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Abstract

We investigate the predator—prey system with diffusion, when biological and environmental parameters are assumed to change in
periodical manner over time. The system is affected by impulses which can be considered as a control. Conditions for the permanence
of the predator—prey system and for the existence of a unique globally stable periodic solutions are obtained.
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1. Introduction

On large scale distribution, individuals of populations are referred to as local populations that are distributed within a
given habitat patch with a pattern of clumped distribution. Clumping or aggregation of the populations may result from
the social predisposition of individuals to form groups, clumped distribution of resources, and a tendency of progeny
to remain in the vicinity of their parent [16]. Furthermore, distribution of individuals of populations can also follow
the same random and regular patterns.

The pattern may be a result of an interaction between the spatial arrangement of habitat patches and other ecological
or behavioral processes. Stabilization of predator—prey dynamics can be achieved through spatial heterogeneity, whose
stabilizing effect of partial isolation of habitat patches is very important [20].

In this study we neglect the impact of migration for effecting both prey and predator populations. To meet such
condition, we assumed that our prey and predator populations are found in an isolated habitat for which the impact of
migration, including both emigration and immigration, is presumably negligible, such as a remote patchy forest or an
isolated island or a lake ecosystem which is practically water islands with distinct boundaries.

Holling [9] introduced the concept of the functional response, which described the asymptotic relationship between
prey removal rate per predator and the density of prey. Functional responses describe that number of prey consumed
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increases at a decreasing rate until some satiation level is reached. In the latter stage, increase in prey consumption
takes place slowly. There are several forms of functional response. Much works has been devoted to comparing two
idealized forms of the functional response: prey dependent and ratio dependent. Recently, many biologists argue that in
many situations the ratio-dependent theory is more suitable (see, for example, [1,15,21]). Ratio-dependence assumes
that the functional response is a function of the ratio of prey over predators. The ratio-dependent predator—prey system
was proposed by Ardini and Ginzburg [4] and then was widely studied in [7,11,25]. The ratio-dependent predator—prey
system with diffusion was explored in [17].

Biological species can undergo discrete changes of relatively short duration at fixed times (for examples, due to
stocking or harvesting of species). Moreover, continuous changes in environmental parameters such as temperature or
rainfall can also create discontinuous outbreaks in pest populations. Systems with such kinds of discontinuous changes
can be investigated by the theory of impulsive differential equations (see [3,2,12,13,19,6] and papers cited there).
Therefore, there have been a number of studies which have applied the theory to biological problems (see, for example,
[5,26,23,10]).

We consider an interaction of predator and prey species, assuming that they are confined to a fixed bounded space
domain 2 C R" with smooth boundary 0€2, non-uniformly distributed in the domain and subjected to short-term external
influence at fixed moments of time. The functions u (¢, x) and v(#, x) determine the densities of prey and predator,
respectively, at a space point x and time z. Denote by d/0n the outward normal derivative, @ = Q U 0Q, and Au =
%u/ ax% +. -+ 0%u/ ax,% the Laplace operator. Let also {#;} be a sequence of real numbers 0 =1y <t; <--- <ty <---.

The main object of this investigation is the following two-dimensional impulsive predator—prey system:

Ou _ Cl(l,)C)U

6—t_ulAu+u<a1(t,x)—b(t,x)u—m), (M
v co(t, x)u

i WAv + v <—az(t, x) + m) > @)
u(te + 0, x) = u(te, x) fie(x, ut, x), v(tg, x)), 3)
v(tr +0,x) = v(tg, x)gr(x, u(ty, x), v(ty, x)), k=1,2,..., 4)
Ou ov

T P W v

In (1) and (2), terms p;Au and pu,Av with positive diffusion coefficients y; and yu, reflect the non-homogeneous
dispersion of populations. Neumann boundary conditions (5) characterize the absence of migration. In the absence of
predator, the prey population has a logistic growth rate. We assume that the predator functional response has the form
of the ratio function cjv/(mv + u). The ratio function cou/(mv + u) represents the conversion of prey to predator.
ai, c1, az, and ¢; are positive functions that stand for prey intrinsic growth rate, capturing rate of the predator, death
rate of the predator and conversion rate, respectively, a; /b gives the carrying capacity of the prey, and r is the half
saturation function.

