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Abstract

The aim of this paper is to investigate dependence of solutions on parameters for nonlinear au-
tonomous impulsive differential equations. We will specify what continuous, differentiable and an-
alytic dependence of solutions on parameters is, define higher order derivatives of solutions with
respect to parameters and determine conditions for existence of such derivatives. The theorem of
analytic dependence of solutions on parameters is proved.
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1. Introduction

Differentiability of solutions of nonautonomous impulsive differential equations with
respect to parameters has been considered in many {208¢8,16,21,23]But smoothness
of solutions of autonomous systems apparently has not yet been investigated. Since au-
tonomous impulsive equations can define discontinuous dynamical systems
[4,5,10,11,13,14,16,18-21}he subject is very important for applications. The
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investigation requires additional definitions and special methods because of its complexity.
We use the topology of piecewise continuous functions which is based on iddd$ ahd

was developed ifi1—3]. Moreover, we shall utilizeB-equivalence of impulsive systems
[1,3]. It is the inherent advantage of the method that we consider the problem for equa-
tions with variable time of impulses, while [8,16,23]it was discussed for systems with
fixed moments of impulsive actions. Effective methods of the investigation of systems with
nonfixed moments of impulsive action can be founi7iy®,16,17,21]

The paper is structured in the following way. In the next section we introduce and describe
properties of some maps which will be useful in the rest of the article. The main subject
of Section 3 is the continuous dependence of trajectories on parameters. Section 4 is the
description of the notion oB-equivalent impulsive equations. The final three sections
constitute the heart of the work and comprise definitions and theorems about derivatives
and analytical dependence of solutions on parameters.

2. Preliminaries

LetGy x G, C R" x R™, wheren, m are fixed positive integers, be an open and bounded
set. Assume that the set is the domain of the following nonlinear system:

dx

azf(xylu)a X¢F(,u)7

Ax|xe]’(/¢) = I(-x’ ,u)v (1)
whereAx|,—p := x(0+) — x(0), x(0+) =lim,_ y+x(¢), I'(n) is the set where solutions
perform a jump. The following assumptions will be necessary throughout the paper:
(C1) for fixedu € G, the setl'(u) is ann-dimensional manifold inR" given by the

equation

D(x, ) =0, xeGy; 2

(C2) f,1: GyxGy—> R",®:GyxG, — R'and{f, I, ®} c CY(G, x G). Denote
&, = 0¢¥/0x and letd, f be the product of the matrices.
(C3)

Dy (x, ) fx, ) #0, if x e I'(w), 3

i.e., the vector field is transversal at every point of the manifold.

Below in this section we introduce functionsand J and we define properties of these
functions which are very important in the remaining part of our paper. Let us consider the
system of ordinary differential equations associated with (1):

dx

— = . 4

i ACHYD (4)
Fix kx € R and denote by (r) = x(t, k, x, 1) a solution of (4) and introduce a function
7 = t(x, w) such that is the moment of the first meeting ofr) with the surfacd (u).
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Lemma 2.1. t(x, u) € CV.

Proof. Differentiating®(x(z, x, x, 1), ) = 0, and using (C3) one can get that

0D(x(t, 1, x, (), 1) _ 0D(x(t, 1, x, n) dx(r)
ot B ox dr |,_,
0D(x(1, K, x,
- Wﬂx(r, K, %, 1), ) # 0.

The proof of the lemma follows immediately from the implicit function theorem and con-
ditionson (4). O

Corollary 2.1. ©(x, ) is a continuous functian

Now letxy () =x (¢, 7, x(t) + I (x (1), ), 1) be another solution of (4). Define a function
J(x, ) = x1(x) — x. Similar to Lemma 2.1, one can show that the following assertion is
true.

Lemma 2.2. J € CD,

The prooffollows from Lemma 2.1, differentiability éfand the theorem on differentiable
dependence of solutions on initial dfd2].

Corollary 2.2. J(x, p) is a continuous functian

Let us consider the solutian(t) = x(z, x, x, u) of (4) again and fixxg, ug) € G x
Gu, xo=(2,...,x9), uo=@§, ..., 10).

