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Abstract

We investigate the predator–prey system with diffusion, when biological and environmental parameters are assumed to change in
periodical manner over time. The system is affected by impulses which can be considered as a control. Conditions for the permanence
of the predator–prey system and for the existence of a unique globally stable periodic solutions are obtained.
� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

On large scale distribution, individuals of populations are referred to as local populations that are distributed within a
given habitat patch with a pattern of clumped distribution. Clumping or aggregation of the populations may result from
the social predisposition of individuals to form groups, clumped distribution of resources, and a tendency of progeny
to remain in the vicinity of their parent [16]. Furthermore, distribution of individuals of populations can also follow
the same random and regular patterns.

The pattern may be a result of an interaction between the spatial arrangement of habitat patches and other ecological
or behavioral processes. Stabilization of predator–prey dynamics can be achieved through spatial heterogeneity, whose
stabilizing effect of partial isolation of habitat patches is very important [20].

In this study we neglect the impact of migration for effecting both prey and predator populations. To meet such
condition, we assumed that our prey and predator populations are found in an isolated habitat for which the impact of
migration, including both emigration and immigration, is presumably negligible, such as a remote patchy forest or an
isolated island or a lake ecosystem which is practically water islands with distinct boundaries.

Holling [9] introduced the concept of the functional response, which described the asymptotic relationship between
prey removal rate per predator and the density of prey. Functional responses describe that number of prey consumed
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increases at a decreasing rate until some satiation level is reached. In the latter stage, increase in prey consumption
takes place slowly. There are several forms of functional response. Much works has been devoted to comparing two
idealized forms of the functional response: prey dependent and ratio dependent. Recently, many biologists argue that in
many situations the ratio-dependent theory is more suitable (see, for example, [1,15,21]). Ratio-dependence assumes
that the functional response is a function of the ratio of prey over predators. The ratio-dependent predator–prey system
was proposed by Ardini and Ginzburg [4] and then was widely studied in [7,11,25]. The ratio-dependent predator–prey
system with diffusion was explored in [17].

Biological species can undergo discrete changes of relatively short duration at fixed times (for examples, due to
stocking or harvesting of species). Moreover, continuous changes in environmental parameters such as temperature or
rainfall can also create discontinuous outbreaks in pest populations. Systems with such kinds of discontinuous changes
can be investigated by the theory of impulsive differential equations (see [3,2,12,13,19,6] and papers cited there).
Therefore, there have been a number of studies which have applied the theory to biological problems (see, for example,
[5,26,23,10]).

We consider an interaction of predator and prey species, assuming that they are confined to a fixed bounded space
domain � ⊂ Rn with smooth boundary ��, non-uniformly distributed in the domain and subjected to short-term external
influence at fixed moments of time. The functions u(t, x) and v(t, x) determine the densities of prey and predator,
respectively, at a space point x and time t. Denote by �/�n the outward normal derivative, �̄ = � ∪ ��, and �u =
�2u/�x2

1 +· · ·+ �2u/�x2
n the Laplace operator. Let also {tk} be a sequence of real numbers 0 = t0 < t1 < · · · < tk < · · ·.

The main object of this investigation is the following two-dimensional impulsive predator–prey system:

�u

�t
= �1�u + u

(
a1(t, x) − b(t, x)u − c1(t, x)v

r(t, x)v + u

)
, (1)

�v

�t
= �2�v + v

(
−a2(t, x) + c2(t, x)u

r(t, x)v + u

)
, (2)

u(tk + 0, x) = u(tk, x)fk(x, u(tk, x), v(tk, x)), (3)

v(tk + 0, x) = v(tk, x)gk(x, u(tk, x), v(tk, x)), k = 1, 2, . . . , (4)

�u

�n

∣∣∣∣
��

= 0,
�v

�n

∣∣∣∣
��

= 0. (5)

In (1) and (2), terms �1�u and �2�v with positive diffusion coefficients �1 and �2 reflect the non-homogeneous
dispersion of populations. Neumann boundary conditions (5) characterize the absence of migration. In the absence of
predator, the prey population has a logistic growth rate. We assume that the predator functional response has the form
of the ratio function c1v/(mv + u). The ratio function c2u/(mv + u) represents the conversion of prey to predator.
a1, c1, a2, and c2 are positive functions that stand for prey intrinsic growth rate, capturing rate of the predator, death
rate of the predator and conversion rate, respectively, a1/b gives the carrying capacity of the prey, and r is the half
saturation function.

In this article, we will investigate the asymptotic behavior of non-negative solutions for impulsive system with
diffusion (1)–(5). Note that according to biological interpretation of the solutions u(t, x) and v(t, x) they must be
nonnegative. We will give conditions for the long-term survival of each species in terms of permanence. The permanence
of the system indicates that the number of individuals of each species stabilizes in certain boundaries with time. Note
that impulsive system with another form of functional response (for example, prey-dependent functional response
u/(m + v)) also can be studied by our approach. But conditions of boundedness and permanence and their proofs are
essentially different from ratio-dependent case. This will be a subject of separate research.

