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Abstract

In various real-world applications, there is a necessity given to steer processes in time. More and more it becomes
acknowledged in science and engineering, that these processes exhibit discontinuities. Our paper on theory of control
(especially, optimal control) and on theory of dynamical systems gives a contribution to this natural or technical fact.

One of the central results of our paper is the Pontryagin maximum principle [L.S. Pontryagin, V.G. Boltyanskii,
R.V. Gamkrelidze, E.F. Mishchenko, The Mathematical Theory of Optimal Processes, Interscience Publishers, John
Wiley, New York, 1962] which is considered in sufficient form for the linear case of impulsive differential equations.
The problem of controllability of boundary-value problems for quasilinear impulsive system of integrodifferential equa-
tions is investigated. The control consists of a piecewise continuous function part as well as impulses which act at a
variable time.

By studying the optimal control of response, we give a first inclusion of an objective function. By this pioneering
contribution, we invite to future research in the wide field of optimal control with impulses and in modern challenging
applications.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

The fast scientific development in the foundations and microworld of biology has led to a reconsidera-
tion about nature, about some characteristics of life. In fact, scientists agree to its continuous nature en-
riched by discretely arising discontinuities. The latter ones are also called jumps or, more from the
viewpoint of energy, impulses. This combined continuous-discrete character of life does not only mean a the-
oretical insight into the “miracle of life”, but it is also important for a variety of applications in bioinfor-
matics and practical utilizations in biotechnologies. Genetic or metabolic processes need to be well
understood, e.g., for medical purposes, biochemical processes need to well guided, e.g., in drug design
and pharmacy. (For a small impression and information in proceeding research, also concerning many fur-
ther references, we refer to [1,11,17-20].) The acknowledgement of this practical importance has made opti-
mization of biosystems and bioinformatics to become a part also of modern operational research in its
international conferences and journals. Furthermore, jumps or impulses not only arise on the micro level
but also on a more global and macro level of computational biosciences, for example, in gene dynamics and
in population dynamics. Herewith, jumps and impulses are a characteristic feature throughout in compu-
tational biology. Today, this scientific situation and landscape briefly sketched requests both (i) investiga-
tions in natural sciences in order more find and represent the threshold phenomena underlying the jumps,
and (ii) research in mathematics in order to understand and optimize the biological processes with impulses
includes. In both directions, (i) and (ii), researchers are, at least partially, standing at the very beginning.
This paper is a contribution to that second scientific goal, to an opening and widening of optimal control
theory for different kinds of impulsive dynamical systems, and vice versa, with various practical applica-
tions in live sciences, including medicine, in technology and social sciences. We mention that control
and, in particular, optimal control also have further motivations coming from outside of biology, e.g., from
information theory and processing and from chemical engineering.

In problems from optimal control theory, the objective functional to be minimized, may stand for, e.g.,
costs, energy, risk or variance. The wide theory of these problems, i.c., questions of feasibility and control-
lability, of optimality and stability, is very well investigated (cf., e.g., [11,14,22,31-34,37]). The optimal
control problems studied in our pioneering paper, called optimal response problems, belong to the class
of time-minimal or terminal control problems (see, e.g., [25-28,37]). In this paper, we are concentrating
on a linear problem such that the optimization problem coming from necessary optimality conditions,
called maximum principle, leads to a problem from linear programming, to be more precise, to a parametric
family of such problems in the variable u. The generalization the to nonlinear case where also the surfaces of
jumps may become generalized in addition, are recommended for future research.

The theory of impulsive differential equations is emerging as an important area of investigation since it is
richer in problems in comparison with the corresponding theory of differential equations. Actually, many
mathematical problems, e.g., dynamical and optimization ones, encountered in studying impulsive differen-
tial equations cannot be treated with the usual techniques of ordinary differential equations [21,30,35].
Here, we also mention and recall biological applications in population dynamics and genetics (mutation,
experiments, etc. [39]) where impulses (jumps) arise naturally or are caused by control. Concerning jumps,
thresholds and other combined continuous-discrete items we refer to [10,15,29]. Moreover, impulsive dif-
ferential systems present a natural framework for mathematical modeling of several real-world problems
[8,11,12,20,21,30,35]. However, the theory of integrodifferential equations with impulse actions on surfaces
is not yet sufficiently elaborated compared to that of impulsive differential equations and integrodifferential
equations. There are also several problems on controllability for impulsive systems which are connected
with the results of the theory of integral and integrodifferential equations and have not been well investi-
gated yet [3,6,7,9,13,24,31,36]. One of the original approaches to optimization problems is through a
boundary-value problem. This method requires the development of the controllability problem of solutions
for impulsive equations, particularly of integrodifferential systems of the form
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dx/dt = A(t)x + / K s)x(s) ds + Cut) + £(0) + gt ), 1 £ 04+ e, ),

Ax(Z)) = Ba() + / Mi(s)x(s) ds + Q0+ J, -+ uh(x(81), v 1),
J“<§,\51
i=1,2,...,p, (1)
x(0)=a, x(B)=>h. (2)

Here, u > 0 is a small parameter, o, f8, 0;, {; € R and are such that « <0, <.-- <0, <f,and {; = 0; + uw
t{(x({), w); 4, K, M;, D;jand B; are n X n matrices; C and Q; are n X m matrices; x, f, g, J;, W;, a, and b are n-
vectors; u and v are m-vectors; t{x,u), i=1,2,...,p, are real-valued scalar functions;
Ax(t) = x(t+) — x(z—), where x(t+) = lim,_y+x(¢ + &) and x(¢—) = lim;_o-x(¢ + h). We assume that solu-
tions are left continuous and therefore write Ax(7) = x(z+) — x(¢). In this paper, using some results from
[2,4,6], we shall investigate the problem of controllability of boundary-value problems for quasilinear
impulsive system of integrodifferential equations of the form (1), (2). We obtain our results by comparing
solutions of integrodifferential equations having impulse actions at variable moments with solutions of inte-
grodifferential equations having impulse actions at fixed moments. This comparison method was proposed
by Akhmetov and Perestyuk in [2]. As being well known, the solutions of differential equations with var-
iable moments of impulse effect may experience pulse phenomena, namely, they may hit a given surface of
discontinuity a finite or infinite number of times causing rhythmical beating [30,35]. This results in addi-
tional complications in studying such systems and, therefore, in most cases it is necessary to find conditions
that guarantee the absence of beating. In the present article, we also provide a new condition for the ab-
sence of beating (see Theorem 5) which is based on the method of small parameter. Finally, a maximum
principle of Pontryagin type is proposed for the time-optimal problem in linear case. The results of this
paper may be considered as a continuation or a generalization of the results obtained in [4-6], where linear
and quasilinear impulsive differential systems were considered. The results can be useful and an invitation
for investigating problems of optimum control for discontinuous dynamics in general [8,34].

