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Abstract The integrate-and-fire cardiac pacemaker model of the malspled os-
cillators was introduced by C. Peskin. Due to the functiorthef pacemaker, two
famous synchronization conjectures for identical and dentiical oscillators were
formulated. The first conjecture of Peskin was solved in pf@¥ by S.Strogatz
and R.Mirollo. The second conjecture has been solved inrd@pdy utilizing a
special map to analyze pulse-coupled biological osciltatbhere are still many is-
sues related to the nature and types of couplings. The cmsgpihay be impulsive,
continuous, delayed or advanced, and oscillators may tadlyoar globally con-
nected. Consequently, it is reasonable to consider vavi@ys of synchronization,
if one wants the biological and mathematical analyses &raat productively. We
investigate the integrate-and-fire model in both cases ‘watteidentical, and an-
other with not quite identical oscillators. A combinatiohamntinuous and pulse
couplings that sustain the firing in unison is carefully donsted. Moreover, we
obtain conditions on the parameters of continuous couplthgt make possible a
rigorous mathematical investigation of the problem. Trehitéque developed for
differential equations with discontinuities at non-fixemments [2] and a special
continuous map lie in the basis of the analysis. We conshieiCt. Peskin model
of the cardiac pacemaker with retarded pulse-couplingswétidcontinuous cou-
plings. Sufficient conditions for synchronization of idieat and non-identical os-
cillators are obtained. The bifurcation of periodic motisrobserved. The results
are demonstrated with numerical simulations.
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1 Introduction and preliminaries

In paper [50] C. Peskin develops the integrate-and-fire mofdhe cardiac pace-
maker [34] to a population of identical pulse-coupled datiks. Thus, it was pro-
posed to consider a model of cardiac pacemaker, where sifrfak arises not
from an outside stimuli, but in the population of cells ifséVell known conjec-
tures of self-synchronization were formulated and sohgiof these conjectures for
identical oscillatorg50, 47] stimulated mathematicians as well as biologistsHe
intensive investigations in the field [8, 17, 20, 27, 35, 3,49, 54, 60, 62, 63, 64].

A specialized bundle of about 10000 neurons located in theeupart of the
right atrium of the heart is known as the sinoatrial node réfsfiat regular intervals
to cause the heart beat with a rhythm of about 60 to 70 beatsipete for a healthy,
resting heart. The electrical impulse from the pacemalggérs a sequence of elec-
trical events in the heart to control the orderly sequenagauwscle contractions that
pump the blood out of the heart. That is why it is called thediac pacemakein
the literature. The cells of the sinoatrial node are ableetpothrize spontaneously
toward the threshold firing, and then recover [10]. The eleaitactivity of the car-
diac pacemaker produces a strong pattern of voltage chafigke it is the norm for
nerve cells that they require a stimulus to fire, cells of #hweliac pacemaker can be
considered to be “self-firing”. It repetitively goes thrdug depolarizing discharge
and then recover to fire again. This action is analogous tteaiaton oscillator in
electronics. The circuit involves a capacitor which is ¢ear by the energy of a
battery (the membranes of the sinoatrial node and the imispi@t processes play
the role) and a resistor which controls the flashing rate efitiht. In the case of the
sinoatrial node, there is an input from the physiology oftibey related to oxygen
demand and other factors which control the rate of firing efgmoatrial node and
hence the heart rate. The question naturally arises howethens organize their
firing in unison The simplest explanation was that the fastest neurongsile¢he
others bringing them to the threshold. If it were the casentife injury of a single
cell could have significantly changed the frequency of thertigeat. To avoid this
important shortcoming, in paper [50] C. Peskin proposed dahaf a cardiac pace-
maker, where signals of fires arise not from an outside stjrout originate in the
population of cells itself. Moreover, it was proposed thagadiac pacemaker is a
population of neurons with weak couplings such that synmheamerges as a result
of the interaction of all cells, rather than a single cell doetion.

In papers [3]-[7], we have introduced a new method for irigasion of bio-
logical oscillators. The method seems to be universal ttyaeantegrate-and-fire
oscillators. In particular, we have solved the Second Pestinjecture in [3, 5]. It
was proved that an ensemble of arbitrary number of osciagnchronizes even if
they arenot quite identical

In the present chapter we extend the approach to the modebeiayed pulse-
coupling. Conditions are found, which guarantee synchzation of the model. Our
system is different than that in [17], since we suppose tiapulse-coupling is in-
stantaneous, if oscillators are close to each other andearetireshold. In next our
papers, we plan to consider other models, varying typeseotigtay involvement,
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as well as inhibitory models such that analogues of resalf$4] and [64] can be
obtained. Moreover, we plan to develop for these systemthday of the bifurca-
tion of periodic solutions. Some of open problems are dsedsn the conclusion
part of the paper. The method of the analysis of non-ideintisaillators is based
on results of the theory of differential equations with distinuities at non-fixed
moments [2].

The cells that create rhythmical impulses for contractibthe cardiac muscle,
and control the heart rate, are called pacemaker cells. kirPdeveloped a model
of an encoding neuron [34] for a population of identical put®upled oscillators
[50]. The synchronization of the system, viewed as firingnisan, was proved for
two [50] and more than two [47] identical oscillators. IntfaC. Peskin proposes
a model, which is a hybrid of continuous and discrete equoatithat admits syn-
chrony. The suggestion was so attractive that it has beahnwteonly for cardiac
models, but also, for example, for coupled neurons [9]. Tdyeep [47] has been the
most stimulating and intensive analysis of the problen{ 58]\

The mathematical problems connected to synchrony emengenerous appli-
cations - not only in a model of heart beat [34, 50], but alseniodels of fire-
fly flashing [11, 25], insulin-secreting cells of the pana¢d5], neural networks
[39, 53],[30]-[21], etc. There is still much uncertaintytivirespect to the types of
coupling in population (these may be impulsive, continyaledayed, advanced,
regular or random) [47, 17, 20, 12, 11, 14, 25, 32, 37, 43, 5B,&8hd with respect
to the structural complexity of networks - connection mayldmal or global, with
various quantitative characteristics and geometricaligorations [14, 59, 61]. It is
clear that the larger the diversity of mathematical modaks more opportunities to
tackle the biological issues.

It is natural that the problem has been considered in the general form. In
[47] the method of phase diagrams effectively is used toudise¢he models. In
paper [3] we suggested a special map, which helped us to $@hay/nchronization
problem for non-identical oscillators. A version of the nebis considered such
that perturbations can be evaluated still to save the spnitation. Other problems
of the theory are considered. Particularly, relation ofcéyonization and spatial
structure. Nevertheless, an analysis of models with géfema of dynamics has
remains unconsidered. In the present chapter we are goagend our proposals of
[3] to the case suitable for various applications. They caddwveloped easily further
such that the results have an important meaning for the yrafantegrate-and-fire
models of biological oscillators in both exhibitory andiinitory cases as well as for
different types of couplings: continuous; delayed, etcrébwer, we suppose that
the approach can be utilized for various types of motiondefdystems: periodic,
almost periodic, chaotic, since results of the discretetgns are now available for
applications. To prove assertions of the present papereconimg multidimensional
systems of non-identical oscillators, we need advanceguoamension of the theory
of dynamical systems with discontinuities at variable motaef time [2]. This is
one more reason, why we decided to write this chapter apgB]pfvhere only,
the Peskin’s model has been considered with the respectiglple theoretical
methods. Oscillators considered in the present chapteoareected with each other
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not only at the firing moments, but permanently. That is, tiffer@ntial equations

are not separated as it is, for example, in papers [47, 508. &an admit that this
fact provides more biological sense to investigations. Jdy@er consists of the main
results, simulations and the discussion of the possiblergdination.