In this article, we will investigate the asymptotic behavior of non-negative solutions for impulsive system with
diffusion (1)—(5). Note that according to biological interpretation of the solutions u(z, x) and v(¢, x) they must be
nonnegative. We will give conditions for the long-term survival of each species in terms of permanence. The permanence
of the system indicates that the number of individuals of each species stabilizes in certain boundaries with time. Note
that impulsive system with another form of functional response (for example, prey-dependent functional response
u/(m 4+ v)) also can be studied by our approach. But conditions of boundedness and permanence and their proofs are
essentially different from ratio-dependent case. This will be a subject of separate research.

The article is organized as follows. Main definitions and auxiliary results are provided in Section 2. In Section 3,
conditions for the ultimate boundedness of solutions and permanence of the system are considered. The main subject
of Section 4 is the compactness of bounded solutions. In the last section, we establish conditions for the existence of
the unique periodic solution of the system.
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2. Preliminaries

Let Z, N, and R be the sets of all integers, positive integers and real numbers, respectively, and R4 = [0, co). The
following assumptions will be needed throughout the paper:

(C1) functions a; (¢, x), ¢i(t,x),i =1, 2, b(¢t, x) and r (¢, x) are bounded positive-valued functions on R x Q, contin-
uously differentiable in ¢ and x;

(C2) functions fi(x, u, v) and g (x, u, v), k € N, are continuously differentiable in all arguments and positive-valued;

(C3) functions a;(t, x), ¢ci(t,x),i = 1,2, b(t, x) and r (¢, x) are periodic in ¢ with a period o > 0;

(C4) there exists anumber p € N such that #, =t + w forall k> 1;

(C5) sequences fi and gy satisfy the following equalities fry,(x, u, v) = fi(x, u, v) and g4 p(x, u, v) = gk (x, u, v)
forall k>1and x, u, v.

Conditions of periodicity (C3)—(C5) are natural because of the seasonal changes and biological rhythms.
We introduce the following notations: G = Ry x 2, G = R4 x Q,

Mi={t.x):te.t). xeQ, keN, I'=|] I
keN

Ie={(t.x):t € (tr_1, 1), x€Q}, keN, fZUfk
keN

and denote by Z a class of functions ¢ : G — R with the following properties:

(S1) ¢(t.x) € CL2Tw). dlt.x) € CHLT0). keN;
(S2) forall k € N, x € Q, there exist the following limits:

lim  ¢(s, x) = p(tx, x), lim  ¢(s, x) = p(t + 0, x).
s—1;—0 s—>1;+0
We shall call a vector-function (u(¢, x), v(t, x)) € £ x Z a solution of Problems (1)—(5) if it satisfies (1), (2) on I', (5)
by x € 0, and (3), (4) for every k € N.

For a bounded function ¢(z, x), we denote qu =inf( x) ¢, x), qSM =sup, y) ¢, x).

Consider the following logistic differential equation with impulsive actions:

G -2, t£1
dt—aZ Z), k>

2(te +0) = z(t) 2k (2(tr)), ke N, (6)

where z € Ry, a and b are positive constants, strictly increasing sequence {f} satisfies condition (C4), and A, k € N,
are continuous positive-valued functions such that Zx,(z) = /x(z) for all z € R4, k € N. Condition (C4) implies
thatty ] — 1, >0 = mini:(),l,_._,p(l‘,'.,_l —1t;),k>1.Denote A=b/(1 — e—abﬁ)’ B =max;— pmaxze[oﬁAMk(z), C=
max(A, B).

The following assertion is significant as an auxiliary result of our paper.

.....

Lemma 1. Every solution z(t) = z(t, 0, 20), zo > 0, of (6) satisfies 0 < z(t) <C, if t >0.
Proof. Fort € (0, t1], we have that

bzo
. 7
Zo(l _ efabt) +be—abt ( )

z(1) =
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It is obvious that the solution is positive-valued on the interval. Moreover, if 0<r <t, then

bzo b

< = A. 8
z0(1 —e=abty 4 pe=ab! = 1 — e—abl ®)

z(H) <

Particularly, 0 < z(¢;) < A, and, hence, 0 < z(t1+0)=2z(t;) A1 (z(t1)) < B.Itis easy to show that 0 < z(¢) < max(A, B)=
C ift € [t1, 1], and, similarly to (8) one can verify that 0 < z(2) < A. Further, in the same manner we can show that
O0<zt)<Cift e (t, tx+1], k=2,3,... . O

The following comparison theorems will be needed throughout the paper.