2. Preliminaries

In what follows, we denote by PAC[a, 8] the set of all functions x :[«, ] — R” which are piecewise abso-
lutely continuous and continuous on the left with discontinuities of the first kind at points 6,
i=1,2,..., p. Denote, next, by L}[«, ff] the set of all square integrable functions ¢ :[o, f] — R" and by
D'[1, p] the set of all finite sequences {¢;}, & € R, i=1, ..., p, where p and r are fixed positive integers.
Furthermore, we define II"[o, 5] := L[, f] x D'[1] and identify its elements as {¢, £}, and let

<{¢zs}{wv}>/ dz+2

be an inner product in IT'a, ﬁ] where (,) is the Euclidean scalar product in R". Let us introduce the norm
{¢, EMlppy = ({5 &}, {¢, €})7 in [I'Ter, B]. Throughout this paper we need the following conditions:

(Cl1) the functions g, W, t;,i =1, 2, ..., p, are continuous with respect to their variables and continuously
differentiable with respect to x, u, and v;

(C2) the matrix K(¢, s):[o, f]X [o, f] — R" x R" is square integrable;

(C3) the columns of the matrices A(7) and M{t),i=1,2, ..., p, are in Lj[x, f];

(C4) {1, J} € "o, B,

(C5) det(I + B;+ D;) # 0, det(I + B) # 0 forj=1,2,...,p
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The process defined by (1) for fixed u and {u, v} operates as follows: The point Pz, x(t)), starting at
(o, @), moves along the curve defined by the solution x(¢) = x(z, a, a) of the equation

& A + / K(t,5)x(s)ds + Clopu+ (1) + gt 0 1), (3)

The motion along this curve terminates at time ¢ = {;, when the point P, arrives at the surfaces of discon-
tinuity so that {; = 0y + ut1(x({;), 1). At that moment the point P, performs a jump

Ax

= Bix(Q) + Dux(C) + / " Mi(s)x(s) ds + Qyo1 + 1 + pWa(x(Gy), 00, )

and proceeds to move along the curve described by the solution x(z, {;, x({;+)) of system (3), until it meets
the next surface of discontinuity, and so on. We should note that each solution of (1) is a piecewise con-
tinuous with discontinuities of the first kind function.

Definition 2.1. Problem (1), (2), which we denote by X ,(G), is said to be solvable for a given bounded set
G=G,x G, C R"x R" if there exists a positive real number g, uo = po(G), such that for all arbitrary
a,be G,x Gy, and u < uy there is a control {u, v} € IT" for which system (1) admits a solution x(¢)
satisfying (2).

Let s be a positive real number, and let 7 be the subset of elements (x, u, v) satisfying the inequality
|x| + |u| + |v| < s, where || is the Euclidean norm in R".
For a fixed positive real number u;, we define

GS:{(X,M,U,I,I',,LL) : (X,M,U) eTS? “<t<ﬁ7 i= 152a"'7p7 O<,LL<,L£1}

Let a positive real number H be fixed and

my = maX{Sup |A(1)],sup |C(2)], sup |K (t,s)|, sup |M,(1)|, max |B;|, max IDul}’
t t ts it t Yy
— {sup /(0] max |Jl~|},
t 1

m3 = max max lgl, max |7, max 7] 7,
(vt ) EPT(1 2.4.6)(GH) (x,0,i,1)€Pr(1356)(GHr) (x,i.1)€pr(1,5.6)(Grr)

where the set notation pr(j 246 (Gy) means the natural projection of the set Gy of points (6-tuples)
(x, u, v, 1, i, p) with respect to the Cartesian coordinates (%,i,7, i) (in the tuple sense: here, the 4-tuple’s
components are enumerated by 1, 2, 4 and 6). The notations pr(; 3 5 6)(Gx) and pr(; 56)(Gy) are analogously
understood; here, i may be a discrete variable.

It is not very difficult to observe in view of (C1) that there is a positive real number L such that

|g(t,x1,u1,vl,,u) - g(l,XQ,Mz, Uza:u)| < L{‘X[ _x2| + ‘ul - M2| + |vl - 02|}7
(Wilxr, 01, 1) = Wi, 0%, )| < L{pe — x| + [ = 2},
|7 (xr, ) — (v, )| < Lpxy — 22,

uniformly for all 7, x;, x5, uy, u, ol % in Gy

Definition 2.2. If for 4 > 0 there exists a positive real number p, o = uo(h), such that if u < uo then for
every given subset G = {(a, b) | |a| <h, |b| <h} C R" x R" the problem X,(G) is solvable, then we say that
the problem X ,(G) is solvable.
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Let us fix a number p; > 0 such that

. 1 1
Hymz < min {01 — 0675(02 — 01), R ,5(01, — Hp,l),ﬁ — 0,,} (4)

Lemma 1. Assume that every solution x(t) of (1) intersects every surface of discontinuity not more than once.
If u < w, then every solution x(t) of (1) which is in pr,(Gp) and is defined on [ o, f] intersects each of the
surface t = 0; + ut(x, w), i= 1,2, ..., p, exactly once.