The main object of our investigation in the next section isrdagrate-and-fire
model, which consists af non-identical pulse-coupled oscillatoxs,i = 1,2,....n.
Setx= (Xg, X2, ..., X). If the system does not fire the oscillators satisfy the folimyv
equations

X = f(x)+a(x), @)

where 0< x < 1+¢j(x),i = 1,2,...,n. When the oscillatok;(t),j = 1,...,nin-
creases its value from the zero, and meets the suxfaeel + ¢j(x) at the first time,
such thaix;(t) = 1+ ¢(x) then the oscillator firess;(t+) = 0. Firing changes the
values of all oscillators with= j, such that at the same moment

ey S0 ifx(t) +e+e > 14+ (X)),
X(t4) = {xi(t) + €&+ &, otherwise )

It is assumed also that there exist positive constangndé; such thatq (x)| < pi
and [ (x)| < &, for all x andi = 1,2,...,n. In what follows, we call real hum-
berse, 1, &, &, parametersassuming the first one is positive. Moreover, constants
&, &, 1i, will be called parameters of perturbationf all of them are zeros one
obtains the model of identical oscillators. We assume thatg; — & > 0 and
e+ &+ & < 1, for all i, the functionf is positive valued and lipschitzian. More-
over, assume that all functions involved in the discussiencantinuous, and the
system (1) satisfies conditions of a theorem of existenceuaigueness, and each
solution of the system is continuable to the threshold’'seal

We have chosen the all-to-all coupling such that each firligit®jumps in all
non-firing oscillators. If several oscillators fire simul&ously, then other oscillators
react as it just one oscillator fires. In other words, any diricts only as a signal
which abruptly provokes a state change, the intensity o§itpeal is not important,
and pulse strengths are not additive. Opposite case wil ladsdiscussed in this
paper.

Two oscillators are synchronized if they firing in unison. yst&em of oscillators
is synchronized if all of them fire in unison.

Next, in Section 3 we extend the method and these resultsetontidel with
continuous couplings. Sufficient conditions for syncheation are found. The re-
search utilizes results and proposals from [34, 50, 24} [65]. We investigate the
integrate-and-fire model for both cases - with identical aotiquite identical os-
cillators. A combination of continuous and pulse couplittta sustain the firing in
unison is carefully constructed. Moreover, we find condiion the parameters of
continuous couplings that make possible a rigorous mattieahanvestigation of
the problem.
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Let us consider, firsty identical oscillators, which are characterized by voltage
state variablegs, o, . . ., Xn with values in[0, 1]. The following assumptions describe
the model and its coupling style.

(A1). If x;(t) = 1, then the oscillator fires, and there exists a positive rerrab
such that

X(t+) = 0,ifx(t) > 1—¢ 3)

foralli # j.

Fix a positiver. If t = sis a firing moment ok;, then the intervals, s+ 1] is said
to be theel —interval ore—interval for allx;,i # j. We say that an oscillatog (t)is
continuously excited t is in ane—interval, andx; (t) < 1.

(A2). Whenx;(t) is not continuously excited, then

X = S—yX. 4)
Otherwise, there exists a positive real numbesuch that
X = (S+n)—yx. (5)
(A3). Positive constantS, y, n ande satisfy the following inequalities:
(i) y<S
(i) n<e

(i) e —1<min{1, ﬁ}.

We call the collection o oscillatorsxs, Xo, ..., Xs, the integrate-and-fire model
of continuously coupled identical biological oscillatpisconditions (Al) — (A3)
hold.

One should emphasize that the coupling is all-to-all, arditiexy strengths are
not additive. The model of the present paper admits two tgpesupling: thecon-
tinuousone, which is described b§A2); theimpulsivecoupling given by(Al). In
the first case the motion of oscillators remains continudubgy are not near the
threshold. Nevertheless, the rate of oscillators jumpss$panse. Otherwise, by as-
sumption(Al) oscillators are coupled impulsively.

This assumption is natural, since firing provokes otherlasois instantaneously,
if they are near thresholds, and are therefore in the statdyreo fire. From the
proofs of this paper it will be seen that the constarit (A2) can be replaced with
a function defined on the real axis, continuous and non-zem-intervals. That is
why it is reasonable to say that oscillators eoatinuouslycoupled.

To illustrate the last remark, let us provide the followinmslation. Consider
three oscillatorsxs, x, andxsz with initial values 02,0.5 and 09 respectively. They
satisfy (4) and (5) withtS=2,b=2,n = 2.1,7 = 0.05,¢& = 0.15. The motion of
these oscillators is seen in Figure 1.

Couplingsa?(t —to)e"(t‘t()), wheretg is the firing moment, were used in paper
[64] to find that with “fast enough excitatory coupling bottetfully synchronized
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and the asynchronous state are unstable. In this casedandhunits fire quasi-
periodically even though the network as a whole shows a geriiring pattern.”
The results of our paper are different from those of [64]ingiin unison is achieved,
and this synchrony is stable. The difference can be expawith the smallness of
o functions near the firing moments. We plan to discuss theetlmg phenomenon
of integrate-and-fire models in [7].

Since the dynamics of systems considered in the present papeliscontinu-
ous, we strongly believe that they can be investigated iighmiethods developed
for differential equations with variable moments of distouity [2] in the future.
Controllability, phase locking, frequency locking, synahy, almost periodic solu-
tions and even chaos can be considered in this theory.

Delays arise naturally in many biological models [48]. Intgalar, they were
considered in firefly models [12] as delay between stimulu r@sponse, and in
continuously coupled neuronal oscillators [35]. Authdfrfl@] considered the phe-
nomenon for the analysis of Mirollo and Strogatz in such a thay identical oscil-
lators were investigated. The dynamics of two oscillatoesendiscussed mathemat-
ically, and a multi-oscillatory system was analyzed by gsinmputer simulations.
It was found that the excitatory model of two units “can gellyaut-of-phase syn-
chronization since in-phase synchronization proved toddstable.” In paper [20] a
model without a leakage was discussed, that is, oscillaiorease at a constant rate
between moments of firing. It was found that a periodic soluts reached after a
finite time. Consequently, research of integrate-and-fiodets, which admit delays
and fire in unison is still on the agenda. Section 4 investigiaynchrony of retarded
integrate-and-fire oscillators.

S
LSS
) Olj 0.5/1 [2 25 : 5t

Fig. 1 The intervals where oscillators satisfy equations (4) andréiapicted.




The solution of the second Peskin conjecture and developments

2 The solution of the Peskin second conjecture

2.1 Construction of the prototype map

In this subsection we shall define the map, which is the basitument of our
investigation. The map will be considered in a general f@uch that new investi-
gations can be done in future on its basis. Let the model ofdentical oscillators,
x1(t),x2(t),t > 0, be given such that

X1 = g(x1,%2),
X = g(X2,X1), 1)

where 0< x < 1,i =1,2,...,n, the functiong is positive and lipschitzian in both
arguments. When the oscillatey fires at the momeritsuch thak;(t) = 1, then the
oscillator firesx;(t+4) = 0. Firing changes the value of another oscillator wigh j,
such that

_ _J O ifx(t)+e>1,
X(t) = {xi (t)+ ¢, otherwise 2)

Denote byu(t,to,up) = (U1, Uz), the solution of (1) such thaif(to, to, Ug) = Ug. Con-
ditions ong imply that the solution exist, unique, and is continuabléhte thresh-
old for all tg andug. Consider the solutiom(t) = u(t,0, (0,v+ €)). Find the mo-
mentt = s such thatuy(s) = 1, and defineL(v) = ui(s) on (0,1 — €). From the
conditions ong it implies thats is a strictly decreasing continuous functionwof
and, therL is a strictly decreasing continuous functionvolt is clearly seen that
limy_,1-¢ L(v) =0, and there is a unique fixed point,, of the functionL(v*) = v*.
Letn = limy_o4 L(Vv).
Now, let us define a malp: [0,1] — [0, 1], such that

L(v), if ve (0,1—¢),
L(V){n, if v=0, (3)
0,ifve [l—¢g.1].

In what follows we need the following conditions:

(A) >1-¢;
(A2he mapL? admits a unique fixed point in (0,1 ¢).