Theorem 2 (Walter [24]). Suppose that vector-functions v(t, x)=(v1(t, x), ..., Uy (t, x)) and w(t, x)=(w; (¢, x), ...,
wp (¢, x)), m > 1, satisfy the following conditions:

(1) they are of class Clinx,x € Qand of class Clin(t,x) €[a, b] x Q, where Q C R" is a bounded domain with
smooth boundary;
(i) vy — puAv — g(t, x,v)<w; — pAw — g(t, x, w), where (t,x) € [a,b] X Q, u= (Y, ..., 1K, >0 (inequali-

ties between vectors are satisfied coordinate-wise), vector-function g(t, x,u) = (g1(t, x,u), ..., gn(t, x, u)) is
continuously differentiable and quasi-monotonically increasing with respect tou = (U, ..., Upy):
agi(t5xa u17 LI ) um)

=0, i,j=1,....m, i #];

6ul,~

(iii) Ov/0n =0w/on =0, (t, x) € [a, b] x 0Q; _
Then v(t, x) <w(t, x) for (t, x) € [a, b] x Q.

Theorem 3 (Smith [22]). Assume t@at T and d are positive real numbers, a function u(t, x) is continuous on [0, T] X Q,
continuously differentiable in x € Q, with continuous derivatives o%u /0x;0x; and du /0t on (0, T] x Q, and u(t, x)
satisfies the following inequalities:

0
a_L; —dAu+c(t, Du=0, (1,x) €0, T] x Q,

0
220, (t.x) € (0,T] x 02,
on

u(0,x)>=0, x e,

where c(t, x) is bounded on (0, T] x Q. Then u(t, x) 20 on (0, T] x Q.
Moreover, u(t, x) is strictly positive on (0, T] x Q if u(t, x) is not identically zero.

After changes in variables u — u,v — —v, the system without impulses (1), (2), (5) satisfies conditions of
Theorem 2. Using the method of upper and lower solutions for quasi-monotone systems (see [18]), we can verify
that, for continuously differentiable initial functions up(x) : Q — Ry, vo(x) : Q — Ry, up(x) # 0, up(x) £ 0,
there exists a classical solution of system (1), (2), (5), which can be extended to the semi-axis ¢ > 0. A vector-function
(u(t, x), v(t, x)) is the classical solution of system without impulses (1), (2), (5), if it is of class Clinx,x € Q,of
class C! in X, X € Q, of class C! in t,t >0, and satisfies the system.

Using the existence of solutions of system (1), (2), (5) we can verify the existence of solutions for impulsive system
(1)—(5).Indeed, if O < ¢ <1, the solutions of the system are well-defined as classical solutions of system without impulses
(1), (2), (5). Impulsive conditions (3) and (4) imply that the functions (#(#; + 0, x), v(#; + 0, x)) are continuously
differentiable in x, and satisfy boundary conditions (5). Hence, assuming (u(¢; 4+ 0, x), v(#; + 0, x)) as a new initial
functions we can continue the solution on (¢1, 2]. Proceeding in this way, we can construct the solution for all ¢ > 0.
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Since we consider, according to biological interpretation, only non-negative solutions of the system, the following
assertion is of major importance.

Lemma 4. Assume that conditions (C1)~(C5) hold. Then non-negative and positive quadrants of R are positively
invariant for Problems (1)—(5).

Proof. Let us consider only the first coordinate u (¢, x) of a solution since the proof for the second one is very similar.
It can be simply verified that (¢, x) and @ (¢, x) such that

dil . .o .

i WAL —a (alL —pMj — rLL) =0, u(0,x)=up(x),
ou - M L~ -

i WA —u(ay” —b"u)=0, ua(0,x)=ug(x),

are lower and upper solutions of Eq. (1). Then, since ug(x) >0, ug(x) # 0, by Theorem 3, we get u(z, x) > 0 and
i(t,x)>0 for t € (0,1]. Since u(z, x) is bounded from below by positive function (¢, x), we have u(z, x) >0
for ¢+ € (0, #1]. Taking into account positiveness of the function fi, we can repeat the same argument to prove the
positiveness of u(t, x) for ¢ € [t1, t2]. By induction, we have that u(¢, x) > 0 for t € (0, c0). U

3. Permanence

Definition 1. Solutions of system (1)—(5) are said to be ultimately bounded if there exist positive constants N1 and N>
such that for every solution (u(z, x, ug, vo), v(Z, x, ug, vo)) there exists a moment of time t =1t(ug, vg) > 0 such that
u(t, x, up, v9)) <N, v(t, x, ug, vo)) <Ny forall x € Q, and r >1.