Proof. One can check that (4) implies
max (0; + pt;(x, p)) < min (Oi + ptis (x, 1)) (5)
xepr; (Gy)

xepr; (Gh)

for all i € prs(Gp) if u < u;. Construct the following functions &(¢) = ¢ — 0, — ut;(x(¢), ), i = 1, p. The con-
ditions of our lemma imply that & («) < 0,i = 1, p. Assume, to the contrary, that the solution x(z) is con-
tinuous on whole interval [o, 1. Since &;(f) > 0,i = 1, p, by Intermediate Value Theorem [23] there exists a
first moment ¢ = x; of meeting for x(7) with one of the surfaces. Using (5) one can show that the first inter-
section is with 7= 0; + uti(x, p) and xy < minepr Grmy(02 T uta(x, u)). Now, consider surfaces
t = 0; + uti(x, 1), i = 2, p, on the interval [k, f]. Similarly to the previous case we can show that there exists
a moment ¢ = i, of intersection of x(#) with the surface ¢ = 0, + ut,(x, 1). Continuing in the way, we can
finish the proof. [

We will also need the following lemmas from [5] in the proof of our results. These two lemmas are anal-
ogous to Fubini’s Theorem on changing the order of integration [24].

Lemma 2. Let Dy, i,j= 1,2, ...,p, be constant matrices of size n X n and {{;} € D'"[ 1, p]. Then

Z Z Dy = Z Z D&, for each t € [o, f].

ia<0;<t j:au<0;<0; a<0;<t i:0;<0;<t

Lemma 3. Let K(t, s) be a matrix of size n X n. If K(t, s) is square integrable with respect to s on [ o, B] for
each fixed t € [a, f], and ¢,(t) € Ly[a, f] fori= 1,2, ..., n, then

/ K(t,s) s)ds = K t,8)¢,(s)ds for each t € o, f]. (6)

zac<9 <s 1x<9 <t J0i

Let us consider an integral equation

x(t) = / tG(t,s)x(s)ds+ 7 SiOx(0) + Y Ni(ox(04) + > Ji+ 1) (7)

fa<0;<t a<0;<t ia<;<t
under the following conditions:

(H1) the matrix G(¢, s):[o, f] X% [o, f] — R" x R" is square integrable;
(H2) the columns of matrices S{z) and N{¢) and the function f{¢) belong to PAC[x, f];
(H3) det(/ — N{(6; +)+ N«0))) #0fori=1,2,...,p

Theorem 1. Let conditions (H1), (H2), and (H3) hold. Then system (7) has a unique solution
x(t) € PAC[a, ] which can be represented as
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x(1) = / P ds+ Y 0+ Y POS0)+ 0+ Y

ia<0;<t ia<0;<t <0<t

where Q(1t), P5(1),i= 1,2, ..., p, and P\(1, s) are certain piecewise continuous function matrices of size n X n.

Proof. Let R(¢, s) be the resolvent of the Volterra integral equation with kernel G(z, s). In view of Lemma 3
it is easy to show that (7) is equivalent to

=Y [/@’R(m) ©ds+s0]x0)+ ¥ MRW 9+ N0 x0r4)

ia<0;<t ia<0;<t
! ;; [/e,-lR(t’ ‘) d”’}* + /;R(t, /() ds + (o), .

where [ is the n X n identity matrix.
Introducing the notation

0y
S[j = /(; R(Hj,S)S,’(S)dS,

i

0;
N” = / R(e/,S)Ni(S)dS,
0;

0;
pij:/a R(0;,5)ds + 1,

we obtain from (8) that

0
X(0) =Y [Syx(0) + Nyx(04)] + Y P,-,-Jf+/ R(0;,5)f (s)ds + £ (0:). ©)

io<0;<0; ia<0;<0;

From (8) and (9) we also obtain that

x(0+) = —Nj(0j+))l{(1 +S;0A)x(0) + D [Si(04) = Si(0)(0) + D [Ni(0;+)

i:0<0;<0; <0, <0;
—N,;(0)x(0;+) +J; + f(0,4) — } (10)
(

The expressions (9) and (10) recursively determine x(8;) and x(0,+). Since the nonhomogeneous part of this
system is a linear combination of vectors

0;
/ R(tvs)f(s)dS’ f(01)7 Ji7 for i = 152"'7p7

x(0;) and x(0/+) can be written as linear combinations of these with certain matrix coefficients. The theorem
is proved. [

3. Existence of solutions of integrodifferential equations

Now, we may state and prove a theorem on existence and uniqueness of solutions of the impulsive sys-
tem of integrodifferential equations of the form
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dx/dt = A(t)x + /IK(t,s)x(s)ds +f(t), t#80,

Ax(0;) = Bix(0) + Y Dyx(0;) + / " So(5)ds (1)

Jo<0;<0;

Theorem 2. Let conditions (C2), (C3), and (C4) be satisfied. Then for a given xo € R" there exists a unique
solution x(t) € PAC[a, ] of (11) which satisfies x(a) = X.

Proof. It is easy to verify that the integrodifferential equation

x(t)=x0+/“t (s)x(s ds+/ / K(o,5)x ()dsdo+m<0<th /f

LYY D / Mi(x(s)ds+ 3 U, (12)
io<0;<t V%

ia<0;<t j:a<0;<0; io<0;<t

is equivalent to (11) with x(«) = xo. Letting

Y’(t,s):A(s)+/tK(o,s)da+ S M),

Jis<0;<t

b, =B; + Z Dj;,

J:0;<0;<t

Ft)—x0+/arf(s)ds

and using Fubini’s Theorem along with Lemma 2, it follows from (12) that

x(f) = / t W(t,s)x(s)dsdo + > Dx(0;)+ > Ji+F(2). (13)

ia<;<t ia<;<t

In view of Theorem 1 we may conclude that (13) has a unique solution x(¢) € PAC[o, f]. This completes the
proof. [

Next we consider the impulsive integrodifferential equation

0A(t,s)/0s = —A(t,5)A(s) — /ti(t, 0)K(o,s)do — Z At,0,)M;(s), s#0; tea,fl,

Jis<0;<t
At 0) = =A(t,0:)B,(I + B) " — > At,0,4)Du(I +B;)" (14)

J:0;<0;<t

where A € R" is a row vector, 4, K, Dy, M; and B; are as before, and AA(z, 0,) == A(t, 0+) — At, 0,).