Lemma 2.3. The functione(x, ) is analytic

Proof. By applying the Cauchy theorem on the analyticity of solutions of ordinary differ-
ential equationfl2] and the theorem on the analytic dependence of solutions on parameters
[6], we find that the expansion

X(0)=Y" Cpyjas(t — 1) (x1 = xD)"
= 2D (= 1)y — ) )

is valid if tis close tox. Then (C3) and the theorem on the analyticity of implicit functions
imply that for sufficiently smalll|x — xo|| and || — ugl| there exists a unique analytic
solution of the equatio®(x(t), 1) = 0. Therefore,

=Y EL .t —x)" G —x) g — i)y — 1) (6)

The proof is complete. [

Lemma 2.4. The function/ (x, ) is analytic
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Proof. By using formula (6), the theorem on substitution of a series into a §&@&gand the
theorem on the analytic dependence of solutions on parameters, one can conclude that the
functionJ can be expanded in powers of the componenrtscg andu — pg in a sufficiently

small neighbourhood of the poitto, 1p). The lemma is proved. O

3. The continuous dependence on the initial data and parameters

LetxO(t) : [to, T]1 — R", x°(t) = x(t, t0, x0, 11g), be a solution of (1). From now on we
make the assumption that there exists a neighbourhood of the(pging) which does not
intersect the manifold’ ().

Fixee R, &> 0.

Definition 3.1 (Akhmetov and Peresty(&] ). A solutiony(¢) : [#1, T1] of (1) is said to be
in thee-neighbourhood of%(¢) if:

(1) the measure of the sy, T1\[?1, T1] U [#1, T1]\[f0, T] does not exceegd

(2) every point of discontinuity of(¢) lies in thee-neighbourhood of a point of discon-
tinuity of x0(r);

(3) for all ¢ € [0, T] which are outside of the-neighbourhoods of the points of discon-
tinuity of xO(¢) the inequality||y(r) — x%(1)|| < ¢ holds.

Definition 3.2. Hausdorff's topology which is built on the basis of alheighbourhoods
of piecewise solutions will be calleB-topology.
Assume that

(K1) D(xo, ug) # 0; Definer=0;,i=1k,tg<01 <02 <, ..., <0 <T,theintersection
moments of®(r) andI'(g),
(K2) the points(x®(0;+), up), i = 1, k, are not cluster points of the manifold ).

Theorem 3.1. Assume that condition&1)—(C3)and (K1), (K2) are satisfied. Then the
solution x%(r) depends continuously on the initial data and parametersitopology.
Moreover if x1(¢t) = x (¢, 11, 1) is a solution of(1) and (¢1, x1, i1) is sufficiently close to
(to, x0, lp) thenxq(¢) is defined for alk € [#1, T] and meets the surfadé&(n) exactly atk
pointst =01, i =T k,nn <0t <--- <05 <T.

Proof. For a positive real numberwe shall construct a s€t” in the following way. Let
Fy={(t,x, wlt € [10, T1, llx — x°@)1l <o, |l — ol < i},

Gi(w),i=0k+1, be, respectivelyx-neighbourhoods of poinLSo, X0, Ho), (0, x(0;),
Ug), i =1, k, (T, x%(1), o) IN R x R" x R™, andG,(x), i =1, k, be, respectivelyy-
neighbourhoods of point);, x°(6;+), uo), i = L k. DefineG* = F; U (UG U
(Uf.‘zlGi(oc)). Takeo = h so small thaG” c G, x G, x G, whereG, is an interval such
that[rg, T] C G;.Fixe e R,0<¢e<h.
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1. In view of the theorem on continuous dependence on initial data and paraftiélers
there exist$; € R, 0 < d; <¢, such thaGy (5x) NI '(1g) =¥ and every solutiom (¢) of (4)
which starts irG (J;) is continuable to=T, does notintersedt(x) and||x; (1) —x°(1)|| <&
for thoser.