Definition 2. System (1)—(5) is called permanent if there exist positive constants m |, my, N1 and N, such that for
every solution with non-negative initial functions uo(x) and vo(x), ug(x) % 0, vo(x) s 0, there exists a moment of
time = 7 (ug, vp) such that
mi<u(t, x,ug, vo)) < Ni, ma<v(t, x, uo, vo)) < N2
forall x € Q, and 1 >7.
Theorem 5. Suppose that conditions (C1)—(C5) hold, and, moreover:
(i) there exists a positive-valued function y(M) such that fi(x,u, v)<y(M) ifk e N,u<M,v>0,and x € Q;
(i) the inequality
P
—waZL + Z Ing; <0, ©)
i=1
holds, where g; = sup, ,, . 8 (x, u, v).

Then all solutions of system (1)—(5) with non-negative initial functions are ultimately bounded.

Proof. Let u(¢, x, ug) be a solution of the equation

o
a—’: — y Aii — i@ — b =0. (10)



1260 M.U. Akhmet et al. / Nonlinear Analysis: Real World Applications 7 (2006) 1255—1267
Using inequality

Ou

c1(t, x)v Ou M I3
= — — — — R Rt [ S — —
0 3 Ui Au u(al(t,x) b(t, x)u r(t,x)v+u> >3 wiAu — u(ay b™u)
we obtain
Ou 0
0= a_L: — A — @™ — bLﬁ)>a—L; — yAu — u@™ — blu).

Applying Theorem 3, we conclude that u(z, x, ug, vo) <u(t, M), where constant M,, is such that |lug(x)||c =max g
lup(x)| < M, . Note that, according to the uniqueness theorem, the solution u(z, M,,) of Eq. (10) with initial condition
independent of x does not depend on x for # > 0. Therefore, the function u (¢, M,) satisfies the ordinary differential
equation dii/dt = ii(a}! — b it). Hence,

lu(t + 0, x, uo, vo)llc = llutk, x, uo, vo) fi (u(tk, x, uo, vo), v(tk, X, uo, vo))llc
<u(ti, My)yu(te, My)).

Since all solutions of the impulsive differential equation

du  _ _ _ _ -
5 =@l = b, +0) = () (@En)
are ultimately bounded by Lemma 3, we get ultimately boundedness of solutions of Eq. (1) with impulses (3), i.e. there
exists a positive constant Ny such that u(#, x) < Ny, starting with some moment of time.
For the predator equation, from inequalities

M
¢y Ni
L’

ov o (t, x)uy ov I
0=— — A t, - >— — LA -
a2 vt a2 r(t,x)v+u_ Ot HpAY T ay

it follows that v(t, x, ug, vo) <v(t, M,), where v(¢, M,) is a solution of the initial value problem dv/dr = —ale_) +
MNPl 50, My) = M.
Linear periodic impulsive equation

dv L. NN _
Ez—a2v+ YA v(tx + 0) = grv () (11

has the general solution v(¢) = Xo(#) + CX(¢), where Xo(¢) is a w-periodic piece-wise continuous function, C is a
constant and

X(t) =exp —aZLt + Z In gx
O<t <t

(see [19]). By (9), X(#) — 0 ast — oo. All solutions of (11) are ultimately bounded, therefore, all solutions of
Egs. (2) and (4) are ultimately bounded, too. [

Theorem 6. Suppose that conditions (C1)—(C5) hold and, moreover:
(1) solutions are ultimately bounded, i.e., there exist positive constants N1 and N> such that for every solution

(u(t, x, ug, vo), v(t, x, ug, vo)) there exists t=t (uo, vo) > 0 suchthatu(t, x, ug, vo) < Ny and v(t, x, ug, vo) < N2
forall t >1(ug, vo);
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(ii) the following inequalities hold:

14 M
C

Z In inf filx,u,v) +w alL—L >0, (12)
P x€Q,(u,v)eS rL
14

: L M
Zln inf  gi(x,u,v) + ok —ad) >0, (13)
P x€Q,(u,v)eS

where S ={(u,v) : 0 <u<N;,0<v<NaJ.

