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Abstract

In various real-world applications, there is a necessity given to steer processes in time. More and more it becomes
acknowledged in science and engineering, that these processes exhibit discontinuities. Our paper on theory of control
(especially, optimal control) and on theory of dynamical systems gives a contribution to this natural or technical fact.

One of the central results of our paper is the Pontryagin maximum principle [L.S. Pontryagin, V.G. Boltyanskii,
R.V. Gamkrelidze, E.F. Mishchenko, The Mathematical Theory of Optimal Processes, Interscience Publishers, John
Wiley, New York, 1962] which is considered in sufficient form for the linear case of impulsive differential equations.
The problem of controllability of boundary-value problems for quasilinear impulsive system of integrodifferential equa-
tions is investigated. The control consists of a piecewise continuous function part as well as impulses which act at a
variable time.

By studying the optimal control of response, we give a first inclusion of an objective function. By this pioneering
contribution, we invite to future research in the wide field of optimal control with impulses and in modern challenging
applications.
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1. Introduction

The fast scientific development in the foundations and microworld of biology has led to a reconsidera-
tion about nature, about some characteristics of life. In fact, scientists agree to its continuous nature en-
riched by discretely arising discontinuities. The latter ones are also called jumps or, more from the
viewpoint of energy, impulses. This combined continuous-discrete character of life does not only mean a the-
oretical insight into the ‘‘miracle of life’’, but it is also important for a variety of applications in bioinfor-
matics and practical utilizations in biotechnologies. Genetic or metabolic processes need to be well
understood, e.g., for medical purposes, biochemical processes need to well guided, e.g., in drug design
and pharmacy. (For a small impression and information in proceeding research, also concerning many fur-
ther references, we refer to [1,11,17–20].) The acknowledgement of this practical importance has made opti-
mization of biosystems and bioinformatics to become a part also of modern operational research in its
international conferences and journals. Furthermore, jumps or impulses not only arise on the micro level
but also on a more global and macro level of computational biosciences, for example, in gene dynamics and
in population dynamics. Herewith, jumps and impulses are a characteristic feature throughout in compu-
tational biology. Today, this scientific situation and landscape briefly sketched requests both (i) investiga-
tions in natural sciences in order more find and represent the threshold phenomena underlying the jumps,
and (ii) research in mathematics in order to understand and optimize the biological processes with impulses
includes. In both directions, (i) and (ii), researchers are, at least partially, standing at the very beginning.
This paper is a contribution to that second scientific goal, to an opening and widening of optimal control
theory for different kinds of impulsive dynamical systems, and vice versa, with various practical applica-
tions in live sciences, including medicine, in technology and social sciences. We mention that control
and, in particular, optimal control also have further motivations coming from outside of biology, e.g., from
information theory and processing and from chemical engineering.

In problems from optimal control theory, the objective functional to be minimized, may stand for, e.g.,
costs, energy, risk or variance. The wide theory of these problems, i.e., questions of feasibility and control-
lability, of optimality and stability, is very well investigated (cf., e.g., [11,14,22,31–34,37]). The optimal
control problems studied in our pioneering paper, called optimal response problems, belong to the class
of time-minimal or terminal control problems (see, e.g., [25–28,37]). In this paper, we are concentrating
on a linear problem such that the optimization problem coming from necessary optimality conditions,
called maximum principle, leads to a problem from linear programming, to be more precise, to a parametric
family of such problems in the variable u. The generalization the to nonlinear case where also the surfaces of
jumps may become generalized in addition, are recommended for future research.

The theory of impulsive differential equations is emerging as an important area of investigation since it is
richer in problems in comparison with the corresponding theory of differential equations. Actually, many
mathematical problems, e.g., dynamical and optimization ones, encountered in studying impulsive differen-
tial equations cannot be treated with the usual techniques of ordinary differential equations [21,30,35].
Here, we also mention and recall biological applications in population dynamics and genetics (mutation,
experiments, etc. [39]) where impulses (jumps) arise naturally or are caused by control. Concerning jumps,
thresholds and other combined continuous-discrete items we refer to [10,15,29]. Moreover, impulsive dif-
ferential systems present a natural framework for mathematical modeling of several real-world problems
[8,11,12,20,21,30,35]. However, the theory of integrodifferential equations with impulse actions on surfaces
is not yet sufficiently elaborated compared to that of impulsive differential equations and integrodifferential
equations. There are also several problems on controllability for impulsive systems which are connected
with the results of the theory of integral and integrodifferential equations and have not been well investi-
gated yet [3,6,7,9,13,24,31,36]. One of the original approaches to optimization problems is through a
boundary-value problem. This method requires the development of the controllability problem of solutions
for impulsive equations, particularly of integrodifferential systems of the form
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dx=dt ¼ AðtÞxþ
Z t

a
Kðt; sÞxðsÞdsþ CðtÞuðtÞ þ f ðtÞ þ lgðt; x; u; lÞ; t 6¼ hi þ lsiðx; lÞ;

DxðfiÞ ¼ BixðfiÞ þ
X

j:a<fj6fi

DijxðfjÞ þ
Z fi

a
MiðsÞxðsÞdsþ Qivi þ J i þ lW iðxðfiÞ; vi; lÞ;

i ¼ 1; 2; . . . ; p; ð1Þ
xðaÞ ¼ a; xðbÞ ¼ b. ð2Þ
Here, l > 0 is a small parameter, a, b, hi, fi 2 R and are such that a < h1 < � � � < hp < b, and fi = hi + l-
si(x(fi), l); A, K,Mi, Dij and Bi are n · nmatrices; C and Qi are n · mmatrices; x, f, g, Ji,Wi, a, and b are n-
vectors; u and v are m-vectors; si(x, l), i = 1, 2, . . . , p, are real-valued scalar functions;
Dx(t) � x(t+) � x(t�), where xðtþÞ ¼ limh!0þxðt þ hÞ and xðt�Þ ¼ limh!0�xðt þ hÞ. We assume that solu-
tions are left continuous and therefore write Dx(t) = x(t+) � x(t). In this paper, using some results from
[2,4,6], we shall investigate the problem of controllability of boundary-value problems for quasilinear
impulsive system of integrodifferential equations of the form (1), (2). We obtain our results by comparing
solutions of integrodifferential equations having impulse actions at variable moments with solutions of inte-
grodifferential equations having impulse actions at fixed moments. This comparison method was proposed
by Akhmetov and Perestyuk in [2]. As being well known, the solutions of differential equations with var-
iable moments of impulse effect may experience pulse phenomena, namely, they may hit a given surface of
discontinuity a finite or infinite number of times causing rhythmical beating [30,35]. This results in addi-
tional complications in studying such systems and, therefore, in most cases it is necessary to find conditions
that guarantee the absence of beating. In the present article, we also provide a new condition for the ab-
sence of beating (see Theorem 5) which is based on the method of small parameter. Finally, a maximum

principle of Pontryagin type is proposed for the time-optimal problem in linear case. The results of this
paper may be considered as a continuation or a generalization of the results obtained in [4–6], where linear
and quasilinear impulsive differential systems were considered. The results can be useful and an invitation
for investigating problems of optimum control for discontinuous dynamics in general [8,34].
2. Preliminaries

In what follows, we denote by PAC[a, b] the set of all functions x : [a, b] ! Rn which are piecewise abso-
lutely continuous and continuous on the left with discontinuities of the first kind at points hi,
i = 1, 2, . . . , p. Denote, next, by Lr

2½a; b� the set of all square integrable functions / : [a, b] ! Rr and by
Dr[1, p] the set of all finite sequences {ni}, ni 2 Rr, i = 1, . . . , p, where p and r are fixed positive integers.
Furthermore, we define Pr½a; b� :¼ Lr