The article is organized as follows. Main definitions and auxiliary results are provided in Section 2. In Section 3,
conditions for the ultimate boundedness of solutions and permanence of the system are considered. The main subject
of Section 4 is the compactness of bounded solutions. In the last section, we establish conditions for the existence of
the unique periodic solution of the system.
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2. Preliminaries

Let Z, N, and R be the sets of all integers, positive integers and real numbers, respectively, and R+ = [0, ∞). The
following assumptions will be needed throughout the paper:

(C1) functions ai(t, x), ci(t, x), i = 1, 2, b(t, x) and r(t, x) are bounded positive-valued functions on R × �̄, contin-
uously differentiable in t and x;

(C2) functions fk(x, u, v) and gk(x, u, v), k ∈ N, are continuously differentiable in all arguments and positive-valued;
(C3) functions ai(t, x), ci(t, x), i = 1, 2, b(t, x) and r(t, x) are periodic in t with a period � > 0;
(C4) there exists a number p ∈ N such that tk+p = tk + � for all k�1;
(C5) sequences fk and gk satisfy the following equalities fk+p(x, u, v) = fk(x, u, v) and gk+p(x, u, v) = gk(x, u, v)

for all k�1 and x, u, v.

Conditions of periodicity (C3)–(C5) are natural because of the seasonal changes and biological rhythms.
We introduce the following notations: G = R+ × �, Ḡ = R+ × �̄,

�k = {(t, x) : t ∈ (tk−1, tk), x ∈ �}, k ∈ N, � =
⋃
k∈N

�k ,

�̄k = {(t, x) : t ∈ (tk−1, tk), x ∈ �̄}, k ∈ N, �̄ =
⋃
k∈N

�̄k

and denote by � a class of functions � : Ḡ → R with the following properties:

(S1) �(t, x) ∈ C
1,2
t,x (�k), �(t, x) ∈ C

1,1
t,x (�̄k), k ∈ N;

(S2) for all k ∈ N, x ∈ �, there exist the following limits:

lim
s→tk−0

�(s, x) = �(tk, x), lim
s→tk+0

�(s, x) = �(tk + 0, x).

We shall call a vector-function (u(t, x), v(t, x)) ∈ � × � a solution of Problems (1)–(5) if it satisfies (1), (2) on �, (5)
by x ∈ ��, and (3), (4) for every k ∈ N.

For a bounded function �(t, x), we denote �L = inf(t,x) �(t, x), �M = sup(t,x) �(t, x).

Consider the following logistic differential equation with impulsive actions:

dz

dt
= az(b − z), t �= tk ,

z(tk + 0) = z(tk)�k(z(tk)), k ∈ N, (6)

where z ∈ R+, a and b are positive constants, strictly increasing sequence {tk} satisfies condition (C4), and �k, k ∈ N,
are continuous positive-valued functions such that �k+p(z) = �k(z) for all z ∈ R+, k ∈ N. Condition (C4) implies
that tk+1 − tk �� = mini=0,1,...,p(ti+1 − ti ), k�1. Denote A = b/(1 − e−ab�), B = maxk=1,...,pmaxz∈[0,A]�k(z), C =
max(A, B).

The following assertion is significant as an auxiliary result of our paper.

Lemma 1. Every solution z(t) = z(t, 0, z0), z0 > 0, of (6) satisfies 0 < z(t)�C, if t ��.

Proof. For t ∈ (0, t1], we have that

z(t) = bz0

z0(1 − e−abt ) + b e−abt
. (7)
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It is obvious that the solution is positive-valued on the interval. Moreover, if �� t � t1, then

z(t)� bz0

z0(1 − e−abt ) + be−abt
� b

1 − e−ab�
= A. (8)

Particularly, 0 < z(t1)�A, and, hence, 0 < z(t1+0)=z(t1)�1(z(t1)) < B. It is easy to show that 0 < z(t)� max(A, B)=
C if t ∈ [t1, t2], and, similarly to (8) one can verify that 0 < z(t2)�A. Further, in the same manner we can show that
0 < z(t)�C if t ∈ (tk, tk+1], k = 2, 3, . . . . �

The following comparison theorems will be needed throughout the paper.

Theorem 2 (Walter [24]). Suppose that vector-functionsv(t, x)=(v1(t, x), . . . , vm(t, x))andw(t, x)=(w1(t, x), . . . ,

wm(t, x)), m�1, satisfy the following conditions:

(i) they are of class C2 in x, x ∈ � and of class C1 in (t, x) ∈ [a, b] × �̄, where � ⊂ Rn is a bounded domain with
smooth boundary;

(ii) vt − ��v − g(t, x, v)�wt − ��w − g(t, x, w), where (t, x) ∈ [a, b] × �, � = (�1, . . . , �m) > 0 (inequali-
ties between vectors are satisfied coordinate-wise), vector-function g(t, x, u) = (g1(t, x, u), . . . , gm(t, x, u)) is
continuously differentiable and quasi-monotonically increasing with respect to u = (u1, . . . , um):

�gi(t, x, u1, . . . , um)

�uj

�0, i, j = 1, . . . , m, i �= j ;

(iii) �v/�n = �w/�n = 0, (t, x) ∈ [a, b] × ��;
Then v(t, x)�w(t, x) for (t, x) ∈ [a, b] × �̄.

Theorem 3 (Smith [22]). Assume that T and d are positive real numbers, a function u(t, x) is continuous on [0, T ]×�̄,
continuously differentiable in x ∈ �̄, with continuous derivatives �2u/�xi�xj and �u/�t on (0, T ] × �, and u(t, x)

satisfies the following inequalities:

�u

�t
− d�u + c(t, x)u�0, (t, x) ∈ (0, T ] × �,

�u

�n
�0, (t, x) ∈ (0, T ] × ��,

u(0, x)�0, x ∈ �,

where c(t, x) is bounded on (0, T ] × �. Then u(t, x)�0 on (0, T ] × �̄.