Then there exist positive constants o} and o such that an arbitrary solution of system (1)-(5) with non-negative
initial functions not identically equal to zero satisfies the condition

Wt x), v(t, X)) € E = {(u, v) : o <ult, ) < N1, 25 <o(t, ) <Na),
starting with a certain moment of time.

Proof. Theorem 3_implies thatifug(x) >0, ug(x) £ 0,and vo(x) =0, vo(x) £ 0,thenu(z, x, ug, vo) > 0, v(t, x, ug, Vo)
>0 for all x € @ and 7 > 0. Considering the solution on the interval t >¢ with some small ¢> 0, we get initial
conditions (u (¢, x, ugp, vo), v(e, x, U, vo)) separated from zero. Therefore, we can assume, without loss of generality,
that min g uo(x) =m, >0 and min __g vo(x) = m, > 0.

Using the inequality

Ou c1(t, x)v Ou cM
0:5—,ulAu—u<a1(t,x)—b(t,x)u—m éa—,u]Au—u alL—bMu—L ,

we obtain that

oi L oM ou cM
Oza—ulAu—u<alL—bMu—rLL) gg—,ulAu—u<alL—bMu—rLL>.

Now, using Theorem 2 for m = 1, we have that u(z, x, ug, vo) >i(t, m,) fort € [0, t;]. Applying the last inequality
for t = t1, and (3) we obtain that

u(ty +0, x,up, vo) Zu(ty,m,) inf  fi(x,u,v).
x€Q, (u,v)eS

Thus, the solution u(¢, x, ug, vo) is bounded from below by a solution of periodic logistic equation with impulses

di [ | M P 1 0) = h(r " ' 14
E—u a; v ul, u(+ )—u(t,)xeg’l(rlll’v)esf,(x,u,v). (14)
By Theorem 2.1 [14] and condition (12), Eq. (14) has a unique piece-wise continuous and strictly positive periodic
solution #*(¢) such that every solution #(¢, u,,) of (14) with u,, > 0 has the property (¢, u,) — u*() ast —
oo. Therefore, there exists a positive constant rx’f such that, for every solution # (¢, u,), u, > 0, of Eq. (14) we get
u(t, upy) > o, starting with some moment of time f=1(uy)>0.

Since solution u(z, x, ug, vg) of Egs. (1), (3) is bounded from below by solution u(z, u,;,) of Eq. (14), we conclude
that u(z, x, ug, vo) > o for ¢ >7.

Let us consider the predator equation. Since u(t, x, ug, vo) > oc’f, we have
v L, .M,?2

co(t, x)uv cyrv

ov
0=— —wAv+a(t,x)v - ——— < — —uzAv+(aéw —cé‘)v+

ot r(t, x)v4+u  Of rMy + o
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Hence, v(¢, x, ug, vg) = 0(t, my), where 0(t, my), 0(0, m,) = m,, is the solution of equation

do crMi?
— =t —ao - 2 ——, 0@ +0)=0()g, (15)
dr rMyp + of

where g; =infyc (u,v)es & (x, u, v). If O(t) <o for t € [0, #1], then

L.M
cyron
N L M 2
v(t,my)=>myexp |t |y —ay — ——
v) = v p 2 2 }"Mdz—i—OCT

and

L .M

A R CY'T 7 0
v(t1 + 0, my) > g1my exp (t1 (c% — aéw 2—)) .

Moy + of

Therefore, if 0(1) <op for ¢t € [0, w] then

P CLVMOQ
f)(w,mv)émuexp Zln§l+w cé‘—aé‘/[—m .
1

i=1

Taking into account (13), we can take sufficiently small o > 0 such that

P L.M
~ Cy T 0D
E Ingi +w cé—aé”—% =hy>0.
i1 rop + o

1=

For ag € (0, ap), there exists a positive integer k» such that v(kyw, m,) >elkpy > ocg (by the additional condition
0(t, my) < ap for all ¢ € [0, krw]).