2½a; b� � Dr[1] and identify its elements as {/, n}, and let
hf/; ng; fx; mgi ¼
Z b

a
ð/;xÞdt þ

Xp

i¼1

ðni; miÞ
be an inner product in Pr[a, b], where (,) is the Euclidean scalar product in Rr. Let us introduce the norm
kf/; ngk½a;b� ¼ hf/; ng; f/; ngi

1
2 in Pr[a, b]. Throughout this paper we need the following conditions:

(C1) the functions g, Wi, si, i = 1, 2, . . . , p, are continuous with respect to their variables and continuously
differentiable with respect to x, u, and v;

(C2) the matrix K(t, s) : [a, b] · [a, b] ! Rn · Rn is square integrable;
(C3) the columns of the matrices A(t) and Mi(t), i = 1, 2, . . . , p, are in Ln

2½a; b�;
(C4) {f, J} 2 Pn[a, b];
(C5) det(I + Bj + Djj) 5 0, det(I + Bj) 5 0 for j = 1, 2, . . . , p.
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The process defined by (1) for fixed l and {u, v} operates as follows: The point Pt(t, x(t)), starting at
(a, a), moves along the curve defined by the solution x(t) = x(t, a, a) of the equation
dx
dt

¼ AðtÞxðtÞ þ
Z t

a
Kðt; sÞxðsÞdsþ CðtÞuþ f ðtÞ þ lgðt; x; u; lÞ. ð3Þ
The motion along this curve terminates at time t = f1, when the point Pt arrives at the surfaces of discon-
tinuity so that f1 = h1 + ls1(x(f1), l). At that moment the point Pt performs a jump
Dxjt¼f1
¼ B1xðf1Þ þ D11xðf1Þ þ

Z f1

a
M1ðsÞxðsÞdsþ Q1v1 þ J 1 þ lW 1ðxðf1Þ; v1; lÞ
and proceeds to move along the curve described by the solution x(t, f1, x(f1+)) of system (3), until it meets
the next surface of discontinuity, and so on. We should note that each solution of (1) is a piecewise con-
tinuous with discontinuities of the first kind function.

Definition 2.1. Problem (1), (2), which we denote by Rl(G), is said to be solvable for a given bounded set
G = Ga · Gb � Rn · Rn if there exists a positive real number l0, l0 = l0(G), such that for all arbitrary
a, b 2 Ga · Gb and l < l0 there is a control {u, v} 2 Pm for which system (1) admits a solution x(t)
satisfying (2).

Let s be a positive real number, and let Ts be the subset of elements (x, u, v) satisfying the inequality
jxj + juj + jvj 6 s, where j Æ j is the Euclidean norm in Rn.

For a fixed positive real number l1, we define
Gs ¼ fðx; u; v; t; i; lÞ : ðx; u; vÞ 2 T s; a 6 t 6 b; i ¼ 1; 2; . . . ; p; 0 < l 6 l1g.

Let a positive real number H be fixed and
m1 ¼ max sup
t

jAðtÞj; sup
t

jCðtÞj; sup
t;s

jKðt; sÞj; sup
i;t

jMiðtÞj;max
i

jBij;max
ij

jDijj
� �

;

m2 ¼ max sup
t

jf ðtÞj;max
i

jJ ij
� �

;

m3 ¼ max max
ðx;u;t;lÞ2prð1;2;4;6ÞðGH Þ

jgj; max
ðx;v;i;lÞ2prð1;3;5;6ÞðGH Þ

jW ij; max
ðx;i;lÞ2prð1;5;6ÞðGH Þ

jsij
( )

;

where the set notation pr(1,2,4,6)(GH) means the natural projection of the set GH of points (6-tuples)
(x, u, v, t, i, l) with respect to the Cartesian coordinates ð~x; ~u;~t; ~lÞ (in the tuple sense: here, the 4-tuple�s
components are enumerated by 1, 2, 4 and 6). The notations pr(1,3,5,6)(GH) and pr(1,5,6)(GH) are analogously
understood; here, i may be a discrete variable.

It is not very difficult to observe in view of (C1) that there is a positive real number L such that
jgðt; x1; u1; v1; lÞ � gðt; x2; u2; v2; lÞj 6 Lfjx1 � x2j þ ju1 � u2j þ jv1 � v2jg;

jW iðx1; v1; lÞ � W iðx2; v2; lÞj 6 Lfjx1 � x2j þ jv1 � v2jg;

jsiðx1; lÞ � siðx2; lÞj 6 Ljx1 � x2j;

uniformly for all t, x1, x2, u1, u2, v

1, v2 in GH.

Definition 2.2. If for h > 0 there exists a positive real number l0, l0 = l0(h), such that if l < l0 then for
every given subset G = {(a, b) j jaj < h, jbj < h} � Rn · Rn the problem Rl(G) is solvable, then we say that
the problem Rl(G) is solvable.
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Let us fix a number l1 > 0 such that
l1m3 < min h1 � a;
1

2
ðh2 � h1Þ; . . . ;

1

2
ðhp � hp�1Þ; b� hp

� �
. ð4Þ
Lemma 1. Assume that every solution x(t) of (1) intersects every surface of discontinuity not more than once.

If l < l1, then every solution x(t) of (1) which is in pr(1)(GH) and is defined on [a, b] intersects each of the

surface t = hi + lsi(x, l), i = 1, 2, . . . , p, exactly once.

Proof. One can check that (4) implies
max
x2pr1ðGH Þ

ðhi þ lsiðx; lÞÞ < min
x2pr1ðGH Þ

ðhiþ1 þ lsiþ1ðx; lÞÞ ð5Þ
for all i 2 pr5(GH) if l < l1. Construct the following functions niðtÞ ¼ t � h1 � lsiðxðtÞ; lÞ; i ¼ 1; p. The con-
ditions of our lemma imply that niðaÞ < 0; i ¼ 1; p. Assume, to the contrary, that the solution x(t) is con-
tinuous on whole interval [a, b]. Since niðbÞ > 0; i ¼ 1; p; by Intermediate Value Theorem [23] there exists a
first moment t = j1 of meeting for x(t) with one of the surfaces. Using (5) one can show that the first inter-
section is with t = h1 + ls1(x, l) and j1 < minx2pr1(GH)(h2 + ls2(x, l)). Now, consider surfaces
t ¼ hi þ lsiðx; lÞ; i ¼ 2; p; on the interval [j1, b]. Similarly to the previous case we can show that there exists
a moment t = j2 of intersection of x(t) with the surface t = h2 + ls2(x, l). Continuing in the way, we can
finish the proof. h

We will also need the following lemmas from [5] in the proof of our results. These two lemmas are anal-
ogous to Fubini�s Theorem on changing the order of integration [24].