Moreover, u(t, x) is strictly positive on (0, T ] × �̄ if u(t, x) is not identically zero.

After changes in variables u → u, v → −v, the system without impulses (1), (2), (5) satisfies conditions of
Theorem 2. Using the method of upper and lower solutions for quasi-monotone systems (see [18]), we can verify
that, for continuously differentiable initial functions u0(x) : �̄ → R+, v0(x) : �̄ → R+, u0(x) /≡ 0, u0(x) /≡ 0,
there exists a classical solution of system (1), (2), (5), which can be extended to the semi-axis t > 0. A vector-function
(u(t, x), v(t, x)) is the classical solution of system without impulses (1), (2), (5), if it is of class C2 in x, x ∈ �, of
class C1 in x, x ∈ �̄, of class C1 in t, t > 0, and satisfies the system.

Using the existence of solutions of system (1), (2), (5) we can verify the existence of solutions for impulsive system
(1)–(5). Indeed, if 0 < t � t1, the solutions of the system are well-defined as classical solutions of system without impulses
(1), (2), (5). Impulsive conditions (3) and (4) imply that the functions (u(t1 + 0, x), v(t1 + 0, x)) are continuously
differentiable in x, and satisfy boundary conditions (5). Hence, assuming (u(t1 + 0, x), v(t1 + 0, x)) as a new initial
functions we can continue the solution on (t1, t2]. Proceeding in this way, we can construct the solution for all t > 0.
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Since we consider, according to biological interpretation, only non-negative solutions of the system, the following
assertion is of major importance.

Lemma 4. Assume that conditions (C1)–(C5) hold. Then non-negative and positive quadrants of R2 are positively
invariant for Problems (1)–(5).

Proof. Let us consider only the first coordinate u(t, x) of a solution since the proof for the second one is very similar.
It can be simply verified that û(t, x) and ũ(t, x) such that

�û

�t
− �1�û − û

(
aL

1 − bMû − cM
1

rL

)
= 0, û(0, x) = u0(x),

�ũ

�t
− �1�ũ − ũ(aM

1 − bLũ) = 0, ũ(0, x) = u0(x),

are lower and upper solutions of Eq. (1). Then, since u0(x)�0, u0(x) /≡ 0, by Theorem 3, we get û(t, x) > 0 and
ũ(t, x) > 0 for t ∈ (0, t1]. Since u(t, x) is bounded from below by positive function û(t, x), we have u(t, x) > 0
for t ∈ (0, t1]. Taking into account positiveness of the function f1, we can repeat the same argument to prove the
positiveness of u(t, x) for t ∈ [t1, t2]. By induction, we have that u(t, x) > 0 for t ∈ (0, ∞). �

3. Permanence

Definition 1. Solutions of system (1)–(5) are said to be ultimately bounded if there exist positive constants N1 and N2
such that for every solution (u(t, x, u0, v0), v(t, x, u0, v0)) there exists a moment of time t̄ = t̄ (u0, v0) > 0 such that
u(t, x, u0, v0))�N1, v(t, x, u0, v0))�N2 for all x ∈ �̄, and t � t̄ .

Definition 2. System (1)–(5) is called permanent if there exist positive constants m1, m2, N1 and N2 such that for
every solution with non-negative initial functions u0(x) and v0(x), u0(x) /≡ 0, v0(x) /≡ 0, there exists a moment of
time t̃ = t̃ (u0, v0) such that

m1 �u(t, x, u0, v0))�N1, m2 �v(t, x, u0, v0))�N2

for all x ∈ �̄, and t � t̃ .

Theorem 5. Suppose that conditions (C1)–(C5) hold, and, moreover:

(i) there exists a positive-valued function 	(M) such that fk(x, u, v)�	(M) if k ∈ N, u�M, v�0, and x ∈ �̄;
(ii) the inequality

−�aL
2 +

p∑
i=1

ln gi < 0, (9)

holds, where gi = sup(x,u,v) gi(x, u, v).

Then all solutions of system (1)–(5) with non-negative initial functions are ultimately bounded.

Proof. Let ū(t, x, u0) be a solution of the equation

�ū

�t
− �1�ū − ū(aM

1 − bLū) = 0. (10)
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Using inequality

0 = �u

�t
− �1�u − u

(
a1(t, x) − b(t, x)u − c1(t, x)v

r(t, x)v + u

)
� �u

�t
− �1�u − u(aM

1 − bLu)

we obtain

0 = �ū

�t
− �1�ū − ū(aM

1 − bLū)� �u

�t
− �1�u − u(aM

1 − bLu).

Applying Theorem 3, we conclude that u(t, x, u0, v0)� ū(t, Mu), where constant Mu is such that ‖u0(x)‖C = max
x∈�̄|u0(x)|�Mu. Note that, according to the uniqueness theorem, the solution ū(t, Mu) of Eq. (10) with initial condition

independent of x does not depend on x for t > 0. Therefore, the function ū(t, Mu) satisfies the ordinary differential
equation dū/dt = ū(aM

1 − bLū). Hence,

‖u(tk + 0, x, u0, v0)‖C = ‖u(tk, x, u0, v0)fk(u(tk, x, u0, v0), v(tk, x, u0, v0))‖C

� ū(tk, Mu)	(ū(tk, Mu)).