This newly defined function is continuous ¢ 1]. The sketch of the graph of
the functionL is seen in the Figure 2.

To make the following discussion constructive considerdbguence of maps
L*(v),k=1,2,..., whereLX(v) = L(L*"1(v)). The graphs of these maps with=
1,2,3is shown in the Figure .

Denoteag = 0,a; = 1—€,a = L™ 1(1—¢),a3 = (L?) " }(1—¢),.... The se-
quences can be obtained also through the iteratans L*l(n) = 0,81 =
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L=1(ax),k=0,1,2,..., which are seen in Figure 3. It is clear that the sequences
ay andayi 1 are monotonic, decreasing and increasing respectiveher@ise, one
can show, by utilizing the Intermediate Value Theorem, thate exists a period2
motion of the discrete dynamics. This contradicts the dio{A2). Thus, the both
sequences converge. These limits equattdndeed, if they are different, then there
exists a period-2 motion of the dynamics, and that has been excluded earlier.
Let us show the role of the mdp for our research. Suppose thatt,,t3, are
three successive firing moments of the system suchxthéites att; andts, the
oscillatorx, fires atty, and the oscillators are not synchronized urtgillWe have
thatx(t1+) = 0,0 < X2(t1) < 1— €. One can see thab(t) = u(t,t1,xz(t1) + €) for
t1 <t <ty andu(ty,ty,x2(t1) + €) = 1. That is, Xy (t2) = L(x2(t1)). Similarly one

A

Fig. 2 The graph of the functiow = L(v), in red, and a stabilized trajectory.
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can show thaxy(t3) = L(x1(t2)). This demonstrates how can the mapsed for the
analysis of the synchronization problem.

Next, we shall prove the synchronization and evaluate tieeafesynchronization
simultaneously. The rate evaluation will be done in a spewifly: we shall indicate
the set of initial points which synchronize after precidelierations of the map for
each non-negative integ&r Another valuable set in this sense is collection of all
points, which synchronize after no more thaiterations, is shaped. In the sequel,

denote byBy the region in0, 1], where pointss are synchronized aftée iterations
of mapL. Consider the Figure 3, again.

A

a
0 a, 4 & a; a 1

Fig. 3 The pointsag = L~%(n) = 0,ac,1 = L *(a),k=10,1,2,....
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One can see th@y = [1 - ¢, 1], and, consequentlBy = [ax_1,ak1), If kis an
odd positive integer, anBy = [ax.1,ax_1], if kis an even positive integer. We have
thatay — v* ask — co.

Denote byCy the region of all points, which synchronize in no more thater-
ations ofL. One can see th&@y = [0, 1]\ (ak, &.1), if kis an even number, and it
is the seC = [0, 1]\ (ax+1,8), if kis an odd number. In the next section we shall
use the se€¢ = [0, 1]\Cy, that includes all points, which synchronize in no less than
k+ 1 iterations of the map. From the discussion made abovel@wslthat there is
no finite time in which all points of the unit square synchronize. The closés to
the equilibriumv* the later is the moment of synchronization.

Denote byT the natural period of oscillators, that is, the period of¢heh of the
identical units, when there is no couplings. Since eachllatmi necessarily fires
within an interval of lengthl, on the basis of the above discussion the following
assertion is valid:

Theorem 1. Assume thatAl) and(A2) are valid. If(x1(0),X2(0)) € Cy x Cy, k and
m are natural numbers, then the coup|exx synchronizes within the time interval
[0, T (max(k, m) + 1)].

Example 1Consider the model of two integrate-and-fire identical tegtoirs, which
is pulse-coupled, of the form

X1 = S+ yx1 + Bz,
Xo = S+ yXo + Bx, (4)

where constantS andf3 are positive numbers, andnegative one. One can easily
see that the system is developed Peskin’s model [50]. Thest&rith coefficient

B are additional in the system. They reflect the permanenteanttiof the partners
during the process. Eigenvalues of the correspond lineesyto (4) ard; = y+ 3
andA; = y— . We suppose thak is small such that both eigenvalues are negative.
Moreover, it is assumed that= S/A; < —1. Solution of the system (4) with value
(0,v+¢€) att =0, is equal to

(D) = SleM — €| (v+ e) k(M 1),

U (t) = %[eht + (v ) + k(M - 1),

That is why, the needed equations have the following forms:

% Mt 4 (vt g) 4 k(M2 — 1) = 1, (5)

and

L(v) = 5[ 22 (v-+-€) + k(e 1), (6)
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Last two formulas imply that

etz _ ghata | ppehotz (eAltZ —-1)
- etz 4 ehatz '
Differentiating (5) one can find that

L(v)

o, 1 [eMlz 4 ghot2)2

OV 2(1+k) (A€Mt + Ayehele) + 2Bkl

and

0%, 10ty (M2 4 eM2)(14 K)[(A1€M1%2 + AeM212)2 — 4p2e Mt A2tz N

o 20v [(1+ K) (A€Ml + Apehalz) 4 2BKelMitA)tz]2

2k feltrtia)tz (e/\ltz 4 e/\ztz) (2A1—1) (e?‘ltz 4 e?‘ztz)]

We deliberately have written the last two formulas in therfauch that it is easily
seen that the both derivatives are negativB i§ sufficiently large, ang is suffi-
ciently small. Next, we evaluate the derivatived.of

, Oty 2k etz (el — 1)(eMl2 4 ehol2) 4 4BeMth)l2]1 — k(M2 — 1))
L (V) = W [e)‘ltZ +e)\2t2]2

0% 2k (el — 1) (eMb2 4 22) 4 4BelM A [] — k(M2 — 1))
o W [ehtz 4 eAztz]Z +

L// (V)

oty 2 Ke?\ztz (e/\ltz + e/\ztz) [(,\f _ Al)e}\ltz _ 1]+
(W [Mt2 4 glatz]4

4Be()\1+/\2)t2[1_ K(eM2 — 1)]{ A1+ Ap — 2(eM%2 4 eM22) (A1 eM1l2 4 NpeM22)] — kA Mt}

Again, one can find that the last derivatives both are negati and 8 are
sufficiently large and small respectively. That is the fimetl is convex. Now, it
can be easily shown that the conditioh?) is fulfilled.

Consider formulas (5) and (6) witB = 0 andv = 0 to obtain thatL(0) =
K ijr‘\’;i > 1—¢. That is, if B is sufficiently small, then the conditigi\l) is valid,
and the pair synchronizes. This result of the synchrorumati two identical oscil-
lators with the right-hand side depending on both variaislesnew one. In previous
papers the differential equations were separated.

Example 2Consider the system of two identical oscillators with th#edéential
equations
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x| =X +c,
X =X5+C, (7)

wherec is a positive constant. It is known that the canonical typbase model [15]
can be reduced by a transformation [21] to the form

U =u’+c. (8)

That is, to the quadratic integrate-and-fire model. Thistime have added to the
model the pulse-coupling, which has been described in thimloé the section, and
investigate the synchronization problem by using the lastit. We can assume,
without loss of generality, thdi = 0. Since the two equations of are identical, we
consider a solutiomi(t) of the equation (8) for the construction of the map\e
have thau(t,0,v+¢) = \/ctan(,/ct+ arctanih\/g)) and

V/ctan(y/ctp + arctar(\H_—g)) =1 9)
NG
Next, u(tz,0,0) = y/ctan(,/cty), and by applying (8) and (9) we find that
1-(v+e)
L(v) =vC—F—=
if ve (0,1—¢), and the fixed pointis* = \/c+\/c+ €2/4— (,/c+¢/2). Evaluate
1-¢

to see thaf) = L(0) > 1— ¢, if c < 1 ande¢ is sufficiently small such that
Ve+e<l (10)

Moreover, one can verify that is a unique fixed point of 2. Thus, we obtain that
if (10) is valid then all conditions of the Theorem 1 fulfilleahd, consequently, the
couple synchronizes, if only# v*.