Theorem 3. Let conditions (C2)—~(C5) hold. Then for a given Ay € R" system (14) has a unique solution A(t, s)
such that A(t, t) = 2o,
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Proof. System (14) is equivalent to the integrodifferential equation

Aty s) = At 1) + /t AMt, 0)A(0) + /f At v)K (v, 0)dv + Z A, QZ)M,(J)] do
s o io<0;<t

+ Z At 0)B.(I +B:)"" + Z Z Mt,0,4)D;(I + B) ™.

iis<0;<t is<0;<t j:0;<0;<t

Using similar versions of Lemmas 2 and 3 and Fubini’s Theorem we obtain that the previous equation is
equivalent to

Aty s) = Ao+ /Sti(t, g) [A(G) + /SUK(G, v) dv} do + Z A(t,0;) [B[(I +B)"

iis<0;<t
('7/
+ M,—(s)ds} + > Mt0+) Y DyI+B) (15)
s iis<0;<t Js<0;<0;

Comparing (7) and (195) it is not difficult to see that the arguments developed in the proof of Theorem 1 can
be used, and, therefore we can conclude that system (14) has a unique solution A(¢, s) satisfying A(z, t) = 4.

Now for every i=1,...,n, denote by /(t,s) the unique solution of (14) such that if
A(t, s) = col(Ay, Axy A3, ...y Ay), then A(f, 1) =1. O

Theorem 4. Let x(t) = x(t, o, xo) be a solution of the Cauchy problem for (11). Then x(t) has the
representation

x(t) = A(t, a)xo + /tA(t, $)f(s)ds + Z A(t,0,+)J;. (16)

ia<0;<t

Proof. Let x(¢) = x(t, o, xo) be the solution of (11) and let ¢(s) = A(t, s)x(s). Clearly,

B0 - 96) = [ s+ Y A4(0). (17)
o ia<0;<t
Since
A¢(0,) = A(t7 01—|—)x(0,+) — A(t, 0,)x(0,) = A(l, OZ)AX(O,) + AA(t, 0,))('(01—'—),
we have
0;
SO AG0) = 3 (AL 0)(+B) + A 0)BI0) + S A(1,0) / Mi(s)x(s) ds
io<0;<t io<O;<t io<0;<t «
+ Z Z A(t,0;4)Dyx(0;) + Z A(t, 0i+)J;
ia<0;<t j:ou<0;<0; io<0;<t
= D |AGLO)I +B) + A(t,0)Bi+ Y A(t,0,4)D;| x(0:)
ia<0;<t J:0;<0;<t
0;
+ ) / At 0)Mi(s)x(s)ds + > A(t,0:4)J;. (18)
a<Oi<t Y% ia<;<t

On the other hand, by differentiating the relation ¢(s) = A(¢, s)x(s) we have

¢'(s) = 0A/dsx(s) + A(t,s) [A(s)x(s) + /SK(S, v)x(v) do —|—f(s)]
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and therefore by Fubini’s Theorem it follows that

t
o

[ sea= | {pa/as+ a6 + a9 [ Ksso)aofas | A(9)7(s) ds)
= /at [aA/GS + A(t,5)A(s) + /at/l(t, v)K (v, s) dv}x(s) ds + /at/l(t,s)f(s) ds. (19)

Now (14), (17), (18) and (19) imply that
o) — (o) = /[ [6/1/6s+A(t,s)A(s) + /t/l(t, v)K (v,s) dv]x(s) ds + /t/l(t,s)f(s)ds

+ ST [AA(L0)(I+ B)) + A(1,0)B, + A(1,0,4)Dy)x(0,) + / t 3" A(1,0)M(s)x(s) ds

J:0;<0;<t irs<0;<t

+ 3 Alt,64)7, = / At 5)f (s) ds + S At 04)

ia<0;<t <0<t

This completes the proof. O

4. Comparison method for integrodifferential impulsive system

To investigate problem X ,(G}) (Definition 2.1) we shall use a comparison method [2]. For this purpose,
we need to construct an integrodifferential equation with fixed moments of impulse actions which is asso-
ciated with (1). We propose

t
dy/dit = A4(t)y + / K(t,5)y(s)ds + C(t)u+ (&) + pg(t,y,u, 1) + Y Filt,y,u,p), t#0;,
o io<0;<t
(20)
Ay(el) = B,_)/(H,) + Z Dlly(el) + ini +Jl +Si(y7uavi7:u)7

Jo<0;<0;

where F; and S; are some functionals to be determined. Without any loss of generality we may assume that
T = 0 in GH.

Definition 4.1. The systems (1) and (20) are said to have B-property in Gy, if for a fixed positive real
number 2 < H and a sufficiently small u the following conditions are fulfilled:

Given any solution x(¢) of (1), |x(¢)| < h, t € [a, ], x(¢) meets every surface of discontinuity only once,
then there is a solution y(¢#) of (20), |y(¢)| < H, such that x(z) = y(¢) for all # € [, ] except possibly at points
tef0,(),i=1,2,..., p. Conversely, given any solution y(¢) of (20), |y(#)| < h, t € [a, f], if a solution x(z)
of (1), x(a) = a, |x(¢)| < H, intersects every surface of discontinuity once, the condition x(¢) = y(¢) holds for
all ¢ € [a, §] except possibly at points t € [0, {;], i=1,2, ..., p.

In this section, we show that it is possible to choose the functionals S; and F; in such a way that systems
(1) and (20) have B-property in Gy.

Fix i and a positive real number p, < p; such that pomsd(u,) < H — h, where d(p) = mH2 + (f—o)) +
ms + ums.