Hence, for every solution d(z, 7o) of (15) with 9o > 0 there exists a moment of time 7 such that 1 (7, 9p) > ocg. Denote
by 9(z, 7, Ug) the solution of (15) with 0(z, 1, V9) = Up and consider a positive number

o} = inf{D(z, 7, Do) : T € [0, w], Do € [43, N2l t € [, 20]}.
Then 0(z, 7, 9) > o for all 1 > 2. Indeed, let us take
o = inf{d(w, 1, 0g) : T € [0, w], Dy € [ch, N2l} > o5

and consider a solution 0 (¢, w, ) with 0y > a,. If0(7, w, Uy) <o forallr € [t, 2w], then 02w, w, Vo) =ha0(w, W, Ug)
>0, If 0(f, , D) > op at some moment of time ¢ € [w, 2w], then (2w, w, 1g) > o, by definition of number o,.
Therefore, it is enough to consider solutions v(z, 2w, g), t > 2w, with 9y > . By construction, these solutions are
bounded from below by positive constant o} for # € [2w, 3w]. Proceeding in this way we prove the boundedness from
below fort >3w. O

Remark 7. If there are not any impulses in Problems (1)—(5) (fx = 1, gk = 1, k> 1), then conditions (12), (13) take
a form of the following inequalities:

M
<af - %) >0, (ck—ally>o, (16)

which are sufficient to have the permanence phenomenon for the system.

Assume that inequalities (16) are violated. Nevertheless, choosing functions f, gx positive and separated sufficiently
far away from zero we can satisfy (12), (13), that is we can arrange the permanence for the impulsive system again.
This method of “improving” of differential equations by involving appropriate impulses are very useful for theoretical
as well as for practical needs [12,19].
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The next theorem gives conditions for the extinction of the predator population.

Theorem 8. Suppose that system (1)—(5) satisfies conditions (C1)-(C5), and, moreover,
p
> In sup gix,u,v) + () —ay) <0. (17)
i—1 (x,u,v)

Then v(t,x) — Oast — oo.

Proof. Fix a positive constant M, such that M, > vy(x) and denote by v(¢, M,) the solution of initial value problem

dv _ _
5=(c§4—a§)v, 50, My) = M,.

From the inequality

ov co(t, x)uv Qv LM
0=— — 1A LX)V — —————>— — LA - ,
5 e v+ax(t, x)v rCovtul o WAV + (ay — ¢y v

applying the comparison theorem again, we can find that v(¢, x, uo, vo) <v(t, M) for t <tq.
Moreover, using impulsive condition (4) we obtain that

v(ty + 0, x, ug, vo) <V(t1, My) sup gi(x,u,v).

(x,u,v)

Proceeding in this fashion, we conclude that every solution of the predator equation with impulses is bounded from
above by the corresponding solution of linear impulsive equation

dv _ _ _
— = (M —ab)v, Bt +0)=v(t) sup gk(x,u,v).
dt (x,u,v)

Taking into account (17), we see that all solutions of the last equation tend to zero as t — oco. [J

4. Compactness of solutions

Denote w = (u, v) € L,(2) x L,(LQ), where p > n is a positive integer. We rewrite system (1)—(5) in the form

dw

d_t:Alw—i_F(t’w)’ t#ti’ (18)
w(t; +0)=w) + Gi(w(y)), ieN, (19)
where

_(ma—0 0

A1—< 0 ,uZA—5>’ 5>0,
u (al(t,x) —b(t, x)u — M) + du

F(t.w) = r(t,x)v+u

’ v —ax(t, x) + et + ov ’

2 r(t, x)v+u

oy [ uisx) filx, u(ti, x), v, x)) — u(ti, x)
Gi(wn) = (v(n,x>gi<x, u(ti, ), v(ti, X)) — v, x)) :
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The operator A; has the domain Z(A) = {¢ : & € W>P(Q), gébg = 0}, where W2 (Q) is the Sobolev space of
functions from L ,(€2) that have two generalized derivatives. It is known [8] that the operator A is sectorial and

Rea(A1)< — &, where g(A1) is the spectrum of Aj. For any o > 0, we define the fractional power A|* of operator A
by

l o0
AT = —/ e sAIgu—1 g
Y r o ’

where I is the gamma function. The operators Af“ are bounded and bijective. The operator A%, o > 0, is defined as
(Al_‘“)_l, and @(A‘f) = ,%(Al_o‘). The operator A(l) is the identity operator in X. For 0 <« < 1, we introduce the space
X* = Z(AY) with the norm || x|, = |[Ax]. Here ||| is the norm in the space X =L, x L.