2. The continuity ofl implies that there existé € R, 0 < d; <¢, such thai(x, x, u) €
G (8;) implies (i, x + I (x, ), 1) € G (5x).

3. Using Corollary 2.1 and continuous dependence of solutions on initial[#ia}a
one can findd;_1,0<d,_1<e, such that a solutiony_; of (4), which starts in
Gr-1(0k—1), Gk—1(6x—1) N I'(w)= intersectsl"(x) in G (d;) (we continue the solution
xx—1 only up to the moment of the intersection), ahe._1(r) — x°(t)|| < & for all t from
the common domain of;_1(¢) andx®(r). Continuing this process far— 2, k —3, ..., 1,
one can obtain a sequence of families of solutions ofx(4)), i = 1, k, and a number
0 € R,0< 0 <zg, such that if a solution(z) = x(¢, 19, z) of (1) starts iGo(d) then it
coincides over its first interval of continuity with one of the solutiong), except pos-
sibly a 61-neighbourhood of)1. Then, on the intervalf1, 0>] it coincides with one of
the solutionst,(z), except possibly, id1-neighbourhoods aof1, -, etc. Finally, one can
see that the integral curve ofr) belongs toG,, it has exactlyk points of meetings with
I'(w, 0 i =1k, |0} —0;|<e, i =1k, and is continuable to = 7. The theorem is
proved. [

4. B-equivalence

Consider the solution(z) : [o, T] — R” again and the following system of differential
equations with fixed moments of impulse effect:

d
o =f0a0. 1 # 0
Ayli—g, = Wi(y, w, (7)

where the functiorf is the same as in (1). May; will be defined below. Furthermore,
(o, B, {2, B} C R, stands for an oriented interval, that is

Ao ) (o B iF a<B,
(“’ﬁ]_{(ﬁ,a] otherwise

Letx(r, p) be a solution of (1)x (¢, u) = x (¢, k, &, ), and letx(z, 1) be close tor%(r) in
B-topology by Theorem 3.1«(is near =1o), and continuable t&". Thus x (7, ) has exactly
k discontinuity points =7;,i =1, k, t; = 7; (&, ), 7 — 0; as(k, &, ) — (to., xo, Lg)-

Definition 4.1. Systems (1) and (7) are said to Beequivalent inG",r € R,0<r <h,
if for every x(¢, u), whose integral curve belongs @", system (7) admits a solution
y(t, W = y(t, k, &, p such that

k
x(t, =yt @, el TN J@, 0. ®)
i=1
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Particularly
x(0;, w = {y(9i+a n) otherwise
. xiw, df 0; =1,
y(Ti, @) = {X(Ti‘i‘, D) otherwise (9)

Conversely, if (7) has a solution(z, i) and the integral curve of(z, ) lies in G", then
there exists a solution(z, u) of (1) such that (8) and (9) hold.

Fixi =1, k. Let&(r)=x(t, 0;, x, 1) be a solution of (4) and =1, (0;, x, 1) be a meeting
time of &(r) with I'(w) andy/(r) = x(¢, 1;, &(t;) + I (E(t;), ) is another solution of (4).
ThenW;(x, n) = y(0;) — x, or

Wi (x, ) = fo FEs). wds + 1 (x + /0 FEE). 0 ds)

0;
[ .o ds (10)

is the map of an intersection of the plagtke, x, x) with a neighbourhood ai);, x°(0;), Uo)
into the plang0;, x, ).

One can see that for every fixédhe functionW; is a mapJ defined inPreliminaries
with k = 0;. That is why for alli the functionsW; are continuously differentiable.