Since all solutions of the impulsive differential equation

dū

dt
= ū(aM

1 − bLū), ū(tk + 0) = ū(tk)	(ū(tk))

are ultimately bounded by Lemma 3, we get ultimately boundedness of solutions of Eq. (1) with impulses (3), i.e. there
exists a positive constant N1 such that u(t, x)�N1, starting with some moment of time.

For the predator equation, from inequalities

0 = �v

�t
− �2�v + a2(t, x)v − c2(t, x)uv

r(t, x)v + u
� �v

�t
− �2�v + aL

2 v − cM
2 N1

rL
,

it follows that v(t, x, u0, v0)� v̄(t, Mv), where v̄(t, Mv) is a solution of the initial value problem dv̄/dt = −aL
2 v̄ +

cM
2 N1/rL, v̄(0, Mv) = Mv.

Linear periodic impulsive equation

dv̄

dt
= −aL

2 v̄ + cM
2 N1

rL
, v̄(tk + 0) = gkv̄(tk) (11)

has the general solution v̄(t) = X0(t) + CX(t), where X0(t) is a �-periodic piece-wise continuous function, C is a
constant and

X(t) = exp

⎛
⎝−aL

2 t +
∑

0<tk<t

ln gk

⎞
⎠

(see [19]). By (9), X(t) → 0 as t → ∞. All solutions of (11) are ultimately bounded, therefore, all solutions of
Eqs. (2) and (4) are ultimately bounded, too. �

Theorem 6. Suppose that conditions (C1)–(C5) hold and, moreover:

(i) solutions are ultimately bounded, i.e., there exist positive constants N1 and N2 such that for every solution
(u(t, x, u0, v0), v(t, x, u0, v0)) there exists t̄=t̄ (u0, v0) > 0 such that u(t, x, u0, v0)�N1 and v(t, x, u0, v0)�N2
for all t � t̄ (u0, v0);
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(ii) the following inequalities hold:

p∑
i=1

ln inf
x∈�,(u,v)∈S

fi(x, u, v) + �

(
aL

1 − cM
1

rL

)
> 0, (12)

p∑
i=1

ln inf
x∈�,(u,v)∈S

gi(x, u, v) + �(cL
2 − aM

2 ) > 0, (13)

where S = {(u, v) : 0 < u�N1, 0 < v�N2}.

Then there exist positive constants 
∗
1 and 
∗

2 such that an arbitrary solution of system (1)–(5) with non-negative
initial functions not identically equal to zero satisfies the condition

(u(t, x), v(t, x)) ∈ E = {(u, v) : 
∗
1 �u(t, x)�N1, 
∗

2 �v(t, x)�N2},
starting with a certain moment of time.

Proof. Theorem 3 implies that if u0(x)�0, u0(x) /≡ 0, and v0(x)�0, v0(x) /≡ 0, then u(t, x, u0, v0) > 0, v(t, x, u0, v0)

> 0 for all x ∈ �̄ and t > 0. Considering the solution on the interval t �� with some small � > 0, we get initial
conditions (u(�, x, u0, v0), v(�, x, u0, v0)) separated from zero. Therefore, we can assume, without loss of generality,
that min

x∈�̄ u0(x) = mu > 0 and min
x∈�̄ v0(x) = mv > 0.

Using the inequality

0 = �u

�t
− �1�u − u

(
a1(t, x) − b(t, x)u − c1(t, x)v

r(t, x)v + u

)
� �u

�t
− �1�u − u

(
aL

1 − bMu − cM
1

rL

)
,

we obtain that

0 = �û

�t
− �1�û − û

(
aL

1 − bMû − cM
1

rL

)
� �u

�t
− �1�u − u

(
aL

1 − bMu − cM
1

rL

)
.

Now, using Theorem 2 for m = 1, we have that u(t, x, u0, v0)� û(t, mu) for t ∈ [0, t1]. Applying the last inequality
for t = t1, and (3) we obtain that

u(t1 + 0, x, u0, v0)� û(t1, mu) inf
x∈�,(u,v)∈S

f1(x, u, v).

Thus, the solution u(t, x, u0, v0) is bounded from below by a solution of periodic logistic equation with impulses

dû

dt
= û

(
aL

1 − cM
1

rL
− bMû

)
, û(ti + 0) = û(ti) inf

x∈�,(u,v)∈S
fi(x, u, v). (14)

By Theorem 2.1 [14] and condition (12), Eq. (14) has a unique piece-wise continuous and strictly positive periodic
solution û∗(t) such that every solution û(t, um) of (14) with um > 0 has the property û(t, um) → û∗(t) as t →
∞. Therefore, there exists a positive constant 
∗

1 such that, for every solution û(t, um), um > 0, of Eq. (14) we get
û(t, um)�
∗

1, starting with some moment of time t̂ = t̂ (um) > 0.

Since solution u(t, x, u0, v0) of Eqs. (1), (3) is bounded from below by solution û(t, um) of Eq. (14), we conclude
that u(t, x, u0, v0)�
∗

1 for t � t̂ .