We denote by C""%(Q), where m is a positive integer and 0 < o < 1, the space of m-times continuously differentiable
functions f : 2 — R, which have m-order derivatives satisfying the Holder condition with exponent .

Theorem 9. Suppose that the functions G; are continuously differentiable and there exists a positive-valued function
n(M) such that

sup  [[Gr(w)lla<n(M), keN, (20)
lwlla <M

for some o € (% + 2”—17, 1). Let w(t, wo) = (u(t, x, ug, vo), v(t, x, ug, vo)), wo = (ug, vo) € X%, be a bounded solution
of Egs. (18), (19), i.e.,

[w(z, wo)llc <N, 1>0. 21

Then the set {w(t, wg) : t > 0} is relatively compact in C'TV(Q, R?) for 0 <v <24 — 1 —n/p.

Proof. The solution of Egs. (18), (19) can be written in the form

t
w(t, wo):eA”wo—i—/ M= F(s, w(s)) ds + Z MG (w(ty)) (22)

0 O<ti<t

(see [19]). By definition of the norm in the space X%, it follows from (22) that
lw(t, wo)lle = |ATw(z, wo)ll

t
<[l ASe™ wol| + / 1ATeM O F s, ws)) I ds + Y AT TG w (). (23)
0

O<ti<t
It is known [8] that analytical semigroup e41?, 1 >0, satisfies the following inequality:
A% | <Cur ™™, 1>0. (24)
Hence, one can verify that
|l A%eA  woll <l 1A woll < Coe™* Ilwollz < Collwolly (25)
and

t t oo R
/||A‘feA'<’—S>||||F(s,w(s))ndsgf Ca(t—s)_“e_‘s(’_s)dsgcxMFf s %% ds
0 0 0
I'(l—a)

517% ’

= CyMp (26)

where M = sup, || F (s, w(s))| < oo.
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Let us fix ¢ € (0, 0), where 6 = ming (tx+1 — #), and consider the third term at the right-hand side of (23) for the
values of 7 located to the right of the impulse points at a distance not less then ¢. Then we have (¢ — ;) % <&~ * and the
following estimation is correct:

AR TG )< Y] Colt — 1) e TG (w(@i) |
O<t;<t O<t; <t

—o

o0
_ _50j €
<CMge™) e 30; <CuMo——

> —5 @7

where Mg = sup; ||G; (w(#;))|l. Taking into account (21) and periodicity of G; in j, we get Mg < oo. Relations
(25)—(27) yield lw(t, wo) |l <My < oo fort € Ui[t,- + &, ti41], and, therefore, ||w(f, wo)l|l« < M, for all k. By (20),
we get [|Gr(wi) e <n(M;), k € N. Now, the sum in (23) can be estimated as follows:

D AN TG @IS Y] e CTIATG wE)I< Y Coe TG (wt) la

O<ti<t O<t; <t O<t; <t

oo

0y _ Con(My)

<Coniy) Y- e = L (28)
j=0

This proves the boundedness of the solution w(, wy) in the space X*. By [8], the boundedness of a set in X* implies
its relative compactness in the space X B for p<a. For2f—n/p>1+v, the space X Bis continuously embedded in
the space C'*”. Therefore, the solution w(z, wo) is relatively compact in the space C!**. O

5. Periodic solutions

Theorem 10. Assume that conditions (C1)—(C5) and (20) hold and system (1)—(5) is permanent, i.e., there exist positive
constants f§ and N such that an arbitrary solution of the system with non-negative initial functions not identically equal
to zero satisfies the condition

(u(t, x),v(t,x)) € & ={(u,v) : p<u(t,x) <N, f<v(t, x) <N},
starting with a certain moment of time. Let, additionally,
P
Z InK; 4+ wiy <0,
Jj=1

where Ay is the maximal eigenvalue of the matrix

CL}’L CM
2(a¥ —ptp— — T oM+ 2
M+ N/P) r
M M
M9 L )
ol + = 2| —ay + ————
bt ? (1+rLﬁ/N)2>

and

ofi\? ofi\? dg:\? og:\?
_ 2 ot ofi 2 98; o8j
K’_u,v?£§e92<ff+( au) +( 6v> +g1+<Nau) +(N6v> '