Theorem 4.1. Systemg1) and (7) are B-equivalent. The function®(r) is a solution of
systemg1) and (7) simultaneously

Proof. Assume that the solution(z, 1) of (1) is defined onx, 7] and it is in anr-
neighbourhood ok%(r), G' c G, x G, x G . Considery(t, ), y(x, ) = x(x, u), a
solution of (7). Denote by; the discontinuity points af (z, ). Without loss of generality
suppose thaf); > t;. We shall show that (8) and (9) are validWf; is defined in (7) by
(10). By the theorem on the existence and uniqueness of solfightr ¢ € [x, t1], the
equalityy(z, u) = x (¢, w) is valid for all¢ € [k, t1]. Particularly

x(t1, ) = y(t1, 1. (11)

Since(t1, x(t1, 1)) € G" andy(z, p) is a solution of (4) on the intervéty, 01], in view of
continuity of the functiorr1 (x, w), it can be calculated thatz, ) is in ank-neighbourhood
of xO(ty) if r is sufficiently small. Furthermore, we have that

01
(01, 1) = x (e, 1)+ 1 Cr(t1, 1) + / £, 0, 1) ds, (12)
71

and

01
YO+, ) = y(t1, 1) + / FOGs. 10, 10 ds + Wi (y(01. 0, 0. (13)
71
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Using (10)—(13), one can see that

01 1
y(01+, @) = x(t1, u)+/ fOs, w, 1 ds+/9 f(s, @, p)ds
T1 1

01
)+ [ 0.0 ds =202 0,
T1

Now, definingx (¢, 1) andy(z, ) as solutions of (4) o1, t2] with a common initial value
x(01, w), one can obtain that(z, u) = y(z, u) for all ¢ € (01, 72]. Continuing in the same
manner for ali = 1, k andr € [, To], we shall prove thap(z, w) is continuable offir, T']
and that (8) holds. Similarly, one can show that the existence of the solution) on the
interval[x, T']in ther-neighbourhood af°(¢) implies the existence of the solutiatz, 1)

if r is sufficiently small. The assertion abotft(?) is trivial. The theorem is proved.[]

In this part we define derivatives of functiomgx, 1), W; (x, p), i = 1, k at the points
x%0)), Uo)- One should emphasize thatis a mapr defined in Section 1 witk = 0;. The
equality®(x (7; (x, p), w), ) = 0, implies that

" 0x0 " 0x0 -
Dy fdv+Yy P——dxj+ Y O ——dy + Y Py diy =0.
=1 YA = M =1
Using the last expression, one can obtain that
ax%0)
Su _ Tt oy
axj N (pr '
ax°0)
o P (14)
Oy . f ‘
Similarly for W; the following expressions are valid:
ow; 0t; ol ( 0T ) 4 071;
—=f—+—\I+f—)-f"—
0x;j f Ox; 0Ox f 0x; f Ox;
6Wi 61,- ol 6‘L'k al
— =~ f o (15)
o Oy  0x” Oy Opy

It is obvious that we can proceed to define derivatives of arbitrary order.

5. Differentiability of solutions in parameters

Let xO(¢) be the solution of (1) which was considered above. Assume that systems (1)
and (4) areB-equivalent inG” and there exist® € R, J> 0, such that every solution
which starts inGo(9) is continuable to = T and has exactly points of discontinuity.
Denote byx;(#), j = 1, n, a solution of (1), where: = piy such thatx; (to) = xo + e; =
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(x?, xg, e x?fl, x? + &, x?+l, e x,?), ¢ € R, (to, x0 + &ej, ug) € Co(d) and IetG{

be the moments of discontinuity af;(r). By Theorem 3.1, for sufficiently smalE| the
solutionx; (¢) is defined orizg, T'1.

Definition 5.1. The solutionx%(¢) is said to be differentiable im?, j=1n,if
(A) there exist such constants, i = 1, k, such that

0! — 0; = vi;& + 0(12)): (16)
(B) for all 7 € [ro, T]\Ule(f)i, 6{], the following equality is satisfied:

xj(0) =500 = uj ()& + 01D, (17)
whereu ; (7) is a piecewise continuous function, with discontinuities of the first kind at the
pointst = 0;,i =1, k. .

The pair{u, {v;;};} is said to be &B-derivative ofx%(¢) in initial valuexé.