Let us consider the predator equation. Since u(t, x, u0, v0)�
∗
1, we have

0 = �v

�t
− �2�v + a2(t, x)v − c2(t, x)uv

r(t, x)v + u
� �v

�t
− �2�v + (aM

2 − cL
2 )v + cL

2 rMv2

rMv + 
∗
1

.
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Hence, v(t, x, u0, v0)� v̂(t, mv), where v̂(t, mv), v̂(0, mv) = mv , is the solution of equation

dv̂

dt
= (cL

2 − aM
2 )v̂ − cL

2 rMv̂2

rMv̂ + 
∗
1
, v̂(ti + 0) = v̂(ti )ĝi , (15)

where ĝi = infx∈�,(u,v)∈S gi(x, u, v). If v̂(t)�
2 for t ∈ [0, t1], then

v̂(t1, mv)�mv exp

(
t1

(
cL

2 − aM
2 − cL

2 rM
2

rM
2 + 
∗
1

))

and

v̂(t1 + 0, mv)� ĝ1mv exp

(
t1

(
cL

2 − aM
2 − cL

2 rM
2

rM
2 + 
∗
1

))
.

Therefore, if v̂(t)�
2 for t ∈ [0, �] then

v̂(�, mv)�mv exp

(
p∑

i=1

ln ĝi + �

(
cL

2 − aM
2 − cL

2 rM
2

rM
2 + 
∗
1

))
.

Taking into account (13), we can take sufficiently small 
2 > 0 such that

p∑
i=1

ln ĝi + �

(
cL

2 − aM
2 − cL

2 rM
2

rM
2 + 
∗
1

)
= h2 > 0.

For 
0
2 ∈ (0, 
2), there exists a positive integer k2 such that v̂(k2�, mv)�eh2k2mv �
0

2 (by the additional condition
v̂(t, mv) < 
2 for all t ∈ [0, k2�]).

Hence, for every solution v̂(t, v̂0) of (15) with v̂0 > 0 there exists a moment of time t̂ such that v̂(t̂ , v̂0)�
0
2. Denote

by v̂(t, �, v̂0) the solution of (15) with v̂(�, �, v̂0) = v̂0 and consider a positive number


∗
2 = inf{v̂(t, �, v̂0) : � ∈ [0, �], v̂0 ∈ [
0

2, N2], t ∈ [�, 2�]}.
Then v̂(t, �, v̂0)�
∗

2 for all t �2�. Indeed, let us take


� = inf{v̂(�, �, v̂0) : � ∈ [0, �], v̂0 ∈ [
0
2, N2]}�
∗

2

and consider a solution v̂(t, �, v̂0) with v̂0 �
�. If v̂(t, �, v̂0)�
2 for all t ∈ [t, 2�], then v̂(2�, �, v̂0)�h2v̂(�, �, v̂0)

�
�. If v̂(t, �, v̂0) > 
2 at some moment of time t ∈ [�, 2�], then v̂(2�, �, v̂0)�
� by definition of number 
�.

Therefore, it is enough to consider solutions v̂(t, 2�, v̂0), t �2�, with v̂0 �
�. By construction, these solutions are
bounded from below by positive constant 
∗

2 for t ∈ [2�, 3�]. Proceeding in this way we prove the boundedness from
below for t �3�. �

Remark 7. If there are not any impulses in Problems (1)–(5) (fk ≡ 1, gk ≡ 1, k�1), then conditions (12), (13) take
a form of the following inequalities:(

aL
1 − cM

1

rL

)
> 0, (cL

2 − aM
2 ) > 0, (16)

which are sufficient to have the permanence phenomenon for the system.
Assume that inequalities (16) are violated. Nevertheless, choosing functions fk, gk positive and separated sufficiently

far away from zero we can satisfy (12), (13), that is we can arrange the permanence for the impulsive system again.
This method of “improving” of differential equations by involving appropriate impulses are very useful for theoretical
as well as for practical needs [12,19].
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The next theorem gives conditions for the extinction of the predator population.

Theorem 8. Suppose that system (1)–(5) satisfies conditions (C1)–(C5), and, moreover,

p∑
i=1

ln sup
(x,u,v)

gi(x, u, v) + �(cM
2 − aL

2 ) < 0. (17)

Then v(t, x) → 0 as t → ∞.

Proof. Fix a positive constant Mv such that Mv �v0(x) and denote by v̄(t, Mv) the solution of initial value problem

dv̄

dt
= (cM

2 − aL
2 )v̄, v̄(0, Mv) = Mv .

From the inequality

0 = �v

�t
− �2�v + a2(t, x)v − c2(t, x)uv

r(t, x)v + u
� �v

�t
− �2�v + (aL

2 − cM
2 )v,

applying the comparison theorem again, we can find that v(t, x, u0, v0)� v̄(t, Mv) for t � t1.

Moreover, using impulsive condition (4) we obtain that

v(t1 + 0, x, u0, v0)� v̄(t1, Mv) sup
(x,u,v)

g1(x, u, v).

Proceeding in this fashion, we conclude that every solution of the predator equation with impulses is bounded from
above by the corresponding solution of linear impulsive equation

dv̄

dt
= (cM

2 − aL
2 )v̄, v̄(tk + 0) = v̄(tk) sup

(x,u,v)

gk(x, u, v).