Let ¢(¢) be a solution of (1) satisfying ¢(a) = a and |¢p(z)| < h for ¢ € [a, f]. Assume that ¢(¢) meets each
surface of discontinuity only once. Denote by {;,i = 1, p, the points of discontinuity of ¢(¢). Using (4) and
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nonnegativeness of 7;,i = 1,p, one can see that 0 <0, < {; <0, <L <--- < Lo 1<0,< 0, <B. We
should emphasize first of all that a functional Fgt, y, u, ) vanishes if ¢t &[0, (], i=1,2, ..., p. Thus
the right sides of the differential parts of Egs. (1) and (20) are the same if zis not from [0, {;],i=1,2, ..., p

Fix k, 1 <k < p, and suppose that F;, S, i =1, 2, ..., k — 1, are determined so that the solution #(#) of
(20) with y(a) = a satisfies

(1) |n(2)| < H for t € [o, 0],
() 1) = 40 for 1 € [0\ Uy (0 . and
(iii) [, [A(s)n(s) + [, K(s, 0)n(o) do+ C( Ju+ f(8) + 2 <sFilssmyu, p)] ds =

JAS)S(s) + [2 K(s,0)$(0) do + Cls)u+ £(s) + ugls, dls), uls), 1) ds for 1 € [x, 6.

Because of {; = 0, both of solutions #(¢) and ¢() are left continuous at 0. And, moreover, from {; > 0,
it implies that they are equal to each other on ({;_, 0;]. Hence, the equality 5(0;) = ¢(0y) is correct.
Let

Ok

N(0+) = I+ Bn(0:) + D Dyn(0,) + [ Mi(s)n(s)ds + Qv+ Ji + 2, (21)

Jia<0,<0; o

where z is to be determined. Continue the solution #(z) for all ¢ € [0y, ()] as the solution of the initial value
problem

dé

Lo F. e =0t @)
where

Flt) = / K(t,0)$(0)da + C(e)u+ £(6) + ug(t, (), u(t), ).

It is clear that

n(t) = ¢(G+) + /tF(s) ds for z € [0, (]

Gk

Thus,

In(t) — ¢(L+)| < max pymzd(ps) < H — h,

Or <t<{

t
/ F(s)ds| <
Ok

and hence |5(¢)| < H for t € [0y, {;]. Moreover, letting Si(n, u, vy, 1) = z, we see in view of (21) and the fact
that

Ok
M0+) = GGt + / F(s)ds,

k
that

O
Se(n,u, 06, 1) = d(Git) +/ F(s)ds — (I +B)n(0) — Y Dyn(0;) — Qpor —

Gk Jo<0;<0x
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It is also possible to rewrite Sy as

Sl v 1) = Bl(@(G) — (0] + 3 Dylo(&) . l/ My(s)((s) — n(s)) ds
Jo<{G<G ja<li<g 70
+ [ MU)P() ds + 1 u(B(), vk, ). (23)

O

Finally, we let
ﬂ@m%m:{A@wm—mm+ﬂKmmww—WMm+%m¢mmmm»remxm o4

0, otherwise.

Lemma 4. Systems (1) and (20) have B-property in Gy.

Proof. Let ¢(¢) be the solution of Eq. (1) which has been described above in the section. Let us assume that
n(¢) is a solution of (20) and satisfies (i) and (ii) for a fixed k,1 < k <p. Now, let us consider an interval
[0k, Oi+1]. It is clear that

n(Gt) = (L + Bi)n(0k) + Z Dyn(6;) + Qv + Jx + Si(n, u, v, 1)

j:d<0/§9;
M /

In view of (i)—(iii) and the definition of Sy, the above formula implies that 5({;+) = ¢({x+). It follows that
¢(1) = n(t) for t € ({x, Ox+1] because of the common initial data ¢({;+). Since k is arbitrary, ¢(z) = 5(¢) for
all ¢ € [o, B] \ U [0k, &)

Furthermore, let 7(¢) be a solution of (20) such that |5(z)] < & for all ¢ € [«, ] and let ¢(z) be a solution of
(1), satisfying ¢p(o) = n(a). Let {; be the points of discontinuity of ¢(#). Assume that for a fixed k, 1 < k <p,
conditions (i), (ii) hold and ¢(¢) intersects the surface of discontinuity ¢ = 0; + ut;(x, u),i = 1,k — 1, at
t = {; only once.

Obviously, we may extend ¢(¢) as a solution of (1) until it intersects the surface ¢ = 0, + uti(x, p).
Denote this intersection point by (. By our assumption it is unique.

In view of (20) we see that #5(f) = ¢(¢) on each section [Ck, 0r+1] as well. Continuing this process we
obtain ¢(7) defined on [0, f] and ¢(¢) = n(¢) for all ¢ € [o, B] \ U, [0k, (). This completes the proof. [

/Ksa o)do + C(s)u+ f(s) + Z Fi(s,n,u, 1) | ds.

ia<;<s

5. Controllability of impulsive integrodifferential equations

We first consider the controllability problem for (20), (2). This problem is denoted by y,(Gy). Define
t
(1) = / E()E'(s)ds+ 3 PPT, (25)

io<0;<t

where E(1) = A(f, t)C(¢) and P; = A(p.0; + )0
Lemma 5. Let (C1)(CS) be satisfied. If ¥Y(f) is nonsingular, y,(Gp) is a solvable problem.

Proof. We will prove that y,(G) is solvable with a control {u, v} of the following form:
u=E"(t)c+u(t), teopl, vi=Pc+d, i=1,2,...,p, (26)
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where ¢ € R" is a constant vector, and {#,} € II"[a, f] is orthogonal to all columns of [E”, P!]. It is clear

that solving problem y,(Gg) is equivalent to solving

Clsuls) + /() + 3 Fi<s,y,u,u>] ds

ia<0;<s

"0 = Atez)a+ [ Alts)

+ D AWODNQu + i+ Sy v ), y(B) =b.

ia<0;<t

Substituting (26) into (27) we have

f(S) + Z Fi(S,y,“,#)] ds

io<0;<s

B
c= ?"(ﬁ){b A, o)a / A(p.s)

— ZA(ﬁ, 01+)[J1 +Si(yauavia:u)}}'

i=1

Let us set
B P
K=b=Apaa— [ AB7(6)ds =Y A0+
o =

uo(t) = ET(O)P(B) 'K +a(t), o' =PI¥(B) 'K + iy,

Yolt) = Alt,)a + / ALCEu0s) + s+ S Al 04)(0a + ),

ia<0;<t

0 = (00, 61, oo = Go(0)suo(0), {81,
o) =it [ Als) Y Filspunds

io<0;<s

Yt 0,m) =t D AL 0)Si(, u, 03, ).