Example 3Consider the pair of identical oscillators, whéfu) = S—yu,k = 2 >
1. That is, the Peskin’s model [50]. Assume again that 0. One can find that
ut,0,v4e€) = (v+e)e "4+ k(1—e ") and

S
y

(viee 2 rk(l-e"2=1
We have that

efe=_— — (12)



The solution of the second Peskin conjecture and developments 13
Substituting the last expresion irfty, 0,0) = k(1 — e~ "2), one obtains that

1-(v+e)
K—(vre)

Lv) =« (Vvt+¢)’

12)
where O<v<1—e.
There is a unique fixed point afandL?, and it is equal to

wz(K_;)_m. (13)

Finally, L(0) = K% > 1—¢. That s, all conditions of the last theorem are valid.
Thus, we have proved the assertion in [50].

2.2 The general case: the multidimensional system of non-identical
oscillators.

In this section we shall discuss the main object of invesitigaFirst, we apply the
result of the last section and analyze the motion of a paisoillators in the multi-
oscillatory ensemble, and find that the couple synchronizébe parameters are
close to zero. Next, the main theorem will be proved.

Consider a model af non-identical oscillators given by relations (1) and (2x F
two of the oscillators, let say andx;. Denote%jk =[0,1+¢&\C., j=12,...,n,
whereC{ = [0,1]\Cy, as defined in the last section, is the set which consists of all
points of the unit section, that synchronize after no leagkht 1 iterations ofL.

Lemma 1. Assume that conditionfA1) and (A2) valid. If (x(0),x(0)) € € x
%™ k and m are natural numbers, then the couplexsynchronizes within the
time interval[0, T (max(k,m) + 3)], if parameters are sufficiently close to zero, and
absolute values of the parameters of perturbation suffityiesmall with respect to
E.

Proof. Denote byx(t) = (x1(t),x2(t),...,Xa(t)), @ motion of the oscillatom(t) =
(U, Uy, ..., Un), the solution of the equation (1) with(to, to, Up) = Ufy, U = (U, U3, . .., up).
Suppose, without loss of generality, tHat- m andt = 0 is a moment of firing
such thatq (0) = 1+ ¢;(x(0)),x (0+) = 0. We will show that the couplg,x; syn-
chronizes at some momentOt < (k+ 2)T, if the parameters are close to zero. If
1+ 4 (x(0)) —e —& <x(0) <1+ ¢ (x(0)), then these two oscillators fire simulta-
neously, and we only need to prove the persistence of synghsdich will be done
later. So, fix another oscillatog (t) such that < x;(0) < 14 ¢, (x(0)) — € — &.

We shall divide the proof into two parts. First, we will shdwat the couple syn-
chronizes eventually and then keeps the synchrony stategpently. In the second
part the time of synchronization will be evaluated.

Assume that the pair does not synchronize. Then, there igueree of firing
moments};, such that =ty <t; <ty < ..., the oscillatorx fires attj with eveni,
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andx; fires att; with oddi. For the sake of brevity laf; = % (t;),i = 2j, ] > O,u; =
x(ti),i=2j+1,j=0.

Let’s fix an eveni. If the parameters are sufficiently small, then thererare
n— 2 distinct firing moments of the motiox(t) on the interval(t;,t+1). Denote
byti< 6 < 6 <...< 6y <tj1, the moments of firing, when at least one of the
coordinates ok(t) fires. We have that
01 01
X(8) =% () +e+ [ F(x(9)dst [ @(9ds (14)

wherex(t) = u(t,tj,X(ti+)), is the solution of (1),

(0 =x(@) e+ [Tixoast [Ca9ds  as)
wherex(t) = u(t, 81, x(614)),
) =x (O +et [ (o)dss [Magis as)
The moment;. ; satisfies
1+ 4 (X(tiv1)) —e— & <X (tiva) < 1+ (X(tiva)). 17)

Similarly to the expressions fog we have that

%00 = [ tx(9)dst [ a(9ds

ti ti
M(@) =x(6) e+ [ HouE)dst [ aods

o i1 tiv1
X (tit1) =% (6m) +€+ /em f(x(s))ds+ : @(s)ds (18)
One can see that formulas (14) to (18) completely define dioelai 1 =
Ki(ui) =X (ti+1). A similar one can be found for odd
Let us construct the value &fu;, €), now. With this aim, evaluate
_ fit1
Olia) =% () +e+ | H(o(9)ds (19)

wheret;, ; satisfies
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(p(Hle) = 17 (20)

and

_ fit1
Wi = [ Hwe)as @)
to find thatL(ui,&) = (tii1). Next, we will show that the differenck(u;) —
L(u;,€) is small if the parameters are small.

First, we have that far € [t;, 64], it is true that

o) -x ()= [ (@) - T (9)lds— [ @(sds @2

¢
Then, by applying the Gronwell-Bellman Lemma one can findl\e#sat
|9(61) — % (61)| < e (61 — 1) &), (23)

whereT is the natural period defined in the first section for the ig@hbscillators.
Next, similarly, we have that if € [61, 6], then

|9(62) — % (62)| < [r (61 —ti)& (%) 4 e]ef (%700, (24)

Without loss of generality assume that; > ti, 1. Continue evaluations made
above, we can obtain thgt — % (ti 1) = |@(ti+1) — X (tir1)] = P(€, 1y ), where®
is of the orderO(g, i, & ). There are two positive numbers, M such thatm <
f(s) <M, if0 <s<1+maxé&. We have thapx (tir1) — X ()] < |1—Xe (tisg)| +
11—%(tiv1)] < @(e, pr) + & Consequently,

¢(“':alvll‘) +EI‘ )

i 1—t_'1 <
1~ < 2B

By applying the last inequality, (18) and (21) to evaluate differencely(ti, 1) —
X (ti+1)], one can find thak;(u;) — L(uj,€) can be made arbitrarily small if the
parameters are sufficiently close to zero the parametersrtdirbation are small,
in absolute values, with respect £0 This convergence is uniform with respect to
Up € €. We can also vary the number of poifisand their location in the intervals
(tj,tj+1) between 0 andi— 1. The convergence is indifferent with respect to these
variations, too.

Consider now the sequent&(up). It is true thatLX(up) € [1— &,1] for some
k > 0. Assume, without loss of generality, thais an even number. Sindeis a
continuous function, we can conclude that eitherd —e — & <uc <14 & or
1+ & —e—¢g <u1 <1+, if the parameters are sufficiently close to zero, and
absolute values of the parameters of perturbation are iguffig small with respect
toe.

Both of these inequalities bring the system to synchroidnat
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In Figure 4 one can see the sequence of nkapand the synchronizing sequence
y; is constructed. In the figure we show not onjybut also the graphs of functions
w = Kj(u),ui11 = Ki(u;), in the neighborhood ofi;, to give a better geometrical
visualization of the convergence.

To evaluate the time of synchronization we should consitdergeneral case,
whent = 0 is not necessarily the firing moment. Then eitReor X fires within
the intervall = [0, T], whereT is close toT, the natural period of the identical
oscillators, a<j, ¢ and; are close to zero. Since each of the iterations of nap
happens within an interval with the length of no more tfianve obtain now that

the couplex, X, is synchronized no later than= (k+3)T.

A

Ks

)

K>

o S

Us Uy U 0

Fig. 4 The dynamics of a pair of oscillators from the system. The graplisnationsw = K;(u)
are shown.
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If two oscillatorsy, andx, are non-identical and fire simultaneously at a moment
t = 6, how will they retain the state of firing in unison, despitergedifferent?
To find the required conditions, let us denotetby 6 a moment when one of the
two oscillators, let's say;, fires. We have that (6+) = % (6+) = 0. Thenx (t) =
X (t),0 <t < t1.ltis clear that to satisfy (17+) = % (7+) = 0, we need H & —
€ — g < x(1). By applying formula (18) again, this time with= 6.t;.1 = 7, one
can easily obtain that the inequality is correct if paramsetee close to zero. Thus,
one can conclude that if a couple of oscillators is synclaehiat some moment of
time then it persistently continues to fire in unison. Therearis proved.