Then system (1)—(5) has a unique globally asymptotically stable strictly positive piecewise continuous w-periodic
solution.
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Proof. Let (u(t, x), v(z, x)) and (u;(t, x), vi (¢, x)) be two solutions of system (1)—(5) bounded by constants § and N
from below and above, respectively. Consider the function

L(1) = f ((u(t, x) —up(t, )% + (v(t, x) — v1 (¢, x))*) dx.
Q
Its derivative has the form
dL(1) _ Ou  Oujp v Ov;
ar —Z/Q(M—u1)<5—§>dx+2/9(v—v1)<a—a>dx
=21 f (u—u)A(u —uy)dx
Q

+2/(u—u1)<u<a1—bu— av )—ul (al—bul—&>>dx
Q w+u vy + uq

cUv CoU1V]
+2,uzf (v—v)d4( — vy)dx +2/ (v —vy) (—azv + —— +apv; — —) dx
Q Q rv—+u v +uq

< —2u1/QIV(u—u1)|2dx—2ﬂ2/Q|V(v—v1)I2dx

- 5 B _ C1ruvvq
_,_2/;2(,4 up) <a1 b(u +uy) (rv+u)(rv1+ul))dx

oo Coull]
H/Q(” o) ( “2+(rv+u)(m+u1>>dx
—Cciruuq C2ruvvg
H/Q(” DR ((rv+u)<rv1 T vt v +u1>> &
<2f( —up)? M—bLﬁ—L d
St NP

2o L oy .
+2/;2 (v—v)"|—a +m + U —up)(v—v)l|{c +r_L dx

<AM/[(u—u1)2+<v—v1>2]dx.
Q

Using the last inequality, we obtain L(t; 1) <L(t; + 0) exp(Ay (tj+1 —t;)) and

Lt +0) = /Q<uf,~+1<u,v)—ulfm(ul,v1>>2dx+/g<vg,»+1<u,v>—vlg,-mul,v1)>2dx
SKj1L(tj+1) < Kjr1exp(Auy (tj+1 — 1)) L(tj +0).

Let us estimate the variation of the function over the period. We have

p
L(t + o) <K.L(@t) =] | Ki exp(iyo)L(1).
i=l1

According to the conditions of the theorem, we have K. < 1. Therefore, L(mw + s) < K'L(s) — 0, m — co. We
have proved that ||u(z, x) —u (¢, x)|| — Oand |Jv(z, x) —vi (¢, x)|| = 0ast — oo, where ||.| is the norm of the space
L>(Q). By Theorem 9, solutions of system (1)—(5) are bounded in the space C 14V Therefore

sup |u(t,x) —ui(t,x)] — 0, sup |v(t,x) —vi(t,x)| > 0, t = oo. (29)
xeQ xeQ

Now we consider the sequence (u(kw, x, up, vo), v(kw, x, ug, vo)) = w(kw, wo), k € N. By Theorem 9, it is compact
in the space C(Q) x C(£2). Let w be a limit point of this sequence, w = lim,_, oo w(k,®, wo). Then w(w, w) = w.
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Indeed, since w(w, w(k,w, wg)) = wk,w, w(w, wy)) and w(k,w, w(w, wy)) — wlk,w, wg) — 0 as k, — 00, we
get

lw(w, w) —w|c<|lw(w, w) —w(w, wk,w, w))llc + lwlw, wk,w, wy)) — wk,w, wo)llc
+ lw(k,®, wy) — wllc — 0, n — oo.

The sequence w(kw, wp), k € N, has a unique limit point. On the contrary, let the sequence has two limit points
w =1lim,,— 0o w(k, , wg) and W = 1im,;,_, oo w (ky, ®, wo). Then, taking into account (29) and w = w (k, ®, W), we have

[w—wlc<llw—wkyw, wo)llc + [wknw, wo) —Wllc - 0, n— oo,

hence w = w. The solution (u(z, x, i, v), v(t, x, i, v)) is the unique periodic solution of system (1)—(5). By (29), it is
asymptotically stable. [
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