io<0;<t

Substituting in (27) expressions from (26) and (28), one can obtain that

y(t) = A(t,o)a + /t/l(t,s){C( )

—/fA(ﬁ,r)

+ >4 z6+{ {PT (ﬁ){b A(B, )a/f/l(ﬁvr)[f(r)

ia<;<t

E"(s)Y~(B)| b~ A(B,%)a

dr| +a(s)

f(}")-F Z F,-(r,y,u,,u)

ioa<0;<r

+ Z Fi(r7y7uvﬂ)]dr +1A)1

ia<0;<r

+J; +Si(y,u,vi,u)}-
Then, using (29), we can rewrite
70 =30) =1 [ A COE 6.0,
—u > AWOA)OPIY(B, @, 1) — pic(t, o, 1) — b (t, @, ).

io<0;<t

+f(s)+ A Z Fi(say’u’.u)

}ds

(30)

(31)
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Similarly one can write that

u(t) = uo(t) — uE@)" P (B)[k(B. o, ) + ¥ (B, @, )], (32)
and

v = vy — uPTY T (B)[K(B, @, 1) + (B, @, ). (33)
From (31)—(33) it follows that

@ =@y + u?(o, 1), (34)

where 2 = (2, 2,,7"),

2\t 0) = — /IA(Z,S)C(S)ET(S)K(& @, ) ds — > AL OA)QLPIY(B, ¢, 1) — (1, @, ) — Y(t, 0, ),

ia<0;<t

Py(t, ) = —E(0)" P (B)[k(B, @, 1) + (B, 0. )],
P (¢) = =PIV (B)[k(B. @, 1) + V(B 0, ).

Consider a set 4 of functions ¢ of the form ¢ = (y(¢),u(t), {vi};_,) with norm
loll = sup ()] + sup [u(2)[ 4 max [v;].
t t !

where y(t) € PAC[a, fland {u, v} € O™[o, f]. We may assume that the real number /4, fixed in the previous
section, also satisfies ||@o|| < /& and that there is a positive real number u3 < i, such that
ps max |2 (e, p)l| <h— ool

" lell<h
0<pspy
Let Z ={o: ¢ € B,||¢|| < h}.Itis easy to see that if u < ps then the operator ¢, + u? (¢, 1) maps Z into
itself. We will show that if p is sufficiently small then 2 becomes a contraction mapping on 2. We first
show that operators x and  satisfy a Lipschitz condition with respect to ¢. For this purpose let
®; = (n,uj, {v,-w P)eX for j=1,2. Fix k, 1 <k <p, and let ¢;, j= 1,2, be functions defined on
[o, Ox] such that ¢ (1) = nft) for ¢ € [o, 0] \ Uf;ll(f),-,é’l@], where CI.U) is point of discontinuity of ¢, and
for all ¢ € [o, 0],

[ [A(S)ij(S) + /:K(s, 7)p;(c)da + pg(s, d,(s), u;(s), u)} ds

t s
-/ [A@)nj(s) + [ Koo+ Y Filsm, u)] ds. (35)
o o ia<l;i<s
Next we shall apply the method of mathematical induction. Assume that
k-1
[91(2) = da ()] < Li(w)ll @y — ol for 1 € [0, 0] @, ¢ (36)
i=1
and
(P =V <pb(plle, — @oll fori=1,2,.. k-1, (37)
where /;(¢) and L(u) are some bounded functions, and without any loss of generality, Cl@ > CEI) for
i=1,2,..., p. Now we continue ¢ () as a solution of the following equation:
d¢ !
a4 = AW0e() + / K(t,5)p(s)ds + C(0)u;(t) + /(1) + ng(t, d,u;, 1),
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with the initial condltlon ¢(0x) = n{0y) until it meets a surface ¢ = 0 + pti(x, p) when ¢ = Ck It is clear
that for ¢ € [Hk,Ck l,

By(0) = 1,(0)
/ 46)0,(9)+ [ K. 0)da + COmO + 70 + et S0 |as. 38)

Assume that |¢(7)| < H for all ¢ € [«, 0,]. We claim that this inequality i 1s also valid for all 7 € [0, Ck ]. For
if it is not true for the first time at some point ¢* € (0, Ck ], then using (38) we have
|pAt)| < h + psmsd(uo) < H for all t € [0, ¢*] and, in particular, |¢A¢)| < H. This contradiction verifies
our claim. Now, using (36)—(38), we obtain

161(8) — 2 (0] < Li(W)ll@y — ol for £ € 0,8, (39)

where 5(x) = (1 + L(u)(p — o) + 2upl(p)H + pms(my + pL)(1—ums(my(1 + pms) + pL))~". On the other
hand, since

(7 =0 = 667, 1) = (1 (G67): ) < ] = 92(G) = A2G) + 901G,

we have

¢ — o < ula(wlor — ol (40)

where ly(p) = pLl(p)(1 — pLd(p) ™!
Now, we may consider S; given by (23) and write

Sk(”/lvulvvl(cwhu) - Sk(772a U, UI(cZ)mu)
= Bi( () —m (0 ) $(C") + m2(00)) + Bi(da (L) (=2 (L))
+ Z Dy (1 (E1)) = 1(0,) — o () + 1(0))] + [Diy( 2 (L") — o ((P))]

- ¢
B e - i+ ) -l

) 4(1)

e
=Y [ M6~ meNds [ M) (@3(6) - 1)) ds

Jou<li<lr é O

#2)

{

M (s)y(s) ds + p(W (e, (G, ol 1) (—Wi(a(67, 07, 1)) (41)

o
In view of (38),
¢1(C- ) —m(0;) — ¢2( ")+ nmy(0))

- /; A(s)[1(s) — ()] + / ' K(s,0)[¢,(0) — ¢,(0)]da + C(s)[ur(s) — uz(s)]

s [ {080+ [ K090+ COwO 450+ net 020000010 b
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and, therefore, by using (39) and (40) we have

|¢1(C,('1 ) —m(0;) — 4’2( ) +12(0)| < wls(w)l| @) — @l (42)

where  Is(u) = ma[mi(5(p) + L(p)(f—o) + ph(wp + 1) + pL(1 + L(w)] + L(wd(p), and  d(p) =mH
2+ — o)+ m+ ums.
It follows from the last inequality and (41) that