Remark 1 The last lemma not only plays an auxiliary role for next mdiadrem,
but can also be considered as a synchronization result éomitdel of two non-
identical oscillators.

Let us extend the result of the lemma for the whole ensemble.

Theorem 2. Assume that a motion(ty of the system satisfie0y € M . If
parameters are sufficiently close to zero, and absoluteegabf the parameters of
perturbation are sufficiently small with respectdothen the motion synchronizes
within the time interval0, (max ki + 3)T].

Proof. Fix one of the oscillators, let say;, and consider the collection of couples
(X1,Xj),j =2,...,n. Applying the last lemma, we can say that each pair of oscilla-
tors synchronizes withifd, (max ki +3)T]. The theorem is proved.

To illustrate the last theorem, we consider a group of aaoitk x;,i = 1,2,...,100,
with random uniform distributed start values[® 1]. It is supposed that they sat-
isfy the equations{ = (3+ 0.01p;) — (2+ 0.01Z)x. The constantgs, (i, as well
asé; in the thresholds 4 0.005¢;,i = 1,2,...,100, are uniform random distributed
numbers fron0, 1]. In Figure 5 one can see the result of simulation vegith 0.08,
where the state of the system is shown before the first, twiaatyforty second and
sixty third firing of the system. So, it is obvious that eveailyithe model states in
the synchrony.

Let us describe a more general system of oscillators su¢itterem 2 is still
true. A system oh oscillators is given, such thatiif-th oscillator does not fire or
jump up, it satisfies the—th equation of system (1). If several oscillatoggs =
1,2,... k, fire so thatx(t) = 1+ & andx(t+) = 0, then all other oscillators
Xi,, P=k+1,k+1,...,n, change their coordinates by the law

0, if X (t) + £+ K 1 &, > 1+ &,

. 25
xip(t)+£+zk¥1£ipis, otherwise (25)

ot = {
One can easily see that the last theorem is correct for thehest described, if
£+ 3& 1 &g > 0, for all possiblek, ip andis.

Remark 2 Since the length of; diminishes to zero as— «, one can say that our
results are consistent with conject@®). Indeed, it was said in the beginning that
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all initial points must synchronize. Then, the fixed pointsvexcluded [50]. In [47]
the condition is weekend to the exception of a set with theesghe measure null.
In the present paper we just analyze another kind of smallokthe set.

Remark 30Our preliminary analysis shows that the dynamics in thelmzighood of
v* can be very complex. We would not exclude the possibilitylaas appearance
and the belongings of trajectories to a fractal, if paramseéege not small [62]. It
does not contradict to the zero Lebesgue measure of notusymized points set.
The analysis of non-identical oscillators with non-smaltgameters may shed light
on the investigation of arrhythmias, chaotic flashing offfies, etc.

Remark 4The time of synchronization for a given initial point doest mbange
much with the number of oscillators increasing (but the peai@rs need to be closer
to zero!). This property can be viewed as a small-world phesrmon.

2.3 Possible generalization.

Next, it is natural to extend the result for the system of tii¥ing form

1 1
08 08
iy
g
0.6 0.6
g
0.4 0.4
E (D
O o2 0.2
et
[
> o 0
(7)] 0 20 40 60 80 100 0 20 40 60 80 100
0]
e
+— 1
G—
o 0.8 0.8
O]
st
@ o6 06
—
(%)]
04 04
0.2 0.2
0 0
0 20 40 60 80 100 0 20 40 60 80 100
oscillators

Fig. 5 The state of the model before the first, twenty first, forty secomidsatty third firing of the
system. The flat sections of the graph are groups of synchronizéihuss.
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Xll = g(X]-?XZa s 7Xn)7
Xo = g(X2, X1, - -, %n),

)

X0 =0(X1, X2, .-, Xn 1), (26)

considered with the condition (2). One can say that the ¢ogpé now not only
pulse, but is continuous also. We assume that the fungtisicontinuous and posi-
tive again. If one suppose that the scalar-valued fungisnndifferent with respect
to permutations of the variables second to the last, thenamaise the map con-
structed in this section in the same way as it is done for tetesy (1). It is natural
to accept some conditions of smallness with respect to thablas second to the
last, to obtain synchronization of the system. Nevertlsliéseems that conditions
can be found except the smallness to have still the systeohsymized?

3 Integrate-and-fire models with continuous couplings

3.1 The model of two identical oscillators

Start the investigation with the simplest model of two idesitoscillators. That is,
assume that = 2 in the description of the last section.
Let [s,s+ 1] bee—interval forx;(s). Then, one can easily find that

X =x(ge "9+ [[e WISt n)dy @

fort >s.
Setk = % > 1. By integrating in (1), we have that

X(s+T1)=x(s)e V" + (k+ Qy)(l— e’n).

From (A3), (iii ), it follows, thatx;(t) < 1 for allt € [s,s+ 1]. That is,x; does not
fire in thee—interval, if x(s) < 1— €. Consequently, the domain of any oscillator
contains only disjoine—intervals.

Denote byt,t,t3 three successive firing moments of the system suchxthat
fires att; andts, the oscillatoix; fires att,, and the oscillators are not synchronized
until t3. We have that 0< xp(t1) < 1—¢, andx(t1 + 1) < 1. Fromxp(tz) =1 or
Do(tr)e V" + (k+ 1) (1—eVT)je W21 k[1—e V2 ti-D] = 1, it follows that

-1
eVt — K 7 2
K —Xz(t1) — M @

wheren; = 7(e"" —1) <n.

Apply (2) in
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.
xi(tz) = /zefy(t’“)Sdu: K[]__efy(tzftl)]

Jtg
to obtainx; (t2) = Lc(x2(t1)), where

1-v—m

Le(v) = KK—V—I71

3

is a map defined for & v < 1— n1. Similarly, by using the identity of oscillators,
one can find thaky(t3) = Lc(x1(t2)). That is, the maphc evaluates the sequence of
coordinates of the model interchanging at firing momenssdérivatives satisfy

1-k
(V) =K———— <0,
M) =K e )2
and 1
L& (V) —x—— K o

(K= (v+n))3
n (0,1—n). There is a fixed point of.c, and it is equal to/* = (k — %) —

i
2

2_ ni
\VK2—K+ 7.

Moreover, we have that

LL(V') = k < -1 @)

That is,v* is a repellor.

Next, we extend the map d0,1] in the following way. Setc(0) = w, where
W=Ki 1= 21 Itis easy to check that4 & < w < 1. Moreover, we definéc(v) =0,
if 1— '71 < v < 1. On the basis of the analysis above, one finds that this newly
introduced map is continuous and monotonic, &d] is an invariant set. Hence,
Lc(v) is very appropriate for iteration analysis. The graph offtrestionw = L (v)
is seen in Figure 6.

Let us show how synchronization can be investigated by amajyiterations of
Lc. Fix t; > 0, a firing momentx; (t1) = 1,x1(ta+) = 0. While the coupleq,xz
does not synchronize, there exists a sequence of moreaityy < tz < ... such
thatx, fires attj with oddi andxy - att; with eveni. Setu; = x4 (t;), if i is even, and
U = Xo(t), if i is odd. Theru;1 = Lc(u;),i > 1. The pair synchronizes if and only
if there existsj > 1 such thaty (t) # xo(t), if t <tj, andxy(t) = x(t), fort > t;.

In particular, both oscillators have to firetat That is, inequalities + & < uj <1
hold, which is possible if & uj_; < L~1(1—¢). We have thatc(0) = w satisfies
this condition.