Taking into account (17), we see that all solutions of the last equation tend to zero as t → ∞. �

4. Compactness of solutions

Denote w = (u, v) ∈ Lp(�) × Lp(�), where p > n is a positive integer. We rewrite system (1)–(5) in the form

dw

dt
= A1w + F(t, w), t �= ti , (18)

w(ti + 0) = w(ti) + Gi(w(ti)), i ∈ N, (19)

where

A1 =
(

�1
 − � 0
0 �2
 − �

)
, � > 0,

F(t, w) =
⎛
⎜⎝u

(
a1(t, x) − b(t, x)u − c1(t, x)v

r(t, x)v + u

)
+ �u

v

(
−a2(t, x) + c2(t, x)u

r(t, x)v + u

)
+ �v

⎞
⎟⎠ ,

Gi(w(ti)) =
(

u(ti , x)fi(x, u(ti , x), v(ti , x)) − u(ti , x)

v(ti , x)gi(x, u(ti , x), v(ti , x)) − v(ti , x)

)
.
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The operator A1 has the domain D(A1) = {� : � ∈ W 2,p(�),
��
�n

|�� = 0}, where W 2,p(�) is the Sobolev space of
functions from Lp(�) that have two generalized derivatives. It is known [8] that the operator A1 is sectorial and
Re �(A1)� − �, where �(A1) is the spectrum of A1. For any 
 > 0, we define the fractional power A−


1 of operator A1
by

A−

1 = 1

�(
)

∫ ∞

0
e−sA1s
−1 ds,

where � is the gamma function. The operators A−

1 are bounded and bijective. The operator A


1, 
 > 0, is defined as
(A−


1 )−1, and D(A

1) = R(A−


1 ). The operator A0
1 is the identity operator in X. For 0�
�1, we introduce the space

X
 = D(A

1) with the norm ‖x‖
 = ‖A


1x‖. Here ‖.‖ is the norm in the space X = Lp × Lp.

We denote by Cm+
(�), where m is a positive integer and 0 < 
 < 1, the space of m-times continuously differentiable
functions f : � → R, which have m-order derivatives satisfying the Holder condition with exponent 
.

Theorem 9. Suppose that the functions Gi are continuously differentiable and there exists a positive-valued function
�(M) such that

sup
‖w‖
 �M

‖Gk(w)‖
 ��(M), k ∈ N, (20)

for some 
 ∈ ( 1
2 + n

2p
, 1). Let w(t, w0) = (u(t, x, u0, v0), v(t, x, u0, v0)), w0 = (u0, v0) ∈ X
, be a bounded solution

of Eqs. (18), (19), i.e.,

‖w(t, w0)‖C �N, t > 0. (21)

Then the set {w(t, w0) : t > 0} is relatively compact in C1+�(�̄, R2) for 0 < � < 2
 − 1 − n/p.

Proof. The solution of Eqs. (18), (19) can be written in the form

w(t, w0) = eA1tw0 +
∫ t

0
eA1(t−s)F (s, w(s)) ds +

∑
0<ti<t

eA1(t−ti )Gi(w(ti)) (22)

(see [19]). By definition of the norm in the space X
, it follows from (22) that

‖w(t, w0)‖
 = ‖A

1w(t, w0)‖

�‖A

1eA1tw0‖ +

∫ t

0
‖A


1eA1(t−s)‖‖F(s, w(s))‖ ds +
∑

0<ti<t

‖A

1eA1(t−ti )Gi(w(ti))‖. (23)

It is known [8] that analytical semigroup eA1t , t �0, satisfies the following inequality:

‖A

1eA1t‖�C
t

−
e−�t , t > 0. (24)

Hence, one can verify that

‖A

1eA1tw0‖�‖eA1t‖‖A


1w0‖�C0e−�t‖w0‖
 �C0‖w0‖
 (25)

and ∫ t

0
‖A


1eA1(t−s)‖‖F(s, w(s))‖ ds�
∫ t

0
C
(t − s)−
e−�(t−s) ds�C
MF

∫ ∞

0
s−
e−�s ds

= C
MF

�(1 − 
)

�1−
 , (26)

where MF = sups‖F(s, w(s))‖ < ∞.
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Let us fix � ∈ (0, �), where � = mink(tk+1 − tk), and consider the third term at the right-hand side of (23) for the
values of t located to the right of the impulse points at a distance not less then �. Then we have (t − ti )

−
 ��−
 and the
following estimation is correct:∑

0<ti<t

‖A

1eA1(t−ti )Gi(w(ti))‖�

∑
0<ti<t

C
(t − ti )
−
e−�(t−ti )‖Gi(w(ti))‖

�C
MG�−

∞∑

j=0

e−��j �C
MG

�−


1 − e−��
, (27)

where MG = supi‖Gi(w(ti))‖. Taking into account (21) and periodicity of Gj in j, we get MG < ∞. Relations
(25)–(27) yield ‖w(t, w0)‖
 �M� < ∞ for t ∈ ⋃i[ti + �, ti+1], and, therefore, ‖w(tk, w0)‖
 �M� for all k. By (20),
we get ‖Gk(wk)‖
 ��(M�), k ∈ N. Now, the sum in (23) can be estimated as follows:∑

0<ti<t

‖A

1eA1(t−ti )Gi(w(ti))‖�

∑
0<ti<t

‖eA1(t−ti )‖‖A

1Gi(w(ti))‖�

∑
0<ti<t

C0e−�(t−ti )‖Gi(w(ti))‖


�C0�(M�)

∞∑
j=0

e−��j = C0�(M�)

1 − e−��
. (28)

This proves the boundedness of the solution w(t, w0) in the space X
. By [8], the boundedness of a set in X
 implies
its relative compactness in the space X� for � < 
. For 2� − n/p > 1 + �, the space X� is continuously embedded in
the space C1+�. Therefore, the solution w(t, w0) is relatively compact in the space C1+�. �

5. Periodic solutions

Theorem 10. Assume that conditions (C1)–(C5) and (20) hold and system (1)–(5) is permanent, i.e., there exist positive
constants � and N such that an arbitrary solution of the system with non-negative initial functions not identically equal
to zero satisfies the condition

(u(t, x), v(t, x)) ∈ E = {(u, v) : ��u(t, x)�N, ��v(t, x)�N},
starting with a certain moment of time. Let, additionally,

p∑
j=1

ln Kj + ��M < 0,

where �M is the maximal eigenvalue of the matrix

⎛
⎜⎜⎜⎝

2

(
aM

1 − bL� − cL
1 rL

(rM + N/�)2

)
cM

1 + cM
2

rL

cM
1 + cM

2

rL
2

(
−aL

2 + cM
2

(1 + rL�/N)2

)
⎞
⎟⎟⎟⎠

and

Kj = max
u,v∈E,x∈�

2

(
f 2

j +
(

N
�fj

�u

)2

+
(

N
�fj

�v

)2

+ g2
j +

(
N

�gj

�u

)2

+
(

N
�gj

�v

)2
)

.

Then system (1)–(5) has a unique globally asymptotically stable strictly positive piecewise continuous �-periodic
solution.



1266 M.U. Akhmet et al. / Nonlinear Analysis: Real World Applications 7 (2006) 1255–1267

Proof. Let (u(t, x), v(t, x)) and (u1(t, x), v1(t, x)) be two solutions of system (1)–(5) bounded by constants � and N
from below and above, respectively. Consider the function

L(t) =
∫
�
((u(t, x) − u1(t, x))2 + (v(t, x) − v1(t, x))2) dx.

Its derivative has the form

dL(t)

dt
= 2

∫
�
(u − u1)

(
�u

�t
− �u1

�t

)
dx + 2

∫
�
(v − v1)

(
�v

�t
− �v1

�t

)
dx

= 2�1

∫
�
(u − u1)
(u − u1) dx

+ 2
∫
�
(u − u1)

(
u

(
a1 − bu − c1v

rv + u

)
− u1

(
a1 − bu1 − c1v1

rv1 + u1

))
dx

+ 2�2

∫
�
(v − v1)
(v − v1) dx + 2

∫
�
(v − v1)

(
−a2v + c2uv

rv + u
+ a2v1 − c2u1v1

rv1 + u1

)
dx

� − 2�1

∫
�

|∇(u − u1)|2 dx − 2�2

∫
�

|∇(v − v1)|2 dx

+ 2
∫
�
(u − u1)

2
(

a1 − b(u + u1) − c1rvv1

(rv + u)(rv1 + u1)

)
dx

+ 2
∫
�
(v − v1)

2
(

−a2 + c2uu1

(rv + u)(rv1 + u1)

)
dx

+ 2
∫
�
(u − u1)(v − v1)

( −c1uu1

(rv + u)(rv1 + u1)
+ c2rvv1

(rv + u)(rv1 + u1)

)
dx

�2
∫
�
(u − u1)

2

(
aM

1 − bL� − cL
1 rL

(rM + N/�)2

)
dx

+ 2
∫
�

[
(v − v1)

2

(
−aL

2 + cM
2

(1 + rL�/N)2

)
+ |(u − u1)(v − v1)|

(
cM

1 + cM
2

rL

)]
dx

��M

∫
�
[(u − u1)

2 + (v − v1)
2] dx.

Using the last inequality, we obtain L(tj+1)�L(tj + 0) exp(�M(tj+1 − tj )) and

L(tj+1 + 0) =
∫
�
(uf j+1(u, v) − u1fj+1(u1, v1))

2 dx +
∫
�
(vgj+1(u, v) − v1gj+1(u1, v1))

2 dx

�Kj+1L(tj+1)�Kj+1 exp(�M(tj+1 − tj ))L(tj + 0).

Let us estimate the variation of the function over the period. We have

L(t + �)�K∗L(t) =
p∏

i=1

Ki exp(�M�)L(t).

According to the conditions of the theorem, we have K∗ < 1. Therefore, L(m� + s)�Km∗ L(s) → 0, m → ∞. We
have proved that ‖u(t, x)−u1(t, x)‖ → 0 and ‖v(t, x)−v1(t, x)‖ → 0 as t → ∞, where ‖.‖ is the norm of the space
L2(�). By Theorem 9, solutions of system (1)–(5) are bounded in the space C1+�. Therefore

sup
x∈�

|u(t, x) − u1(t, x)| → 0, sup
x∈�

|v(t, x) − v1(t, x)| → 0, t → ∞. (29)

Now we consider the sequence (u(k�, x, u0, v0), v(k�, x, u0, v0)) = w(k�, w0), k ∈ N. By Theorem 9, it is compact
in the space C(�̄) × C(�̄). Let w̄ be a limit point of this sequence, w̄ = limn→∞ w(kn�, w0). Then w(�, w̄) = w̄.
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Indeed, since w(�, w(kn�, w0)) = w(kn�, w(�, w0)) and w(kn�, w(�, w0)) − w(kn�, w0) → 0 as kn → ∞, we
get

‖w(�, w̄) − w̄‖C �‖w(�, w̄) − w(�, w(kn�, w0))‖C + ‖w(�, w(kn�, w0)) − w(kn�, w0)‖C

+ ‖w(kn�, w0) − w̄‖C → 0, n → ∞.