_ Letxo(?) be a solution of (1)yo(x) = xo, (k, x0, Ug) € Go(d), E=K —19, andr = (9?, i=
1, k, be the points of discontinuity ofy(z). By Theorem 3.1, for sufficiently smalf| the
solutionxo(z) is defined ok, T1.

Definition 5.2. The solutionx®(r) is said to be differentiable i if there exists a pair
{uo, {vio};} whereuo(?) is a piecewise continuous function, with discontinuities of the first
kind at pointsr = 0;, i = 1, k andv,o, i = 1, k, are real constants, such that

(A) 0°—0; =viol +o(|¢]).i =T k;

(B) xo(t) — x°(t) = uo(t)é + 0(|&]). 1 € [to, T1 N [x, T]\Uf:1(9i:9?]-
The pair{uo, {vi0};} is said to be a-derivative ofx°(r) in ro.

Assume thak’/ (1), j =1, m, are solutions of (1)y/ (to) = xo, j = 1, m, whereu = g +
Cej=, 13, ..., ,u?_l, u? +¢, /‘?+1’ - 19). (0, x0. o+ Eej) € Go(0) andd; are the
moments of discontinuity aof/ (). By Theorem 3.1, for sufficiently smalf| the solution
x/(¢) is defined orizg, T1.

Definition 5.3. The solutionk%(¢) is said to be differentiable inj, j=1, m, ifthere exists
a pair{u/, {v{}i}, whereu/ (1) is a piecewise continuous function, with discontinuities of
the first kind at the points= 0;, {vl.j} C R,i =1k, such that

(A) 0 — 0: =v]E+o0(1ED), i =T m;

(B) x/ (1) —xo(t) =ul ()¢ 4 o(|€)). 1 € [0, T]\U 1(01, ]]

The pair{u’, {vl. };} is said to be aB-derivative ofx°(r) in -

Lemma5.1. If f € CV(G, x Gy) andW; € CD(G;(r)), then the solution®(z) of (7)
has B-derivatives in the initial data and parameters
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Moreover
(1) u;, j =0, n, are respectivelysolutions of the linear system

d
R ONTS TS
Aul—g, = Wi (x°(0;). pou. (18)

with the initial conditionsu(tg) = — f (xo, o), j =0, u(to) = e;, j = 1, n, and constants
vij = O,'for alli, ;.
(2) u’ are solutions of the nonhomogeneous linear system

0
‘;—” — 00, o + LI D)
OW; (x0(0;),
Auly_g, = Win (O(00). o) + W (19)
J

with the initial conditionu(zg) = 0, and constant${ =O0forall i, j.

Proof. Fix p =1, n. We shall prove the lemma only for the derivativex§. For all other
parameters the proof is analogous. kgtt) = y(z, to, xo + e, ). By the theorem on
differentiability with respect to parametdf?],

yp) = x°0) = up,(E+ p(d),  p(&) =o(E)). (20)
forall z € [1g, 01]. Particularly,

Yp(01) — x2(01) = u, (01)E + 0(|)). (21)
Then

yp(01+) — x°(01+)
=y (01) — x%(01) + Wi(yp(01), po) — W1 (x°(01), o)
=1y (01)E + p1(&) + Wi (x°(01), 1) (v (01) — x°(01)) + p1(&)
= (I + W1 (x°(01), o)) up(01)E + p1(&) + Wi (x°(01), 119)) p1.(E) + p1.(&).

Sincep; = o(|&]), we have that

Yp(014) — x°(014) = up (01H)E + p1(8), (22)
wherep; = o(|&]). Denote byU (1), U (01) = I, the fundamental matrix of solutions of the
system

d
5 = F600). o). (23)

1

Again, using the theorem frofii2] one can obtain that for all € (01, 02] the following
relation is true:

yp®) = x°(t) = U 1) (yp(014) — x°(014)) + p(y, (O1+) — x°(01+))

=U0OupOn+)E+ pa(8) = upt)S + py(d),
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wherep, =o([¢]). Co_ntinuing the process we can prove that (17) is valid. The formula (16)
involving constant:‘y{ is trivial. The lemma is proved. [