If 1 —€& <x(t1) <1, then we have thaf is a common firing moment of both
andx,, and itis the synchronization moment. Moreover,d< L&(x2(t1)) =n < 1.
That is, the mag.c brings us to synchrony, with two steps of delay. Summariz-
ing, if there exists an integec > 0 such that + & < LE(v) < 1, then a motion
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(x1(t),x2(t)) with x1(t1+) = v,x2(t1+) = 0, synchronizes. Conversely, if a mo-
tion (x1(t),x2(t)) synchronizes, then one can find a firing momeéntsuch that
x1(t1+) = Vv € [0,1],%(t1+) = 0, and a numbek such that - £ < LE(v) < 1.
Thus, it is verified that the constructed map is in full cop@sdence with the syn-
chronization goal.

Analyzing mapsL'é,k > 0, one can easily obtain that they all have only one
non-zero fixed point*, and|[L&(v¥))'| > 1. Consequently, there is rio-periodic
motion, k > 1, of the map, and a motion stabilizes, if its initial poing v* (See
Figure 6).

Our next goal is to locate, for each non-negative intégére set of initial points
such that their motions synchronize in precisklyerations of the map. In the se-
quel, denote b the region in0, 1], where pointy are synchronized after precisely

A

VD vV 1-[’]1 1

Fig. 6 A sketch of the mapc, in red, and a stabilized trajectory.
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k— iterations ofLc. Letag = Lot(n) = 0,81 =Lc(a),k=0,1,2,.... The points
are pictured in Figure 7.

One can see th&® = [1—¢€,1],S = [ag,az] andSc = (ak_1,a+ 1], if k> 3isan
odd positive integer, an§ = [ax;1,8k-1), if K> 2 is an even positive integer. We
have thaty — v* ask — c0. We shall callS., k > 0, as the rate intervals.

From the discussion above it follows that there is no finiteetiin which all
pointsof the unit square synchronize. The clogés to the equilibriumv*, the later
is the moment of synchronization.

Denote byT = %,Inﬁ the natural period of oscillators, that is, the period of

motion without couplings, and denote Bythe time needed for solutiomt,0,v*)
of the equation/ = S— yu, to achieve threshold. Since both oscillators fire within

A

a a a a\Sa3 a1 1

Fig. 7 The pointsag = L~%(n) = 0,a.1 =L Y(ay),k=0,1,2,....
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an interval of lengthl” and the distance between two firing moments of an oscillator
is not less tharT, the following assertion is valid.

Theorem 3.Assume thatjt> 0 is a firing moment, Kt1) = 1,x(t1+) = 0. If
X2(t1) € Sy for some natural number m, then the couplex of continuously
coupled identical biological oscillators synchronizeghin the time intervalto +
%T’,t(ﬁ—Tm].

3.2 Synchronization of an ensemble of identical oscillators.

Consider the integrate-and-fire model of continuously tedidentical biological

oscillatorsxy, X, ..., Xn. We intend to apply the malp: defined in the last section
to this model. Let us start with the synchronization of a mdioscillators in the

multi-oscillatory ensemble, and prove that the synchroeguos for this couple, if

the parameters are close to zero. Next, we prove the phermonfen the whole

model. Fix two of the oscillators, let us sayandx;.

Lemma 2.1f tg > 0 is a firing moment, Xto) = 1, (to+) = 0. If parametern

is sufficiently small, then the couple,% synchronizes within the time interval
[to,to+ T] if X, (to) & [a0,a1) and within the time intervalto + 52 T, to + (m+1)T],

if Xr (to) € Sp,m> 1.

Proof. While the pair does not synchronize, there exists a sequémfoéng mo-
ments.,tj, such that 0< tg < t; < ..., the oscillatorx, fires att; with eveni, andx;
fires attj with oddi. For the sake of brevity leti = X (t;),i =2j+1,j > 0,u; =
X (t),i=2j,j>0.

Let us fix an even. There arek,k < n— 2 distinct firing moments of the motion
X(t) on the intervalt;,ti1). Denote bytj < 61 < 62 < ... < 6 < ti+1, the moments
of firing, when at least one of the coordinate(if fires. We assume, without loss
of generality, that the length of intervall, 61), (61, 62), ..., (6k,ti+1) is more than
7. Other cases can be considered similarly.

We have that
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(41 = (e + e+ D) (a-e ),
X (61) = X (ti + T)e*y(elftifr> +K(1- efy(elftifr))’
(O-4T) =x(B)e "+ (k-+ ) (A-e ),

Xr(ez) — Xr(el + T)e*V(BZ*Glfr) + K(l— efy(ezfelfir))7

X (6) =X (6j_1+ 1)e V00170 4 (1 e VO ~0-171)),

X (8 +T) = % (6)e V" + (K + Qy)(l—e*‘”),

X (ti41) =X (B T)e 70T e (1— e V8D,
The moment; 1 satisfies
1-e<x(tii1) <1
We also have that

X (61) =k(1— e*V(Qrti))7
N6+ ) = (B¢ T+ (K + )A€ ),

X (B +T) =X (BJe ¥ + (k + %)(1—e‘”>,

X (tir1) = X (B )e V=81 4 (1 — e V=60,

()

(6)

(7)

The last three formulas determine the relatipry = Ki(u;). A similar one can be

found ifi is odd. Evaluations in (5) and (7) bring us to expressions
X (tiv1) =X (ti)e_y(ti“_ti) +K(1— e—V(Ii+1—ti)) +

k
Q(l - efyr> (eiy(twlitiiT) + Z e*V(tiJrl*ijr))
=1

and
X (tis1) = k(1—e Vi)

N e vti1-6-1) (1—e™)
y

qu
7§D
_QD

Recall map_¢ defined in the last section. We have

Ot +T) =% (t)e ™V + (K + Qy)(l—e‘yr),

(8)

9)
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Ot 1) = @t + 1) VA=) 4 (1 — @ Virati=T)),
or
Olfi1) =X (t)e e
K(1—e Viat)) 4 de*v(t_wrti#) (1—e V), (10)

wheret; 1 satisfies
o) =1, (11)
and
W(tihn) = k(1—e V), (12)

to evaluatdc(u;) = Y(ti11).
We assume, without loss of generality, thai < ti.1. Then one can find that

% (tiv1) — @ti1) =% (1) —1= @(n,y,1), (13)

where
k

o(1.y.1)= (1€ DAR

and the last expression tends to zeramas> 0. Next, by applying (6) and (13) we
have that
[®(n.y. 1)

tl—‘rl_tl 1< S-H’) V

Now, consider
k
Ki(ui) —Le(ui €) =X (tir1) — W(tiv) = de*y(t”lfekfw(l— e’y e VOO

K (e_ ytiv1—t) _ e y(tip1—ti) )

to see thakK;(uj) — Lc(u;, €) can be made arbitrarily smallif is sufficiently small.
This convergence is uniform with respectug We can also vary the number of
points 6 between 0 andh— 1, as well as the distance between them. The con-
vergence is indifferent with respect to these variatiorsmBmber that the excit-
ing strengths are not additive. Consider now the sequbb(mb,s). We have that
1—¢ < L%(up,€) < 1. Now, sincelc is a continuous function, we can discuss re-
currently inequalities

Ui — L (Uo, €)] < [Ki—a(ui—1) — L& (i1, €)|+

Le(Ui-1,8) — Le(Lg (U0, £).i = 1,2,....,
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to conclude that either2 € <up <1 orl—¢ <um <1, if the parameters are
sufficiently small. Both of these inequalities confirm syrarfization.

In Figure 8 one can see the sequence of nigpand the synchronizing sequence
u; is constructed. In the figure we show not onjybut also the graphs of functions
w = Kj(u),ui+1 = Kij(u;), in the neighborhood ofi;, to give a better geometrical
visualization of the convergence.

Since each of the iterations of the miap happens within an interval of length
not more thanT, and the distance between two firing moments of an osciliator
not smaller tharl, we obtain that the couple, x; is synchronized no earlier than
t =to+ "1 T, and no later thab= to+ (m+1)T.

A

K2

4
U uzu U, U, U, 1

Fig. 8 The dynamics of the coupleq,x;).
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Thus, one can conclude that if a couple of oscillators is Byazed at some
moment of time then, since the oscillators are identicgeisistently continues to
fire in unison.

The lemma is proved.