Lemma 2. Let Dij, i, j = 1, 2, . . . ,p, be constant matrices of size n · n and {ni} 2 Dn[1, p]. Then
X
i:a<hi<t

X
j:a<hj6hi

Dijnj ¼
X

i:a<hi<t

X
i:hi6hj<t

Djini for each t 2 ½a; b�.
Lemma 3. Let K(t, s) be a matrix of size n · n. If K(t, s) is square integrable with respect to s on [a, b] for
each fixed t 2 [a, b], and /iðtÞ 2 Ln

2½a; b� for i = 1, 2, . . . , n, then
Z t

a
Kðt; sÞ

X
i:a<hi<s

/iðsÞds ¼
X

i:a<hi<t

Z t

hi

Kðt; sÞ/iðsÞds for each t 2 ½a; b�. ð6Þ
Let us consider an integral equation
xðtÞ ¼
Z t

a
Gðt; sÞxðsÞdsþ

X
i:a<hi<t

SiðtÞxðhiÞ þ
X

i:a<hi<t

N iðtÞxðhiþÞ þ
X

i:a<hi<t

J i þ f ðtÞ ð7Þ
under the following conditions:

(H1) the matrix G(t, s) : [a, b] · [a, b] ! Rn · Rn is square integrable;
(H2) the columns of matrices Si(t) and Ni(t) and the function f(t) belong to PAC[a, b];
(H3) det(I � Ni(hi + ) + Ni(hi)) 5 0 for i = 1, 2, . . . , p.
Theorem 1. Let conditions (H1), (H2), and (H3) hold. Then system (7) has a unique solution

x(t) 2 PAC[a, b] which can be represented as
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xðtÞ ¼
Z t

a
P 1ðt; sÞf ðsÞdsþ

X
i:a<hi<t

QiðtÞJ i þ
X

i:a<hi<t

P i
2ðtÞf ðhiÞ þ f ðtÞ þ

X
i:a<hi<t

J i;
where Qi(t), P
i
2ðtÞ, i = 1, 2, . . . , p, and P1(t, s) are certain piecewise continuous function matrices of size n · n.

Proof. Let R(t, s) be the resolvent of the Volterra integral equation with kernel G(t, s). In view of Lemma 3
it is easy to show that (7) is equivalent to
xðtÞ ¼
X

i:a<hi<t

Z t

hi

Rðt; sÞSiðsÞdsþ SiðtÞ
� �

xðhiÞ þ
X

i:a<hi<t

Z t

hi

Rðt; sÞNiðsÞdsþ NiðtÞ
� �

xðhiþÞ

þ
X

i:a<hi<t

Z t

hi

Rðt; sÞdsþ I
� �

J i þ
Z t

a
Rðt; sÞf ðsÞdsþ f ðtÞ; ð8Þ
where I is the n · n identity matrix.
Introducing the notation
Sij ¼
Z hj

hi

Rðhj; sÞSiðsÞds;

Nij ¼
Z hj

hi

Rðhj; sÞNiðsÞds;

pij ¼
Z hj

hi

Rðhj; sÞdsþ I ;
we obtain from (8) that
xðhjÞ ¼
X

i:a<hi<hj

½SijxðhiÞ þ NijxðhiþÞ� þ
X

i:a<hi<hj

pijJ i þ
Z hj

a
Rðhj; sÞf ðsÞdsþ f ðhiÞ. ð9Þ
From (8) and (9) we also obtain that
xðhjþÞ ¼ ðI � NjðhjþÞÞ�1 ðI þ SjðhjþÞÞxðhiÞ þ
X

i:a<hi<hj

½SiðhjþÞ � SiðhjÞ�xðhiÞ þ
X

i:a<hi<hj

½NiðhjþÞ
(

�NiðhjÞ�xðhiþÞ þ J j þ f ðhjþÞ � f ðhjÞ
)
. ð10Þ
The expressions (9) and (10) recursively determine x(hj) and x(hj+). Since the nonhomogeneous part of this
system is a linear combination of vectors
Z hi

a
Rðt; sÞf ðsÞds; f ðhiÞ; J i; for i ¼ 1; 2 . . . ; p;
x(hj) and x(hj+) can be written as linear combinations of these with certain matrix coefficients. The theorem
is proved. h
3. Existence of solutions of integrodifferential equations

Now, we may state and prove a theorem on existence and uniqueness of solutions of the impulsive sys-
tem of integrodifferential equations of the form
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dx=dt ¼ AðtÞxþ
Z t

a
Kðt; sÞxðsÞdsþ f ðtÞ; t 6¼ hi;

DxðhiÞ ¼ BixðhiÞ þ
X

j:a<hj6hi

DijxðhjÞ þ
Z hi

a
SiðsÞxðsÞdsþ J i. ð11Þ
Theorem 2. Let conditions (C2), (C3), and (C4) be satisfied. Then for a given x0 2 Rn there exists a unique

solution x(t) 2 PAC[a, b] of (11) which satisfies x(a) = x0.

Proof. It is easy to verify that the integrodifferential equation
xðtÞ ¼ x0 þ
Z t

a
AðsÞxðsÞdsþ

Z t

a

Z r

a
Kðr; sÞxðsÞdsdrþ

X
i:a<hi<t

BixðhiÞ þ
Z t

a
f ðsÞds

þ
X

i:a<hi<t

X
j:a<hj6hi

DijxðhiÞ þ
X

i:a<hi<t

Z hi

a
MiðsÞxðsÞdsþ

X
i:a<hi<t

J i ð12Þ
is equivalent to (11) with x(a) = x0. Letting
Wðt; sÞ ¼ AðsÞ þ
Z t

s
Kðr; sÞdrþ

X
j:s<hj<t

MjðsÞ;

Ui ¼ Bi þ
X

j:hi6hj<t

Dji;

F ðtÞ ¼ x0 þ
Z t

a
f ðsÞds;
and using Fubini�s Theorem along with Lemma 2, it follows from (12) that
xðtÞ ¼
Z t

a
Wðt; sÞxðsÞdsdrþ

X
i:a<hi<t

UixðhiÞ þ
X

i:a<hi<t

J i þ F ðtÞ. ð13Þ
In view of Theorem 1 we may conclude that (13) has a unique solution x(t) 2 PAC[a, b]. This completes the
proof. h

Next we consider the impulsive integrodifferential equation
okðt; sÞ=os ¼ �kðt; sÞAðsÞ �
Z t

s
kðt; rÞKðr; sÞdr�

X
j:s6hj<t

kðt; hjÞMiðsÞ; s 6¼ hi; t 2 ½a; b�;

Dkðt; hiÞ ¼ �kðt; hiÞBiðI þ BiÞ�1 �
X

j:hi6hj<t

kðt; hjþÞDjiðI þ BiÞ�1
; ð14Þ
where k 2 Rn is a row vector, A, K, Dij, Mi and Bi are as before, and Dk(t, hi) := k(t, hi+) � k(t, hi).

Theorem 3. Let conditions (C2)–(C5) hold. Then for a given k0 2 Rn system (14) has a unique solution k(t, s)
such that k(t, t) = k0.
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Proof. System (14) is equivalent to the integrodifferential equation
kðt; sÞ ¼ kðt; tÞ þ
Z t

s
kðt; rÞAðrÞ þ

Z t

r
kðt; vÞKðv; rÞdvþ

X
i:r6hi<t

kðt; hiÞMiðrÞ
" #

dr

þ
X

i:s6hi<t

kðt; hiÞBiðI þ BiÞ�1 þ
X

i:s6hi<t

X
j:hi6hj<t

kðt; hjþÞDjiðI þ BiÞ�1.
Using similar versions of Lemmas 2 and 3 and Fubini�s Theorem we obtain that the previous equation is
equivalent to
kðt; sÞ ¼ k0 þ
Z t

s
kðt; rÞ AðrÞ þ

Z r

s
Kðr; vÞdv

� �
drþ

X
i:s6hi<t

kðt; hiÞ BiðI þ BiÞ�1
h

þ
Z hi

s
MiðsÞds

�
þ

X
i:s6hi<t

kðt; hiþÞ
X

j:s6hj6hi

DijðI þ BiÞ�1. ð15Þ
Comparing (7) and (15) it is not difficult to see that the arguments developed in the proof of Theorem 1 can
be used, and, therefore we can conclude that system (14) has a unique solution k(t, s) satisfying k(t, t) = k0.