Theorem 5.1. Assume condition&1)—(C3)and (K1), (K2) to be satisfied. Then the solu-
tion x%(¢) of (1) has B-derivatives in the initial data and parameters

Moreover
(A) u; (), j =0, n, are, respectivelysolutions of the equation
dl A(r) t#0
- = u, [
dr '
Aul,—g, = Biu, (24)
where

or ol 0
AW = £:°0). 1), Bi=(f — f+)—af + & (1 + f—f) :
X ox

Ox
with the initial conditionsi(tg) = — f (xo, o), j =0, u(to) = ¢, j = 1,n, and
b Du;j(0;) bio — Druo(0;) i=Tn i=1%
”__Tf’ T ey T T
(B) u/(t), j = 1, m, are solutions of the equation
d
d—j=A<¢>u+g,»<t>, t# 0;,
where
af (x0(0), o) ot ot ol
gin=TEOHD gy TE Ty L
o o, X O Op;

with the initial conditionu(rg) = 0, and

. & ul (0;) + D, - _
v!:—;’uj, j:l,l’l, l=1,k
' D, f

The proof of the theorem follows immediately from Theorem 4.1, Lemma 5.1 and for-
mulas (14), (15).

6. Higher-order derivatives

DefineAr=ho, Ax=(h1, ha, ..., hy), Au=HD 1P h™) h=(ho, h1, ..., hy).
Let X(¢) = x(z, to + At, xo + Ax, pp) be a solution of Eq. (1)to + At, xo + Ax, tg) €
Co(d), t=1;, i=1, kandr;, i=1, k, be the moments of discontinuity f). By Theorem
3.1, for sufficiently smal|A¢| and|Ax| the solutionx (¢) is defined orfrg + Az, T1.
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Definition 6.1. We will say that a solution:%(r) has B-derivatives of up tdth order,
inclusive, in the initial data, if there exist a piecewise continuous (with discontinuities of

the first kind at the points= 0;,i = 1, k) functionsuy,, uzp;, . .., ujpj..s, and constants
Vip, V2pjs s Vipj.ss 1 = 1, k, which continuously depend ag, xo, 1, are symmetric
with respect to permutation of indices, and are such that
(A)
n n
T—0;=Y viphp+t+ Y i shphj . by +o(|R]]'); (26)
= Dsfreerrs=0

(B) for all pointst € [tg, T]1N [to + Az, T\ ’-‘z (r,-,AH,-] we have
i=1

6 =220 =Y ur,Ohy 4+ D wpshphy .. by +o(llh]]). (27)

p=0 Dsfreerrs=0
We callthe pa|r$u1p, viplils - {ulm S, {vlpj,,,s},-}asB-derivatives ofc%(¢) inthe initial
datar, x;’, i =1, n, of orders 12

Remark 6.1. Since we will be most interested in expansions (26), (27) in what follows,
for the sake of brevity, we do not use factorials in the definitio® aferivatives.

Let x(r) = x(z, to, xo0, Uo + Ap) be a solution of (1)(ro, xo, tg + Ap) € Co(d) and
t =1;,i =1, k, be the points of discontinuity of(z).

Definition 6.2. We shall say that a solutiorf (1) of (1) hasB-derivatives of up téth order,
inclusive, in parameters;, j = 1, m, if there exist piecewise continuous (with discon-

tinuities of the first kind at points = 0;,i = 1,k,) functionsu (1), ub, . uP’ and

constants?., v&/, ... v"/* i=1 k, that continuously depend a xo, (o, are symmetric
with respect to permutatlon of indices, and are such that

(A)

m
=0 =Y VinP + Z ViR PRD RO +o(||Apl: (28)

(B) for all pointst € [1o, T]\Ule(r,-:(?i] we have that

n
7)== ufhy + -+ Z ul’h hg+o(h]]).  (29)
p=0
We call the pairsiu}, {v]};}, .. {u’” o {v”’ “1;} as B-derivatives ofx%(r) of orders
1,2,...,1, in parameterg;, j = 1, m.