Let us apply the last lemma to the entire ensemble.

Theorem 4.Let ip > 0 be a firing moment such thaf (%) = 1, x;(to+) = 0. If pa-
rametern is sufficiently small, then the motio(t xof the system synchronizes within
the time intervallto,to + T], if Xi(to) & [@0,a1),1 # |, and within the time interval
[to+ %T’,to + (max..j ki +1)T], if there exist X(to) € [ao, a1) for some $£ |

and x(to) € S,i # j.

Proof. Apply the last lemma to each pdixj,x;),i # j to obtain that it synchronizes
within the time interval. The theorem is proved.

On the basis of the last proof and the analysis of formulak (1) with (8),(6)
and (9), one can conclude that the following assertion, wban be useful in appli-
cations and theory, is valid.

Theorem 5. Assume thapt> 0iis a firing moment, Xto) = 1,X;(to+) = 0. The mo-
tion x(t) of the integrate-and-fire model of identical continuousiyjgled biological
oscillators synchronizes within the time interf@alto + T], if Xj(to+) & [ap,a1),i #

j, and within the time intervalto + %"k‘_litwr (maxj ki +1)T], if there exist
Xs(to) € [ag,a1) for some s£ j and % (to) € S, i # j, and if the delayr is sufficiently

small.

3.3 Non-identical oscillators

Let us describe a more general system of oscillators suctirteasynchronization
is still true.

Consider a system af non-identical oscillatorg;,i = 1,2,...,n, whose values
are in[0, 1+ &]. We assume that the following conditions are valid:

B1). If several oscillators,,,m=1,2,... .k, fire at a moment = s, such that
Xim(S) = 1+ &, andx,(s+) = 0, then all other oscillatorg,, p=k+1,k+1,...,n,
exhibit the following behavior near the moment of firing:

o If X, (s)+¢&+¢&, > 1+§,, thenx (s+) =0.
e Otherwise,

k
Xil,):(S‘FSp‘Fn+ z Spim(tiapim(t)))i(y+ylp)xip7 (14)
m=1

forallt € [s,s+ 1+ Tip] that belong to the same continuity interval xa; as
s. Functionss; are piecewise continuous arﬁ)q,im(t) > 0 are bounded delays.
There exist positive constantg such thats; (t)| < njj for all i, j.
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If x; fires at a momertt = s, we name the intervék, s+ 1] as ane/ —interval. An
oscillatorx; is excitedat a moment, if the moment belongs to azl —interval with
j#i,orx(t)=1+§.

B2). Wheni—th oscillator is not excited

X = (S+s)— (Y+ V)X (15)

In (B1) and (B2) constantsS y,e,n are the same as ifAl) — (Ad), parameters
S, ¥.&,Nij, Tj,i, = 1,2,...,n, are fixed real numbers. Additionally we require that
B3). 7+ Ti, >0,n— Z‘;:l Niyis > 0, for all possible; i, andis.
We shall call the system of oscillators with conditiongB1) — (B3), (A3) the
integrate-and-fire model of continuously coupled non-iaah biological oscilla-
tors.

Theorem 6.Let {o > 0 be a firing moment such thaf () = 1,xj(to+) = 0. If
parameters sy, i, 1ij, Tij and n are sufficiently small, then the motiorft x of
the integrate-and-fire model of continuously coupled rammtical biological os-
cillators synchronizes within the time intervigd,to + T], if Xi(to) & [a0,81),i # |,
and within the time intervalto + %f’to + (max.j ki +1)T], if there exist

Xs(to) € [ao,ay) for some s j and X (to) € Se.i # |.

We decided to omit the proof of the last theorem, since it iy @@milar to that
of Theorem 4 with slight changes caused by newly introdueedmeters. Still, one
point in the proof deserves special attention. If two oatilfsx, andx, are non-
identical and fire simultaneously at a momest 8, how will they retain the state
of firing in unison, despite being different? To find the reqdiconditions, let us
denote byr, 7 > 8 a moment when one of them, let us sqyfires. We have that
X (04) =% (6+4) = 0. This time it is not necessary to haxgt) = x(t),0 <t <Tt.

It is clear that to satisfy (T+) = % (1+) = 0, we needk (1) + £+ & > 1+ &. By
applying formulas similar to (5) and (6), this time with= 0,ti;1 = 7,%(8) =0,
one can easily obtain that the inequality is correct if theapeeters are sufficiently
small. Thus, one can conclude that if a couple of oscillagsynchronized at some
moment of time then it persistently continues to fire in uniso

Remark 5We do not impose any restriction on the delay functifg, (t) in (14),
except that they are bounded functions. Oscillators witlayaal excitatory inter-
action, without leakage, and their applications are disedsn [20]. Similarly to
the way it is done for pulse-coupled models in [3], all resuwan be extended to
systems, when the coupling is not all-to-all, and genenaésyof thresholds and
differential equations are considered. Paramgter chosen as the main one to es-
tablish synchronization. It is obvious that the choice @f¢bntrol can be varied, for
example, by choosing, or both of them, instead.
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3.4 Simulations

To illustrate the theory consider a system of oscillat@isxy, . . ., X100, With ran-
dom start values if0, 1]. Choose, also randomly, numbéssai, Bi,i =1,2,...,100,
from the interval[0, 1]. Assume that i;(s) = 1+ 0.005; at some momerit=s,
then the oscillator firesj(s+) = 0, and other oscillators,i # j, change their be-
havior near the firing moment in the following way:f(s) + 0.03 > 1+ &, then
Xi(s+) = 0; otherwise,

X = (13+0.01a;) — (2+0.018)x;, (16)

forallt € [s,s+0.01], till x; fires.

If x; fires at a moment = s, then an oscillatox; is excited at the momertt
if either the moment belongs to the interyals+ 0.01] with j i, or x(t) = 1+
0.005%;.

Whenx;,i = 1,2,...,n, is not excited then

X = (3+0.01a;) — (24 0.01B)x;. (17)
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Fig. 9 The figure in the upper left corner depicts the initial posisiothe one in the upper right
corner depicts the situation just before the thirtieth jump, dhe in the lower left corner - just
before the sixtieth jump, and the final figure - before the n@tbtjump of the system. The flat
sections of the graph are groups of synchronized oscillators.
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In Figure 9 one can see the result of the simulation, whereugper left figure
corresponds to the initial states, the upper right one shiogvsituations just before
the thirtieth jump, the lower left one - just before the i jump, and the final one
- before the ninetieth jump of the system.

4 Integrate-and-fire oscillators with retarded couplings

4.1 The couple of identical oscillators

Let us start with the analysis of two identical oscillatomhich satisfy, if they do
not fire, the following differential equations

X =S—yxi, (1)

where 0< x; < 1,i = 1, 2. Itis assumed tha, y are positive numbers and= S > 1.
In (1) eachx;,i = 1,2, is a voltage-like state variabl8,is an external stimurus, and
yis the leakage coefficient.

Whenx;(t) = 1, then the oscillator firej (t+) = 0. The firing changes the value
of the another oscillatok;, such that

X(t+) =0, ()
if xi(t) >1—¢,and

Xit+1)+€ifxt+1)<1l-—c¢,
0, otherwise

%(t+T1+) = { 3)
otherwise.

Thus, from (3) it implies that + 7 is a firing moment foi;, if the jump makes
the value of the oscillator not smaller than 1

In paper [50], the following coupling mechanism was introeld. If oscillator;
fires at the momertt then the firing changes the value of the another oscillator,
such that

_ I xit) +eifxi(t) <1—g,
X(t+) = {O, otherwise (4)

That is no delay was assumed for the pulse-coupling.
In what follows, assume that

K—1

- — YT 5
K—1+s<e ®)

We have that
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S
X (s) = X (t)e VY +/ e VsUsdu
t
neart, wheret is assumed again the firing moment fgr and
X(s)<(1—g)e V" +k(l—e ).

