==h(x) which we will identify with BgeU(K). Let

h, be an arbitrary sequence of real numbers.

Using successively Theorem 1 and Lemma 5, let us extract from it a subsequence hny, for
which the sequence f(t + hpy) converges in &(A) to a function a.p. in t, and the sequence
{t;(x) — hn}r converges ind(K) to a sequence t(x) for which the sequences ll(x) are e.a.p. in i.

Let iny be a sequence of integers for which, in agreement with Lemma 5, the sequences
ﬁ;hw('y i€Z , converge uniformly in i as k - += to f*(x). Let us consider the sequence of
shifts J;

is a.p. in i. In this manner, any sequence of shifts Bh, of B, is compact in 1 (K) in the
sense of convergence defined above.

Let us denote by H the closure of the shifts By, € R. in U(K). Let B¢ H and HD be the
closure of the shifts B, 6€R. Similarly to the proof of the corresponding lemma for ordinary

i, (%) One can select from it a subsequence, converging to [f(xj. The sequence I?
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differential equations, one can show that Hh = H,

The bounded solution x,(t) of the system of equations from H is called divided in R x K
if it is unique in K, or for any other bounded solution x(t), the values of which are con-
tained in K, for all t from the common domain of definition of the functions x, and x, the
inequality || x () — %, () || > p is true, where p is a positive constant, depending only on x,(t).

If the system B, has a bounded solution, contained in K, and all the bounded solutions
of the systems from H, contained in K, are divided, then from the equation Hh = H for any h,
it follows that all the equations from H have an identical finite number of bounded solutions,
the values of which are located in K, and there exists a constant p > 0 such that for any two
bounded solutions x(t) and y(t) of one equation from H, the inequality

inf | x () —y ()| > p, (3)
teR

is true, where R' is the intersection of the domains of definition of the solutions x(t) and
y(t).

THEOREM 2. Let the system B, have a bounded solution, the values of which are contained
in K, and all the bounded solutions of any equation from H, contained in K, are divided.

Then all these bounded solutions are almost periodic.

Proof. If one assumes that if the conditions of the theorem are satisfied, some bounded
solution of x = E(t) of B, is not almost-periodic, then there is a sequence of shifts £(t +
hp), which for any /< R converges in $#;, but is not convergent in ;.

One can select from h,, subsequences hpy and hmg, for which there exists a sequence
of intervals /,, I, = Iy, [JIx =R such that

) <0, GU+R ) B+ hn)<pl2, (4)

where y is some positive constant. It follows from (4) that £(t + hpy) and £(t + hmy ) con-
verge, respectively, in each space Ji; to different bounded solutions n,; and n, of one and the

same equation from H and the inequality y<<p(m,(¥),n, ()<< p/2 is true, contradicting condition
(3). The theorem is proved.

It follows from Theorem 2, in particular, that if each equation from H has a unique
bounded solution, then it is almost periodic.
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