Now for every i = 1, . . . , n, denote by ki(t, s) the unique solution of (14) such that if
K(t, s) = col(k1, k2, k3, . . . , kn), then K(t, t) = I. h

Theorem 4. Let x(t) = x(t, a, x0) be a solution of the Cauchy problem for (11). Then x(t) has the

representation
xðtÞ ¼ Kðt; aÞx0 þ
Z t

a
Kðt; sÞf ðsÞdsþ

X
i:a<hi<t

Kðt; hjþÞJ i. ð16Þ
Proof. Let x(t) = x(t, a, x0) be the solution of (11) and let /(s) = K(t, s)x(s). Clearly,
/ðtÞ � /ðaÞ ¼
Z t

a
/0ðsÞdsþ

X
i:a<hi<t

D/ðhiÞ. ð17Þ
Since
D/ðhiÞ ¼ Kðt; hiþÞxðhiþÞ � Kðt; hiÞxðhiÞ ¼ Kðt; hiÞDxðhiÞ þ DKðt; hiÞxðhiþÞ;

we have
X

i:a<hi<t

D/ðhiÞ ¼
X

i:a<hi<t

½DKðt; hiÞðI þ BiÞ þ Kðt; hiÞBi�xðhiÞ þ
X

i:a<hi<t

Kðt; hiÞ
Z hi

a
MiðsÞxðsÞds

þ
X

i:a<hi<t

X
j:a<hj6hi

Kðt; hiþÞDijxðhjÞ þ
X

i:a<hi<t

Kðt; hiþÞJ i

¼
X

i:a<hi<t

DKðt; hiÞðI þ BiÞ þ Kðt; hiÞBi þ
X

j:hi6hj<t

Kðt; hjþÞDji

" #
xðhiÞ

þ
X

i:a<hi<t

Z hi

a
Kðt; hiÞMiðsÞxðsÞdsþ

X
i:a<hi<t

Kðt; hiþÞJ i: ð18Þ
On the other hand, by differentiating the relation /(s) = K(t, s)x(s) we have
/0ðsÞ ¼ oK=osxðsÞ þ Kðt; sÞ AðsÞxðsÞ þ
Z s

a
Kðs; vÞxðvÞdvþ f ðsÞ

� �
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and therefore by Fubini�s Theorem it follows that
Z t

a
/0ðsÞds ¼

Z t

a
½oK=osþ Kðt; sÞAðsÞ�xðsÞ þ Kðt; sÞ

Z s

a
Kðs; vÞxðvÞdv

� �
dsþ

Z t

a
Kðt; sÞf ðsÞdsÞ

¼
Z t

a
oK=osþ Kðt; sÞAðsÞ þ

Z t

a
Kðt; vÞKðv; sÞdv

� �
xðsÞdsþ

Z t

a
Kðt; sÞf ðsÞds. ð19Þ
Now (14), (17), (18) and (19) imply that
/ðtÞ � /ðaÞ ¼
Z t

a
oK=osþKðt; sÞAðsÞ þ

Z t

a
Kðt; vÞKðv; sÞdv

� �
xðsÞdsþ

Z t

a
Kðt; sÞf ðsÞds

þ
X

j:hi6hj<t

½DKðt; hiÞðI þ BiÞ þKðt; hiÞBi þKðt; hiþÞDij�xðhiÞ þ
Z t

a

X
i:s6hi<t

Kðt; hiÞMiðsÞxðsÞds

þ
X

i:a<hi<t

Kðt; hiþÞJ i ¼
Z t

a
Kðt; sÞf ðsÞdsþ

X
i:a<hi<t

Kðt; hiþÞJ i:
This completes the proof. h
4. Comparison method for integrodifferential impulsive system

To investigate problem Rl(Gh) (Definition 2.1) we shall use a comparison method [2]. For this purpose,
we need to construct an integrodifferential equation with fixed moments of impulse actions which is asso-
ciated with (1). We propose
dy=dt ¼ AðtÞy þ
Z t

a
Kðt; sÞyðsÞdsþ CðtÞuþ f ðtÞ þ lgðt; y; u; lÞ þ

X
i:a<hi<t

F iðt; y; u; lÞ; t 6¼ hi;

DyðhiÞ ¼ BiyðhiÞ þ
X

j:a<hj<hi

DijyðhjÞ þ Qivi þ J i þ Siðy; u; vi; lÞ;
ð20Þ
where Fi and Si are some functionals to be determined. Without any loss of generality we may assume that
si P 0 in GH.

Definition 4.1. The systems (1) and (20) are said to have B-property in GH, if for a fixed positive real
number h < H and a sufficiently small l the following conditions are fulfilled:

Given any solution x(t) of (1), jx(t)j < h, t 2 [a, b], x(t) meets every surface of discontinuity only once,
then there is a solution y(t) of (20), jy(t)j < H, such that x(t) = y(t) for all t 2 [a, b] except possibly at points
t 2 [hi, fi], i = 1, 2, . . . , p. Conversely, given any solution y(t) of (20), jy(t)j < h, t 2 [a, b], if a solution x(t)
of (1), x(a) = a, jx(t)j < H, intersects every surface of discontinuity once, the condition x(t) = y(t) holds for
all t 2 [a, b] except possibly at points t 2 [hi, fi], i = 1, 2, . . . , p.

In this section, we show that it is possible to choose the functionals Si and Fi in such a way that systems
(1) and (20) have B-property in GH.

Fix h and a positive real number l2 6 l1 such that l2m3d(l2) < H � h, where d(l) = m1H(2 + (b�a)) +
m2 + lm3.

Let /(t) be a solution of (1) satisfying /(a) = a and j/(t)j < h for t 2 [a, b]. Assume that /(t) meets each
surface of discontinuity only once. Denote by fi; i ¼ 1; p; the points of discontinuity of /(t). Using (4) and
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nonnegativeness of si; i ¼ 1; p; one can see that a < h1 6 f1 < h2 6 f2 < � � � 6 fp� 1 < hp 6 fp < b. We
should emphasize first of all that a functional Fi(t, y, u, l) vanishes if t 62 [hi, fi], i = 1, 2, . . . , p. Thus
the right sides of the differential parts of Eqs. (1) and (20) are the same if t is not from [hi, fi], i = 1, 2, . . . , p.

Fix k, 1 < k 6 p, and suppose that Fi, Si, i = 1, 2, . . . , k � 1, are determined so that the solution g(t) of
(20) with g(a) = a satisfies

(i) jg(t)j < H for t 2 [a, hk],
(ii) gðtÞ ¼ /ðtÞ for t 2 ½a; hk� n

Sk�1
i¼1 ðhi; fi�, and

(iii)
R t
a ½AðsÞgðsÞ þ

R s
a Kðs; rÞgðrÞdrþ CðsÞuþ f ðsÞ þ

P
i:a<hi<sF iðs; g; u; lÞ�ds ¼R t

a ½AðsÞ/ðsÞ þ
R s
a Kðs; rÞ/ðrÞdrþ CðsÞuþ f ðsÞ þ lgðs;/ðsÞ; uðsÞ; lÞ�ds for t 2 ½a; hk�.

Because of fk P hk, both of solutions g(t) and /(t) are left continuous at hk. And, moreover, from fk P hk
it implies that they are equal to each other on (fk�1, hk]. Hence, the equality g(hk) = /(hk) is correct.