1 2
1Sk (s w1, 0} 1) — Se(iyy w2, 07 )| < V()| — 51,

where (@) = myl(p + Dis(u) + L(w)(d(w) + H) + my(a(p)(p + 1) + p)] + Hly(w)(2p + Dmy + L2 +
ula(p)d(p)) is a bounded function. Since there are only finitely many S;, it is clear that for some constant

Li(w),

|Si(n17 up, UI('

fori=1,2,...,p
Similarly, by using the representation of F; given in (24) we can show that there is a bounded function
L®(p) such that

‘ Z t My, Uzy U Z Fi(t71/]lau17u) < HL(Z)(:“)H(PI - (PZH? (44)

a<O;<t a<0;<t

Vo) = Si(ny w2, o, )| < wlLY ()| oy — | (43)

uniformly for all 7 € [a, f].
Let m4q = max,  |A(z, s)|. From (43) and (44) it follows that

W (t, @1, 1) = Y(t, @2, )| < gLV ()| @y — 5|
and

|K(t7 QDI,,U) - K(ta ¢2>ﬂ)| < (ﬁ - OC)”14[’(2)(111)||(;01 - 902”'
Thus, we have

|ic(t, @1, 1) — 1(t, @y )| + W (2, @1, 1) — Y(t, @y, )| < puL(w)|| 0y — @3l

where L(y) = (B — o) LP(p) + pmaL™(p).
Finally, letting

ms = max {mgx 1) (B max |7 () (8)], max [|PT ¥ (5) }

we can verify that

12(@1, 1) = 2(@2, W < 2L() (1 + 6ms)| @y — s ]l.

Thus, if we choose u° < 3 sufficiently small so that 2uL(p)(1 + 6ms) < 1 for all 0 < u < p°, then the oper-
ator u# becomes contractive. So there is a fixed point ¢° of the operator ¢, + u?(o, u). It is easy to verify
that ¢ is a solution of problem 7. Gr), and therefore the proof is complete. [

We shall need the following condition:
(C6) The inequality

7i(19(0:), 0) > 7,(v(0:+), 0) (45)
is valid for all a, b, |a| < h, || < h,and i=1,2,...,p
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Theorem 5. Let (C1)—«(C6) be satisfied. 1If Y(p) is nonsingular, then X,(G),) is solvable.

Proof. Using Lemma 5, we can check that there is a control {, v} for which system (20) admits a solution
¥(¢) such that y(a) = a and y(ff) = b.
Let us assume that a solution x(¢), x(o) = a, of (1) has no intersection with the surfaces t = 6; + ut{(x, p),

i=1,2,...,k — 1,1 <k <p. In this case, according to Lemma 4, we have that x(¢) = y(¢) for all 7 € [o, {]
except possibly for ¢ € [0;,(;], i = 1,k.
As

G — O = prie(x(8y), )
and

xar=ﬂm>+ﬂfPwn@r+/wk@oana+C@wwwaﬂw+uﬂﬂ@mwmm ds, 1€ (000,

by using (34), by Lipschitz condition on 7, and by comparing the expressions for Ayg(0;) and Ax({y), we
have

e(Cet) = 3o Out)]| < 1 | mafd () + 2pmy 1)+ max [ 2(. )] .
O<pspy

From the last inequality and (45) it follows that if u is sufficiently small, then
Te(x(Ge), 1) = w(x(Get)s ). (46)

Substituting expressions for ¢, K, uy, yo from (28) and (29) in (27) one can obtain continuous dependence of
yo(?), regarded as a composed function, on a and b in sup—norm on [o, §]. Hence, as k is arbitrary, and p is a
finite number, there exists a positive real number o, o < 1°, such that relations uLd(x) < 1 and (46) are
valid if u < py. Now, repeating the arguments from the proof of Lemma 5 on page 22 in [35] and using
Lemma 1 we see that the solution x(¢) meets every surface of discontinuity once.

But in this case according to Lemma 4 we have x(¢) = y(7) forall 7 € [o, f] \ U, [0;, {;]. It is also true that
x(f) = b. Herewith, the theorem is proved. [

6. Optimal control of response

In this section, we are going to include the aspect of optimality into our reflections. Firstly, this research
was presented in paper [4]. This will give us a time-minimal problem which we shall in physical, economical
or, possibly, social terms interpret as “resonance’’. Those time-optimal problems which we introduced in
Section 1, aim at a minimal time consumption, a nearest to presence time horizon of a process in order
reach a terminal state. Besides of our optimal response problem, there are, in particular, problems of
time-minimal heating or cooling of a rigid body, say, of a ball consisting of a homogenecous material
(cf., e.g., [27,28,37,38]). In those problems, the process is subject to both constraints on thermal thrust tan-
gential to the boundary and some heat equation (the control variable being the temperature at the bound-
ary). This gives rise to a two-stage optimization problem with a generalized semi-infinite programming
problem on the upper stage ([27,28,37]). In our problem of optimal response, however, the process will
be governed by a linear impulsive integrodifferential equation. This will by Pontryagin’s maximum (or, min-
imum) principle lead us to /inear programming problems.
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Concerning the system then to be controlled optimally, we consider a particular linear case of equation
and impulse (1):
dx/dt = A(t)x + C(t)u(t) + f (), tF# 0,

47
Ax(ei):Bix(gl)+ijl+Jh i= 1525"'7177 ( )

x(0) =a, x(B)=0b, (48)
where 4 and C are defined for any time # > 0, B; and Q; are bounded sequences, and time f > 0 is arbi-
trary. Before considering the main problem of the section let us investigate controllability of the problem
for a fixed positive number § € R". We say that the control problem /(f5) is solvable if, for any f,
{J;} € IO, p] and a, b € R", there exists {u, v} € II"[0, ] for which the boundary-value problem (47),

(48) has a solution. The validity of the following statement can be verified similarly to the proof of Theorem
19.2 from [35].