The sequence w(k�, w0), k ∈ N, has a unique limit point. On the contrary, let the sequence has two limit points
w̄ = limn→∞ w(kn�, w0) and ŵ = limm→∞ w(km�, w0). Then, taking into account (29) and ŵ =w(kn�, ŵ), we have

‖w̄ − ŵ‖C �‖w̄ − w(kn�, w0)‖C + ‖w(kn�, w0) − ŵ‖C → 0, n → ∞,

hence w̄ = ŵ. The solution (u(t, x, ū, v̄), v(t, x, ū, v̄)) is the unique periodic solution of system (1)–(5). By (29), it is
asymptotically stable. �

Acknowledgements

The authors wish to express their sincere gratitude to the referee for the helpful criticism and valuable suggestions.

References

[1] H.R. Akcakaya, R. Arditi, L.R. Ginzburg, Ratio-dependent predation: an abstraction that works, Ecology 76 (1995) 995–1004.
[2] M.U. Akhmet, On the general problem of stability for impulsive differential equations, J. Math. Anal. Appl. 288 (2003) 182–196.
[3] M.U. Akhmet, Perturbations and Hopf bifurcation of the planar discontinuous dynamical system, Nonlinear Anal. 60 (2005) 163–178.
[4] R. Arditi, L.R. Ginzburg, Coupling in predator–prey dynamics: ratio-dependence, J. Theoret. Biol. 139 (1989) 119–142.
[5] D.D. Bainov, E. Minchev, K. Nakagawa, Asymptotic behavior of solutions of impulsive semilinear parabolic equations, Nonlinear Anal. Appl.

30 (1997) 2725–2734.
[6] C.Y. Chen, L. Ke, A.S. Vatsala, Impulsive quenching for reaction–diffusion equations, Nonlinear Anal. 22 (1994) 1323–1328.
[7] M. Fan, Q. Wang, X. Zou, Dynamics of a non-autonomous ratio-dependent predator–prey system, Proc. Roy. Soc. Edinburgh Sect. A 133 (2003)

97–118.
[8] D. Henry, Geometric Theory of Semilinear Parabolic Equations, Springer, Berlin, 1981.
[9] C.S. Holling, The components of predation as revealed by a study of small mammal predation of European pine sawfly, Canad. Entomologist

91 (1959) 293–320.
[10] Z. Jin, H. Maoan, G. Li, The persistence in a Lotka–Volterra competition systems with impulsive, Chaos Solitons Fractals 24 (2005)

1105–1117.
[11] Y. Kuang, E. Beretta, Global qualitative analysis of a ratio-dependent predator–prey system, J. Math. Biol. 36 (1998) 389–406.
[12] V. Lakshmikantham, D.D. Bainov, P.S. Simeonov, Theory of Impulsive Differential Equations, World Scientific, Singapore, 1989.
[13] V. Lakshmikantham, X. Liu, On quasi-stability for impulsive differential equations, Nonlinear Anal. 13 (1989) 819–828.
[14] X. Liu, L. Chen, Global dynamics of the periodic logistic system with periodic impulsive perturbations, J. Math. Anal. Appl. 289 (2004)

279–291.
[15] P. Lundberg, J.M. Fryxell, Expected population density versus productivity in ratio-dependent and prey-dependent models, Amer. Naturalist

146 (1995) 153–161.
[16] M.C. Molles Jr., Ecology: Concepts and Applications, McGraw-Hill, New York, 2005.
[17] P.Y.H. Pang, M. Wang, Qualitative analysis of a ratio-dependent predator–prey system with diffusion, Proc. Roy. Soc. Edinburgh Sect. A 133

(2003) 919–942.
[18] C.V. Pao, Nonlinear Parabolic and Elliptic Equations, Plenum, 1992.
[19] A.M. Samoilenko, N.A. Perestyuk, Impulsive Differential Equations, World Scientific, Singapore, 1995.
[20] M. Scheffer, Ecology of Shallow Lakes, Chapman & Hall, London, 1998.
[21] D. Schenk, L.-F. Bersier, S. Bacher, An experimental test of the nature of predation: neither prey- nor ratio-dependent, J. Animal Ecol. 74 (2005)

86–91.
[22] L.H. Smith, Dynamics of Competition, Lecture Notes in Mathematics, vol. 1714, Springer, Berlin, 1999, pp. 192–240.
[23] O.O. Struk, V.I. Tkachenko, On Lotka–Volterra systems with diffusion and impulse action, Ukrain. Math. J. 54 (2002) 629–646.
[24] W. Walter, Differential inequalities and maximum principles; theory, new methods and applications, Nonlinear Anal. Appl. 30 (1997)

4695–4711.
[25] D. Xiao, S. Ruan, Global dynamics of a ratio-dependent predator–prey system, J. Math. Biol. 43 (2001) 268–290.
[26] J. Yan, A. Zhao, J.J. Nieto, Existence and global attractivity of positive periodic solution of periodic single-species impulsive Lotka–Volterra

systems, Math. Comput. Modelling 40 (2004) 509–518.


	An impulsive ratio-dependent predator--prey system with diffusion
	Introduction
	Preliminaries
	Permanence
	Compactness of solutions
	Periodic solutions
	Acknowledgements
	References