Let
gðhkþÞ ¼ ðI þ BkÞgðhkÞ þ
X

j:a<hj6hk

DkjgðhjÞ þ
Z hk

a
MkðsÞgðsÞdsþ Qkvk þ Jk þ z; ð21Þ
where z is to be determined. Continue the solution g(t) for all t 2 [hk, fk] as the solution of the initial value
problem
dn
dt

¼ F ðtÞ; nðfkÞ ¼ /ðfkþÞ; ð22Þ
where
F ðtÞ ¼ AðtÞ/ðtÞ þ
Z t

a
Kðt; rÞ/ðrÞdrþ CðtÞuþ f ðtÞ þ lgðt;/ðtÞ; uðtÞ; lÞ.
It is clear that
gðtÞ ¼ /ðfkþÞ þ
Z t

fk

F ðsÞds for t 2 ½hk; fk�.
Thus,
jgðtÞ � /ðfkþÞj 6 max
hk6t6fk

Z t

hk

F ðsÞds
����

���� 6 l3m3dðl3Þ < H � h;
and hence jg(t)j < H for t 2 [hk, fk]. Moreover, letting Sk(g, u, vk, l) = z, we see in view of (21) and the fact
that
gðhkþÞ ¼ /ðfkþÞ þ
Z hk

fk

F ðsÞds;
that
Skðg; u; vk; lÞ ¼ /ðfkþÞ þ
Z hk

fk

F ðsÞds� ðI þ BkÞgðhkÞ �
X

j:a<hj6hk

DkjgðhjÞ � Qkvk � Jk.
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It is also possible to rewrite Sk as
Skðg; u; vk; lÞ ¼ Bk½ð/ðfkÞ � gðhkÞ� þ
X

j:a<fj6fk

Dkj½/ðfjÞ � gðhjÞ� þ
X

j:a<fj<fk

Z fj

hj

MkðsÞð/ðsÞ � gðsÞÞds

þ
Z fk

hk

MkðsÞ/ðsÞdsþ lW kð/ðfkÞ; vk; lÞ. ð23Þ
Finally, we let
F kðt; g; u; lÞ ¼
AðtÞ½/ðtÞ � gðtÞ� þ

R t
a Kðt; sÞ½/ðsÞ � gðsÞ�dsþ lgðt;/ðtÞ; uðtÞ; lÞ; t 2 ½hk; fk�;

0; otherwise.

(
ð24Þ
Lemma 4. Systems (1) and (20) have B-property in GH.

Proof. Let /(t) be the solution of Eq. (1) which has been described above in the section. Let us assume that
g(t) is a solution of (20) and satisfies (i) and (ii) for a fixed k,1 6 k < p. Now, let us consider an interval
[hk, hk+1]. It is clear that
gðfkþÞ ¼ ðI þ BkÞgðhkÞ þ
X

j:a<hj6hk

DkjgðhjÞ þ Qkvk þ Jk þ Skðg; u; vk; lÞ

þ
Z fk

hk

AðsÞgðsÞ þ
Z s

a
Kðs; rÞgðrÞdrþ CðsÞuþ f ðsÞ þ

X
i:a<hi<s

F iðs; g; u; lÞ
" #

ds.
In view of (i)–(iii) and the definition of Sk, the above formula implies that g(fk+) = /(fk+). It follows that
/(t) = g(t) for t 2 (fk, hk+1] because of the common initial data /(fk+). Since k is arbitrary, /(t) = g(t) for
all t 2 ½a; b� n

Sp
i¼1½hk; fkÞ.

Furthermore, let g(t) be a solution of (20) such that jg(t)j < h for all t 2 [a, b] and let /(t) be a solution of
(1), satisfying /(a) = g(a). Let fi be the points of discontinuity of /(t). Assume that for a fixed k, 1 6 k < p,
conditions (i), (ii) hold and /(t) intersects the surface of discontinuity t ¼ hi þ lsiðx; lÞ; i ¼ 1; k � 1; at
t = fi only once.

Obviously, we may extend /(t) as a solution of (1) until it intersects the surface t = hk + lsk(x, l).
Denote this intersection point by fk. By our assumption it is unique.

In view of (20) we see that g(t) = /(t) on each section [fk, hk+1] as well. Continuing this process we
obtain /(t) defined on [a, b] and /(t) = g(t) for all t 2 ½a; b� n

Sp
i¼1½hk; fkÞ. This completes the proof. h
5. Controllability of impulsive integrodifferential equations

We first consider the controllability problem for (20), (2). This problem is denoted by cl(GH). Define
WðtÞ ¼
Z t

a
EðsÞET ðsÞdsþ

X
i:a<hi<t

P iP T
i ; ð25Þ
where E(t) = K(b, t)C(t) and Pi = K(b,hi + )Qi.

Lemma 5. Let (C1)–(C5) be satisfied. If W(b) is nonsingular, cl(GH) is a solvable problem.

Proof. We will prove that cl(GH) is solvable with a control {u, v} of the following form:
u ¼ ET ðtÞcþ ûðtÞ; t 2 ½a; b�; vi ¼ PT
i cþ v̂i; i ¼ 1; 2; . . . ; p; ð26Þ



M.U. Akhmet et al. / European Journal of Operational Research 169 (2006) 1128–1147 1139
where c 2 Rn is a constant vector, and fû; v̂g 2 Pm½a; b� is orthogonal to all columns of ½ET ; PT
i �. It is clear

that solving problem cl(GH) is equivalent to solving
yðtÞ ¼ Kðt; aÞaþ
Z t

a
Kðt; sÞ CðsÞuðsÞ þ f ðsÞ þ

X
i:a<hi<s

F iðs; y; u; lÞ
" #

ds

þ
X

i:a<hi<t

Kðt; hiþÞ½Qivi þ J i þ Siðy; u; vi;lÞ�; yðbÞ ¼ b: ð27Þ
Substituting (26) into (27) we have
c ¼ W�1ðbÞ b� Kðb; aÞa�
Z b

a
Kðb; sÞ f ðsÞ þ

X
i:a<hi<s

F iðs; y; u; lÞ
" #

ds

(

�
Xp

i¼1

Kðb; hiþÞ½J i þ Siðy; u; vi;lÞ�
)
: ð28Þ
Let us set
K ¼ b� Kðb; aÞa�
Z b

a
Kðb; sÞf ðsÞds�

Xp

i¼1

Kðt; hiþÞJ i;

u0ðtÞ ¼ ET ðtÞWðbÞ�1K þ ûðtÞ; v0i ¼ PT
i WðbÞ�1K þ v̂i;

y0ðtÞ ¼ Kðt; aÞaþ
Z t

a
Kðt; sÞ½CðsÞu0ðsÞ þ f ðsÞ�dsþ

X
i:a<hi<t

Kðt; hiþÞ½Qiv
0
i þ J i�;

u ¼ ðyðtÞ; uðtÞ; fvigpi¼1Þ; u0 ¼ ðy0ðtÞ; u0ðtÞ; fv0i g
p
i¼1Þ;

jðt;u;lÞ ¼ l�1

Z t

a
Kðt; sÞ

X
i:a<hi<s

F iðs; y; u; lÞds;

wðt;u; lÞ ¼ l�1
X

i:a<hi<t

Kðt; hiþÞSiðy; u; vi; lÞ.