Lemma 6. Let F, {V;} € [0, f]. Then the boundary-value problem
dx/dt =A()x+F(t), t#6;, i=12,...,p,

49
Ax(0;) = Bx(0) + Vs, (49)
x(0) =0, x(B) =0, (50)
is solvable if and only if, for any solution y(t) of the system
dy/dt = —A"(t)y, t#0, i=1,2,...,p,
y/ @)y, t#0; i p (51)

Av(0;) = —(I+ B])"'B]¥(6)),
the following relation holds:
{F, Vit Ay, (0:)}) = 0. (52)
Let Y(t)(¥1, y2, - - -» V), be a fundamental matrix of solutions of adjoint system (51).

Theorem 6. The control problem .o (f) is solvable if and only if

p
/0 YI(O[C(u(t) + f(0]de+ Y Y(0)[Quwi+J] =Y (B)b — YT (0)a. (53)

i:0<0;<p

Proof. Let us change the variables x = z + k(¢) in the boundary-value problem .«/(f). Here, « is an arbi-
trary function continuous with its derivatives and satisfying the boundary condition, i.e., x(0) = a,
k(B) = b, and the conditions x(0;) = 0,i = 1, p. Such a function can be easily constructed. For instance,
one can take the Lagrange polynomial as k. After the change of variables, we obtain the control problem
/() in the form

dz/dt = A(1)z + C(Ou(t) + £(1) + [ () — AW, ¢ #0,

Az(0;)) = Biz(0,) + Qi + J;, i=1,2,....p, (54)
z(0) =0, z(B)=0. (55)

By virtue of Lemma 6, for the solvability of this problem it is necessary and sufficient that the condition

p B
/0 Y O[Cu() + £ de+ 3 YT (0[O +1] = / YT (0)[K (1) — A(D)x(0)]dr, (56)

i0<6;<p 0
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where {u, v} € II"[0, B], be satisfied. Let y; be the kth column of the matrix Y(¢). Integrating by parts, we
obtain
B

B
/0 B &) dt = (3 (), k(B)) — (e (2), () — / 0, k)t

From this and (56), we conclude that the validity of relation (53) is the necessary and sufficient condition of
solvability of the control problem .o/(f). The theorem is proved. [

Let us fix a positive number f and define the space-product [1"[0, ] = L}[0, f] x D"[1] for which
0;,i = 1,p, are the points of discontinuity of functions from L7[0, ], which form an ordered sequence in
the interval (0, f3).

We assume that the control {u, v} can be chosen only from the set A x A’ C IT"[0, ] which is bounded
in the norm || - ||0, 5. To solve the problem of fast response means to find by using a given element {f, J}
belonging to the space IT"[0, ] for any f > 0 the control {u, v} that solves the problem in minimal time:

minimize f

(OCR) {subject to (41) and (42).

We say that a control {u, v} with a vector ¢ = ¢y in the domain A x A’ satisfies the Pontryagin condition
[34]if in the domain this control provides the maximum of the expression ¢f Y (£)C(r)u(t) for almost all
t € [0, B], and the maximum of the expression ¢! Y7 (0,)Q,v;,i = 1,p.

(57)

Theorem 7. Let a control {u, v} solves the problem of control (47), (48) for the time § > 0, and let it satisfy
the Pontryagin condition for some vector c¢ = co in the domain Ax A'. Suppose that the expression
YT @O[C(tu(t) + f(t) + A(t))b is positive for almost all t € [0, Bl and the numbers cIYT(0;)[Qvi+
Ji+ B;(I+ B;)” " )bl,i = 1,p, are positive. Then the control {u, v} and trajectory x(t) corresponding to it are
optimal for (OCR), i.e., in the sense of fast response.

Proof. The fundamental matrix of solutions, Y(¢), of the adjoint system (51) satisfies the equality [35]
B
Y(B) = Y(0) — / ATOY(Ode+ S (1 +BNBTY(0).
0 :0<0;<f

Using the last expression from (53), carrying out the transposition, and assuming Y(0) = I, we get

/ ' Y (OIC@Ou() + £ (1) + A0l e+ S YT (0)[Qu +J, + Bl +B,) )b =b —a. (58)

i:0<0;<p

Suppose the contrary holds, i.e., that there exists the control {&, v} which transfers the point x = a into po-
sition x = b at the time 7 < f§. Then,

/0 ey YT (O[C(O)a(t) + f(t) + A@0b]dt + Y g Y (0,)[Q; +Ji + Bi(I + B:) )b = ¢ (b — a).
i:0<0;<t
Subtracting the last equality termwise from (54) multiplied by the vector cg , we get
T B
/0 YT OCHlute) ~ al0)dr+ [ YOO + )+ AWBldr+ Y ¥ (00~ 1)
T i:0<0;<t

+ 3 e YT(0)[Quv + I+ Bl +B))b] =0,

it<O;<f

By virtue of the conditions of the theorem, the first, the third and the fourth terms in the last equality are
nonnegative, while the second one is positive. The resulting contradiction proves the theorem. [
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Similarly to [34] one can check that the last theorem implies the validity of the following assertion.

Theorem 8. Suppose that the conditions of Theorem T are satisfied, and x(t) is the optimal trajectory
connecting points x(0) = a and x(f) = b. Then, any part of this trajectory which connects points x(t) and x(t,),
0 <ty <t <P, is also an optimal trajectory.

7. Conclusion

In this paper, we gave a contribution to the understanding of impulsive phenomena in various processes.
For this emerging field of phenomena with its wide range of practical applications and methods, our pio-
neering paper combines control theory and optimization on the one hand, with quasilinear impulsive inte-
grodifferential equations on the other hand. For the control problem, we presented results on existence,
comparison methods and controllability, before we turned to optimal control of resonance. By this paper
we want to recommend future research in more general nonlinear classes of impulsive optimal control prob-
lems from science, technology, economy and society. Among these problems, we also think of time-maxi-
mal ones on anticipation and prediction (see, e.g., [16]). We invite to deep interdisciplinary research using
the theories of impulsive equations and (dis)continuous optimization.
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