Lemma 6.1. If (C1)—~(C3), (K1), (K2)hold and {f,I,®} c C'(G, x G,), then
{0(c(x, ), J (x, W} C C.
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The proof of the lemma follows immediately from the existence of the implicit function
O(x, p) in (2) andl-times differentiability of the solutior®(z).
Lemma 6.1 implies that the following assertion is true.

Lemma 6.2. If (C1)—(C3),(K1),(K2)hold and{ f, I, ®} ¢ C'(G x G)thenW;(x, u) €
C! in a neighbourhood oft);, x°(0;), ug). i =1, .

Lemma 6.3. If f € C!(G, x G,) andW; € C'(G;(r)), i =1, k,then the solution®(¢) of
(7) has all B-derivatives of up téth order inclusive in the initial data and parameters

The proof of the lemma is similar to the proof of the theorem of higher-order derivatives
from [12] and utilizes Lemma 5.1. The following theorem is a corollary of Lemma 6.3.

Theorem 6.1. Let conditions(C1)—(C3),(K1),(K2)hold and{f, I, ®} ¢ C' (G, x G.
Then the solutionc®(r) has B-derivatives of up tdth order inclusive with respect to
to, x4, j =L n, i, i =1, m.

7. B-analytic dependence on parameters

LetX(r) = x(¢, 10, x, p) be a solution of (1)(x, ) € Gy X Gy, x = (X1,...,X,), U=
(U, - .., 1y,) andr;, i =1, k, be the moments of discontinuity of the solution.

Definition 7.1. We shall say that the solutioi(z) is B-analytic inx, ¢ in a neighbourhood
of xo, g, if for sufficiently small||x — xo|| and||x — pg| the following representations are
valid:

(A)

—0; =Y D} . x1—xD*. . (= O g — 1w, — 10) (30)

i =1k, whereD; ;. are real constants and the series are convergent

o e
f(r)—xo(n:ZAx daa (O = 3" o = x D (g — 1y, — 1)
for (10, T]\U (@i 011, (31)

whereA, ;, ,(t) are piecewise continuous functions with discontinuities of the first kind
at pointst = 0;, i = 1, k, and the series is convergent for al 1o, T]\Uf.‘zl(ri, 0;1.

Let $(#) = y(t, f0, x, 1) be a solution of (7).
Lemma 7.1. If (C1)—(C3), (K1), (K2)hold and f, W; are analytic functions irG, x G,

then the soluﬁ)rﬁ(t) is B-analytic in a neighbourhood ofy, 1o. Moreover the equalities
1; =0;,i =1, k are valid
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Proof. By applying the theorem on analytic dependence of solutions on pararftene
can obtain that for all € [z, 61], the following representation is valid:

O =Y Cy a1 — 2D o —xD g — 1)y — 1) (32)

whereC,,_;, ; are continuous functions. Owing to the analyticity of the functign the
vectory(01+) = $(01) + W; (3(01), w) is also analytic. Therefore, if we regajd:) on the
segmently, 02] as the solution of the Cauchy problem for system (4) with the initial data
(01, y(01+)) and apply the theorem on analytic dependence of solutions on parameters and
the theorem on substitution of a series into a series, we can show that representation (32) is
valid on the segmerit);, 62]. Continuing on this process one can see that (32) is valid for
allt € [to, T]. The condition (A) of Definition 7.1 is obvious. The lemma is proved]

Theorem 7.1. If (C1)—(C3), (K1), (K2)old andf, I, ¢ are analytic functions it x G,
then the solutiori (¢) of the systenil) is B-analytic in a neighbourhood ofy, 1.

Proof. The B- equalence of (7), (1), Lemmas 2.4 and 7.1 imply that the expansion (32)
forallt € [1g, T]\Ul_l(e,, 7;]is valid. By using Lemma 2.3 it is easy to see that condition
B) of Definition 7.1 is satisfied too. The theorem is provedl
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