ð29Þ
Substituting in (27) expressions from (26) and (28), one can obtain that
yðtÞ ¼ Kðt; aÞaþ
Z t

a
Kðt; sÞ

(
CðsÞ

"
ET ðsÞW�1ðbÞ

"
b� Kðb; aÞa

�
Z b

a
Kðb; rÞ f ðrÞ þ

X
i:a<hi<r

F iðr; y; u; lÞ
" #

dr

#
þ ûðsÞ

#
þ f ðsÞ þ

X
i:a<hi<s

F iðs; y; u; lÞ
)
ds

þ
X

i:a<hi<t

Kðt; hiþÞ Qi PT
i W

�1ðbÞ b� Kðb; aÞa�
Z b

a
Kðb; rÞ½f ðrÞ

���

þ
X

i:a<hi<r

F iðr; y; u; lÞ�dr
#
þ v̂i

#
þ J i þ Siðy; u; vi; lÞ

)
: ð30Þ
Then, using (29), we can rewrite
yðtÞ ¼ y0ðtÞ � l
Z t

a
Kðt; sÞCðsÞET ðsÞjðb;u; lÞds

� l
X

i:a<hi<t

Kðt; hiþÞQiP
T
i wðb;u; lÞ � ljðt;u; lÞ � lwðt;u; lÞ: ð31Þ
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Similarly one can write that
uðtÞ ¼ u0ðtÞ � lEðtÞTW�1ðbÞ½jðb;u; lÞ þ wðb;u; lÞ�; ð32Þ

and
vi ¼ vi0 � lPT
i W

�1ðbÞ½jðb;u; lÞ þ wðb;u; lÞ�. ð33Þ

From (31)–(33) it follows that
u ¼ u0 þ lPðu; lÞ; ð34Þ

where P ¼ ðP1;P2;P

iÞ,
P1ðt;uÞ ¼ �
Z t

a
Kðt; sÞCðsÞET ðsÞjðb;u; lÞds�

X
i:a<hi<t

Kðt; hiþÞQiP
T
i wðb;u; lÞ � jðt;u; lÞ � wðt;u; lÞ;

P2ðt;uÞ ¼ �EðtÞTW�1ðbÞ½jðb;u; lÞ þ wðb;u; lÞ�;
PiðuÞ ¼ �PT

i W
�1ðbÞ½jðb;u; lÞ þ wðb;u; lÞ�.
Consider a set B of functions u of the form u ¼ ðyðtÞ; uðtÞ; fvigpi¼pÞ with norm
kuk ¼ sup
t

jyðtÞj þ sup
t

juðtÞj þmax
i

jvij.
where y(t) 2 PAC[a, b] and {u, v} 2 Pm[a, b]. We may assume that the real number h, fixed in the previous
section, also satisfies ku0k < h and that there is a positive real number l3 6 l2 such that
l3 max
kuk6h
0<l6l1

kPðu; lÞk < h� ku0k.
Let X ¼ fu : u 2 B; kuk 6 hg. It is easy to see that if l 6 l3 then the operator /0 þ lPðu; lÞ maps X into
itself. We will show that if l is sufficiently small then lP becomes a contraction mapping on X. We first
show that operators j and w satisfy a Lipschitz condition with respect to u. For this purpose let
uj ¼ ðgj; uj; fv

ðjÞ
i gpi¼1Þ 2 X for j = 1, 2. Fix k, 1 < k 6 p, and let /j, j = 1, 2, be functions defined on

[a, hk] such that /j(t) = gj(t) for t 2 ½a; hk� n
Sk�1

i¼1 ðhi; f
ðjÞ
i �, where fðjÞi is point of discontinuity of /j, and

for all t 2 [a, hk],
Z t

a
AðsÞ/jðsÞ þ

Z s

a
Kðs; rÞ/jðrÞdrþ lgðs;/jðsÞ; ujðsÞ; lÞ

� �
ds

¼
Z t

a
AðsÞgjðsÞ þ

Z s

a
Kðs; rÞgjðrÞdrþ

X
i:a<hi<s

F iðs; gj; uj; lÞ
" #

ds. ð35Þ
Next we shall apply the method of mathematical induction. Assume that
j/1ðtÞ � /2ðtÞj 6 l1ðlÞku1 � u2k for t 2 ½a; hk�
[k�1

i¼1

ðfð1Þi ; fð2Þi �
-

ð36Þ
and
fð2Þi � fð1Þi 6 ll2ðlÞku1 � u2k for i ¼ 1; 2; . . . ; k � 1; ð37Þ

where l1(l) and l2(l) are some bounded functions, and without any loss of generality, fð2Þi P fð1Þi for
i = 1, 2, . . . , p. Now we continue /j(t) as a solution of the following equation:
d/
dt

¼ AðtÞ/ðtÞ þ
Z t

a
Kðt; sÞ/ðsÞdsþ CðtÞujðtÞ þ f ðtÞ þ lgðt;/; uj; lÞ;
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with the initial condition /(hk) = gj(hk) until it meets a surface t = hk + lsk(x, l) when t ¼ fðjÞk . It is clear
that for t 2 ½hk; fðjÞk �,
/jðtÞ ¼ gjðhkÞ

þ
Z t

hk

AðsÞ/jðsÞ þ
Z s

a
Kðt; rÞ/jðrÞdrþ CðtÞujðtÞ þ f ðtÞ þ lgðt;/jðsÞ; ujðsÞ; lÞ

� �
ds. ð38Þ
Assume that j/j(t)j < H for all t 2 [a, hk]. We claim that this inequality is also valid for all t 2 ½hk; fðjÞk �. For
if it is not true for the first time at some point t� 2 ðhk; fðjÞk �; then using (38) we have
j/j(t)j 6 h + l3m3d(l2) < H for all t 2 [hk, t*] and, in particular, j/j(t*)j < H. This contradiction verifies
our claim. Now, using (36)–(38), we obtain
j/1ðtÞ � /2ðtÞj 6 l3ðlÞku1 � u2k for t 2 ½hk; fð1Þk �; ð39Þ

where l3(l) = (1 + l1(l)(b � a) + 2lpl2(l)H + lm3(m1 + lL)(1�lm3(m1(1 + lm3) + lL))�1. On the other
hand, since
fð2Þk � fð1Þk ¼ lskð/2ðf
ð2Þ
k Þ; lÞ � lskð/1ðf

ð1Þ
k Þ;lÞ 6 lLj/2ðf

ð2Þ
k Þ � /2ðf

ð1Þ
k Þ � /2ðf

ð1Þ
k Þ þ /1ðf

ð1Þ
k Þj;
we have
fð2Þk � fð1Þk 6 ll4ðlÞku1 � u2k; ð40Þ

where l4(l) = lLl3(l)(1 � lLd(l))�1.

Now, we may consider Sk given by (23) and write
Skðg1; u1; v
ð1Þ
k ; lÞ � Skðg2; u2; v

ð2Þ
k ; lÞ

¼ Bkð/1ðf
ð1Þ
k Þ � g1ðhkÞ � /2ðf

ð1Þ
k Þ þ g2ðhkÞÞ þ Bkð/2ðf

ð1Þ
k Þð�/2ðf

ð2Þ
k ÞÞ

þ
X

j:a<fj6fk

½Dkjð/1ðfð1Þj ÞÞ � g1ðhjÞ � /2ðfð1Þj Þ þ g2ðhjÞ� þ ½Dkjð/2ðfð1Þj Þ � /2ðfð2Þj ÞÞ�

þ
X

j:a<fj<fk

Z fð1Þj

hj

MkðsÞ½/1ðsÞ � /2ðsÞ þ ðg2ðsÞ � g1ðsÞÞ�ds

�
X

j:a<fj<fk

Z fð2Þj

fð1Þj

MkðsÞ½ð/2ðsÞ � g2ðsÞÞ�dsþ
Z fð1Þk

hk

MkðsÞð/2ðsÞ � /1ðsÞÞds

þ
Z fð2Þk

fð1Þ
k

MkðsÞ/2ðsÞdsþ lðW kð/1ðf
ð1Þ
k ; vð1Þk ; lÞð�W kð/2ðf

ð2Þ
k ; vð2Þk ; lÞÞÞÞ: ð41Þ
In view of (38),
/1ðfð1Þj Þ � g1ðhjÞ � /2ðfð2Þj Þ þ g2ðhjÞ

¼
Z fð1Þk

hk

AðsÞ½/1ðsÞ � /2ðsÞ� þ
Z s

a
Kðs; rÞ½/1ðrÞ � /2ðrÞ�drþ CðsÞ½u1ðsÞ � u2ðsÞ�

�

þ l½gðs;/1ðsÞ; u1ðsÞ; lÞ � gðs;/2ðsÞ; u2ðsÞ; lÞ�
�
ds

þ
Z fð2Þk

fð1Þk

AðtÞ/2ðtÞ þ
Z t

a
Kðt; sÞ/2ðsÞdsþ CðtÞu2ðtÞ þ f ðtÞ þ lgðt;/2ðtÞ; u2ðtÞ; lÞ

� �
dt
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and, therefore, by using (39) and (40) we have
j/1ðfð1Þj Þ � g1ðhjÞ � /2ðfð2Þj Þ þ g2ðhjÞj 6 ll5ðlÞku1 � u2k; ð42Þ
where l5(l) = m3[m1(l3(l) + l1(l)(b�a) + ll2(l)p + 1) + lL(1 + l3(l))] + l4(l)d(l), and d(l) = m1H

(2 + (b � a)) + m2 + lm3.
It follows from the last inequality and (41) that
jSkðg1; u1; v
ð1Þ
k ; lÞ � Skðg2; u2; v

ð2Þ
k ; lÞj 6 llð1ÞðlÞku1 � u2k;
where l(1)(l) = m1[(p + 1)l5(l) + l4(l)(d(l) + H) + m3(l3(l)(p + 1) + p)] + Hl4(l)(2p + 1)m1 + L(2 +
ll4(l)d(l)) is a bounded function. Since there are only finitely many Sj, it is clear that for some constant
L1(l),
jSiðg1; u1; v
ð1Þ
i ; lÞ � Siðg2; u2; v

ð2Þ
i ; lÞj 6 lLð1ÞðlÞku1 � u2k ð43Þ
for i = 1, 2, . . . , p.
Similarly, by using the representation of Fi given in (24) we can show that there is a bounded function

L(2)(l) such that
��� X
i:a<hi<t

F iðt; g2; u2; lÞ �
X

i:a<hi<t

F iðt; g1; u1; lÞ
��� 6 lLð2ÞðlÞku1 � u2k; ð44Þ
uniformly for all t 2 [a, b].
Let m4 = maxt,sjK(t, s)j. From (43) and (44) it follows that
jwðt;u1; lÞ � wðt;u2; lÞj 6 pm4L
ð1ÞðlÞku1 � u2k
and
jjðt;u1; lÞ � jðt;u2; lÞj 6 ðb� aÞm4Lð2ÞðlÞku1 � u2k.

Thus, we have
jjðt;u1; lÞ � jðt;u2; lÞj þ jwðt;u1; lÞ � wðt;u2; lÞj 6 lLðlÞku1 � u2k;

where L(l) = (b � a)L(2)(l) + pm4L

(1)(l).
Finally, letting
m5 ¼ max max
t

kWðtÞW�1ðbÞk;max
t

kET ðtÞW�1ðbÞk;max
i

kPT
i W

�1ðbÞk
� �

;

we can verify that
kPðu1; lÞ �Pðu2; lÞk 6 2LðlÞð1þ 6m5Þku1 � u2k.

Thus, if we choose l0 6 l3 sufficiently small so that 2lL(l)(1 + 6m5) < 1 for all 0 < l < l0, then the oper-
ator lP becomes contractive. So there is a fixed point u0 of the operator /0 þ lPðu; lÞ. It is easy to verify
that u0 is a solution of problem cl(GH), and therefore the proof is complete. h

We shall need the following condition:

(C6) The inequality
siðy0ðhiÞ; 0Þ > siðy0ðhiþÞ; 0Þ ð45Þ
is valid for all a, b, jaj 6 h, jbj 6 h, and i = 1, 2, . . . , p.
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Theorem 5. Let (C1)–(C6) be satisfied. If W(b) is nonsingular, then Rl(Gh) is solvable.

Proof. Using Lemma 5, we can check that there is a control fû; v̂g for which system (20) admits a solution
y(t) such that y(a) = a and y(b) = b.

Let us assume that a solution x(t), x(a) = a, of (1) has no intersection with the surfaces t = hi + lsi(x, l),
i = 1, 2, . . . , k � 1, 1 < k < p. In this case, according to Lemma 4, we have that x(t) = y(t) for all t 2 [a, fk]
except possibly for t 2 ½hi; fi�, i ¼ 1; k.

As
fk � hk ¼ lskðxðfkÞ; lÞ

and
xðtÞ ¼ yðhkÞ þ
Z t

hk

AðsÞxðsÞ þ
Z s

a
Kðs; rÞxðrÞdrþ CðsÞuðsÞ þ f ðsÞ þ lgðxðsÞ; uðsÞ; lÞ

� �
ds; t 2 ½hk; fk�;
by using (34), by Lipschitz condition on sk and by comparing the expressions for Dy0(hk) and Dx(fk), we
have
kxðfkþÞ � y0ðhkþÞk 6 l m3ðdðlÞ þ 2pm1HÞ þ max
k/k6h
0<l6l1

kPðu; lÞk

2
4

3
5.
From the last inequality and (45) it follows that if l is sufficiently small, then
skðxðfkÞ; lÞ P skðxðfkþÞ; lÞ. ð46Þ
Substituting expressions for c, K, u0, y0 from (28) and (29) in (27) one can obtain continuous dependence of
y0(t), regarded as a composed function, on a and b in sup–norm on [a, b]. Hence, as k is arbitrary, and p is a
finite number, there exists a positive real number l0, l0 < l0, such that relations lLd(l) < 1 and (46) are
valid if l < l0. Now, repeating the arguments from the proof of Lemma 5 on page 22 in [35] and using
Lemma 1 we see that the solution x(t) meets every surface of discontinuity once.

But in this case according to Lemma 4 we have x(t) = y(t) for all t 2 ½a; b� n
Sp

i¼1½hi; fi�. It is also true that
x(b) = b. Herewith, the theorem is proved. h
6. Optimal control of response

In this section, we are going to include the aspect of optimality into our reflections. Firstly, this research
was presented in paper [4]. This will give us a time-minimal problem which we shall in physical, economical
or, possibly, social terms interpret as ‘‘resonance’’. Those time-optimal problems which we introduced in
Section 1, aim at a minimal time consumption, a nearest to presence time horizon of a process in order
reach a terminal state. Besides of our optimal response problem, there are, in particular, problems of
time-minimal heating or cooling of a rigid body, say, of a ball consisting of a homogeneous material
(cf., e.g., [27,28,37,38]). In those problems, the process is subject to both constraints on thermal thrust tan-
gential to the boundary and some heat equation (the control variable being the temperature at the bound-
ary). This gives rise to a two-stage optimization problem with a generalized semi-infinite programming
problem on the upper stage ([27,28,37]). In our problem of optimal response, however, the process will
be governed by a linear impulsive integrodifferential equation. This will by Pontryagin�s maximum (or, min-
imum) principle lead us to linear programming problems.
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Concerning the system then to be controlled optimally, we consider a particular linear case of equation
and impulse (1):
dx=dt ¼ AðtÞxþ CðtÞuðtÞ þ f ðtÞ; t 6¼ hi;

DxðhiÞ ¼ BixðhiÞ þ Qivi þ J i; i ¼ 1; 2; . . . ; p;
ð47Þ

xð0Þ ¼ a; xðbÞ ¼ b; ð48Þ

where A and C are defined for any time t P 0, Bi and Qi are bounded sequences, and time b > 0 is arbi-
trary. Before considering the main problem of the section let us investigate controllability of the problem
for a fixed positive number b 2 Rn. We say that the control problem AðbÞ is solvable if, for any f,
{Ji} 2 Pm[0, b] and a, b 2 Rn, there exists {u, v} 2 Pm[0, b] for which the boundary-value problem (47),
(48) has a solution. The validity of the following statement can be verified similarly to the proof of Theorem
19.2 from [35].

Lemma 6. Let F, {Vi} 2 Pm[0, b]. Then the boundary-value problem
dx=dt ¼ AðtÞxþ F ðtÞ; t 6¼ hi; i ¼ 1; 2; . . . ; p;

DxðhiÞ ¼ BixðhiÞ þ V i;
ð49Þ

xð0Þ ¼ 0; xðbÞ ¼ 0; ð50Þ

is solvable if and only if, for any solution y(t) of the system
dy=dt ¼ �AT ðtÞy; t 6¼ hi; i ¼ 1; 2; . . . ; p;

DyðhiÞ ¼ �ðI þ BT
i Þ

�1BT
i yðhiÞ;

ð51Þ
the following relation holds:
hfF ; V ig; fy; yðhiÞgi ¼ 0. ð52Þ

Let Y(t)(y1, y2, . . . , yn), be a fundamental matrix of solutions of adjoint system (51).

Theorem 6. The control problem AðbÞ is solvable if and only if
Z b

0

Y T ðtÞ½CðtÞuðtÞ þ f ðtÞ�dt þ
X

i:0<hi<b

Y T ðhiÞ½Qivi þ J i� ¼ Y T ðbÞb� Y T ð0Þa. ð53Þ
Proof. Let us change the variables x = z + j(t) in the boundary-value problem AðbÞ. Here, j is an arbi-
trary function continuous with its derivatives and satisfying the boundary condition, i.e., j(0) = a,
j(b) = b, and the conditions jðhiÞ ¼ 0; i ¼ 1; p. Such a function can be easily constructed. For instance,
one can take the Lagrange polynomial as j. After the change of variables, we obtain the control problem
AðbÞ in the form
dz=dt ¼ AðtÞzþ CðtÞuðtÞ þ f ðtÞ þ ½j0ðtÞ � AðtÞjðtÞ�; t 6¼ hi;

DzðhiÞ ¼ BizðhiÞ þ Qivi þ J i; i ¼ 1; 2; . . . ; p; ð54Þ

zð0Þ ¼ 0; zðbÞ ¼ 0. ð55Þ

By virtue of Lemma 6, for the solvability of this problem it is necessary and sufficient that the condition
Z b

0

Y T ðtÞ½CðtÞuðtÞ þ f ðtÞ�dt þ
X

i:0<hi<b

Y T ðhiÞ½Qivi þ J i� ¼
Z b

0

Y T ðtÞ½j0ðtÞ � AðtÞjðtÞ�dt; ð56Þ
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where {u, v} 2 Pm[0, b], be satisfied. Let yk be the kth column of the matrix Y(t). Integrating by parts, we
obtain
Z b

0

ðyk; j0Þdt ¼ ðykðbÞ; jðbÞÞ � ðykðaÞ; jðaÞÞ �
Z b

0

ðy 0k; jÞdt.
From this and (56), we conclude that the validity of relation (53) is the necessary and sufficient condition of
solvability of the control problem AðbÞ. The theorem is proved. h

Let us fix a positive number b and define the space-product Pm½0; b� ¼ Lm
2 ½0; b� � Dm[1] for which

hi; i ¼ 1; p; are the points of discontinuity of functions from Lm
2 ½0;b�, which form an ordered sequence in

the interval (0, b).
We assume that the control {u, v} can be chosen only from the set D · D 0 � Pm[0, b] which is bounded

in the norm k Æ k[0,b]. To solve the problem of fast response means to find by using a given element {f, J}
belonging to the space Pm[0, b] for any b > 0 the control {u, v} that solves the problem in minimal time:
ðOCRÞ
minimize b

subject to ð41Þ and ð42Þ.

�
ð57Þ
We say that a control {u, v} with a vector c = c0 in the domain D · D 0 satisfies the Pontryagin condition
[34] if in the domain this control provides the maximum of the expression cT0 Y

T ðtÞCðtÞuðtÞ for almost all
t 2 [0, b], and the maximum of the expression cT0 Y

T ðhiÞQivi; i ¼ 1; p.

Theorem 7. Let a control {u, v} solves the problem of control (47), (48) for the time b > 0, and let it satisfy

the Pontryagin condition for some vector c = c0 in the domain D · D 0. Suppose that the expression

cT0 Y
T ðtÞ½CðtÞuðtÞ þ f ðtÞ þ AðtÞ�b is positive for almost all t 2 [0, b] and the numbers cT0 Y

T ðhiÞ½Qiviþ
J i þ BiðI þ BiÞ�1Þb�; i ¼ 1; p; are positive. Then the control {u, v} and trajectory x(t) corresponding to it are
optimal for (OCR), i.e., in the sense of fast response.

Proof. The fundamental matrix of solutions, Y(t), of the adjoint system (51) satisfies the equality [35]
Y ðbÞ ¼ Y ð0Þ �
Z b

0

AT ðtÞY ðtÞdt þ
X

i:0<hi<b

ðI þ BT
i ÞBT

i Y ðhiÞ.
Using the last expression from (53), carrying out the transposition, and assuming Y(0) = I, we get
Z b

0

Y T ðtÞ CðtÞuðtÞ þ f ðtÞ þ AðtÞb½ �dt þ
X

i:0<hi<b

Y T ðhiÞ½Qivi þ J i þ BiðI þ BiÞ�1Þb� ¼ b� a. ð58Þ
Suppose the contrary holds, i.e., that there exists the control f�u;�vg which transfers the point x = a into po-
sition x = b at the time s < b. Then,
Z s

0

cT0 Y
T ðtÞ½CðtÞ�uðtÞ þ f ðtÞ þ AðtÞb�dt þ

X
i:0<hi<s

cT0 Y
T ðhiÞ½Qi�vi þ J i þ BiðI þ BiÞ�1Þb� ¼ cT0 ðb� aÞ.
Subtracting the last equality termwise from (54) multiplied by the vector cT0 , we get
Z s

0

cT0 Y
T ðtÞCðtÞ½uðtÞ � �uðtÞ�dt þ

Z b

s
cT0 Y

T ðtÞ½CðtÞuðtÞ þ f ðtÞ þ AðtÞb�dt þ
X

i:0<hi<s

cT0 Y
T ðhiÞQi½vi � �vi�

þ
X

i:s<hi<b

cT0 Y
T ðhiÞ½Qivi þ J i þ BiðI þ BiÞ�1Þb� ¼ 0:
By virtue of the conditions of the theorem, the first, the third and the fourth terms in the last equality are
nonnegative, while the second one is positive. The resulting contradiction proves the theorem. h
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Similarly to [34] one can check that the last theorem implies the validity of the following assertion.

Theorem 8. Suppose that the conditions of Theorem 7 are satisfied, and x(t) is the optimal trajectory

connecting points x(0) = a and x(b) = b. Then, any part of this trajectory which connects points x(t1) and x(t2),

0 6 t1 6 t2 6 b, is also an optimal trajectory.
7. Conclusion

In this paper, we gave a contribution to the understanding of impulsive phenomena in various processes.
For this emerging field of phenomena with its wide range of practical applications and methods, our pio-
neering paper combines control theory and optimization on the one hand, with quasilinear impulsive inte-
grodifferential equations on the other hand. For the control problem, we presented results on existence,
comparison methods and controllability, before we turned to optimal control of resonance. By this paper
we want to recommend future research in more general nonlinear classes of impulsive optimal control prob-
lems from science, technology, economy and society. Among these problems, we also think of time-maxi-
mal ones on anticipation and prediction (see, e.g., [16]). We invite to deep interdisciplinary research using
the theories of impulsive equations and (dis)continuous optimization.
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