From (5) it implies that if;(t) < 1— &, thenxi(s) < 1, for all s€ [t,t + 1]. In other
words, the oscillatox; does not achieve the threshold within interjtat + 7], if the
distance ofx (t) to threshold is more thas. This is important for the construction
of the prototype map, and makes a sense of condition (3).

One must emphasize that couplings of units are not only ddl@y our model.
By (2) oscillators interact instantaneously, if they aramtie threshold. This as-
sumption is natural as firing provokes another oscillatticivis being close to the
threshold “is ready” to react instantaneously. Otherwtise interaction is retarded.

Next, we shall construct the prototype map. Fix a momeat{ , whenx; fires,
and suppose that oscillators are not synchronized. Inviailtgf, { 4 7| the oscillator
X2 moves according to the laxg(t) = x2()e Yt-4) + f} e Vt-Usdy and

X2({ + 1) = [%2({) —K]eV" +K. (6)

Let us, firstly, handle the problem in the case thdf + 7) + € < 1. One can verify
that this is true ifxo({) < v, wherev = e""(1— € — k) + K. It is important that
v < 1- €1, whereg; = €€”. Taket > 0 so small such that the inequality

eV >¢ (7

holds. From (7) it implies tha¢; < 1. If we denote byt = n the firing moment of
X2, then one can reveal that

XZ(T]) = [XZ(Z + '[) + g]e*V(U*Z*T) + K[l— e*V(nfffr)].
The equation(n) = 1 implies the following

1-k
~v(n—-4) _
€ X2({)—K+é& ®

It follows from x(n) = k[1—e Y(1-9)] that

X =K 9
Introduce the following map
1-(v+é&1) _
Lp(v,e)=k————=, forO<v<yv, 10
D(V,&) =K — Ve (10)

such thati () = Lp(x2({)), €).
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Next, let us consider the case thakXy({ + 1) + €. By (3) we have thaf) =
{+1,andxy(n) = k[1—e ¥T]. Setv'= k[1— e ¥T], and introduce

Lp(v,e) =V, forv<v<1l-—e. (11)

In what follows we assume that

/ K
VT —_ 12
€ < K—1+& (12)

Now, we will define an extension afy on [0, 1] in the following way. Let

1—
w=K 51. (13)
K—&

One can see that-1¢ < w < 1, provided that

K
oo %
e <K_1+£1. (24)
In the sequel, we assume that the nunaisrsufficiently small such that (5) implies
(14). We set p(0,€) = w, and defindp(v,e) =0,if 1l —e <v< 1
The derivatives of the map if®,v) satisfy

, B 1-«k
LD(V’S)iK(K—(V—FEl))Z <07 (15)
and
Li(ve)= 26— K (16)
DAREI T (k= (v+¢))3
It is possible to verify that there is a fixed point of the map,
PR S PR 1 (17)
N 2 4’
and that
Lp(vhe) < —1. (18)

Stated in other words, the fixed powitis a repellor. The inequality* < v holds,
if the condition (12) is valid, and consequently, all our\poeis evaluations are
justified.

Suppose, additionally, that

EK

Kl-eV) < ——
( )<K—1+8

—ee. (19)
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Denote byv = ay the solution of the equatiobp (v, ) = 1— ¢. We find thata, =
1rs — €€"". By means of the last inequality we have: a;.

We call T the small delaysince(5), (7), (12), (14) and(19) are assumed to be
true. The graph ofp (in red) under above mentioned conditions is illustrated in
Figure 10. One can see tha is a piecewise map. This is a curios fact, since in
previous our papers for non-delayed pulse couplings orimenotis couplings, the
prototype map was continuous. Obviously, the discontynaiithe map gives more

possibilities for various dynamical collective effectdmgrate-and-fire oscillators.

To emphasize a significance of this map for the present asalgs us see how
iterations of it can help to observe the synchronizatiort§-> 0, a firing moment,
such thatx; (tp) = 1 andxy(to+) = 0. When the coupleg andxp are not in syn-

A

(.0—-\\‘\

Fig. 10 The graph of mapp in red, fixed pointv*, and stabilized trajectory are seen.



34 M. U. Akhmet

chrony, there exists a sequence of moméntst; < ... such thak; fires att; with
eveni andx; with odd indices. Denote; = xy(t;), if i is odd, andy = x(t;), if

i is even. One can easily see that; = Lp(u;, €),i > 0. The pair synchronizes if
and only if there exist§ > 1 such that(t) # xo(t), if t <tj, andxq(t) = x2(t),
for t > t;. In particular, both oscillators have to fire tat In other words, the in-
equalities - & < uj_1 < 1 are valid. In particular, we have thia$ (0) = w satisfies
this condition. In the same time, if-1&; < uj_3 < 1, thenuj_» = 0 = Lp(uj_3)
and 1- ¢ < uj_1 = w < 1 again. That is, we have found that if there exists an
integerk > 0 such that - & < LK(v) < 1, then the motion(xy(t),xx(t)) with
x1(to+) = v, x2(to+) = O, synchronizes at thk—th firing moment. Conversely, if
a motion (x1(t),x2(t)) synchronizes, then one can find a firing momémntsuch
that x1(to+) = 0,X2(to+) = v,v € [0,1], and a numbek with the property that
1-e<LE(v) <1

Thus, the last discussion confirms that the analysis of spm@tation is consis-
tent fully with the dynamics of the introduced map(v, €) on [0,1], and the map
Lp can be applied as the main instrument of the paper. That is whyse this
function as a prototype map in our investigations.

Now, by the help of the properties of the miap, and analyzing self-compositions
of the map, one can easily attain that forkaf+ O functionsLE have only one fixed
point, v¥, and|[LK (v*,€)]’| > 1. We skip the discussion as it is respectively simple,
and requests a large place. Since all the mléplsave one and the same fixed point,
v, there is not &—periodic motionk > 1, of the map. Consequently, for arbitrary
pointv # v* one has a stabilized trajectory as presented in Figure 18 .cdhple
synchronizes whebf (v, &) > 1—¢.

Next, we investigate the rate of synchronization. &t 0,a¢ = 1— ¢ and
a1 =Lpt(a),k=2,3,... (See Figure 11).

Denote byS; the subset of the intervd®, 1], consisting of the points which
are synchronized after exacthyiterations of the magpp. It is easy to verify that
S =[a1,1],S1 = [ap, a2] and S = (ax_1, a1, If k> 3, is an odd positive integer,
and S = [ak1,8-1), if k> 2, is an even positive integer. One can observe that
ax — V* ask — co. We shall callS, k > 0, the rate intervals.

From the discussion mentioned above it follows that no fitiites is available
such thagll points of the unit square synchronize at that moment. Tregeclds to
the equilibriumv*, the later is the moment of synchronization.

SetT = %,In < and denote byl the time needed for solutian(t,0,v*) of the
equationy’ = S— yu, to achieve threshold. Since all oscillators fire within aenaal
of lengthT and the distance between two firing moments of an oscillanat less
thanT, we can conclude the validity of the following theorem.

Theorem 7.Assume that the conditions (5), (7), (12), (14) and (19) axdyv If
to > 01is a firing moment, Xto) = 1,x1(to+) = 0, and %(to+) € Sy for some nat-
ural number mthen the couplexx, of continuously coupled identical biological
oscillators synchronizes within the time interigl+ %“f,to +Tm.
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4.2 Non-identical oscillators: the general case

To make our investigation closer to the real world probleor® has to consider
an ensemble of non-identical oscillators. We will discuss following system of
equations

X = (S+m) — (y+4)x;, (20)

where 0< x; < 1+¢,i = 1,2,...,n. The constant$ andy are the same as in the
last section such that= % > 1. Moreover, constantg; and{; are sufficiently small
_ Stui

satisfyingk; = 77-7+ > 1. Whenx(t) = 1+ ¢j, the oscillator fires and;(t-+) = 0.

The firing changes values of other oscillatgrs # j, such that

A

Fig. 11 Boundariesg;, of rate intervals are seen.
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X(t+) =0,ifx(t) >1—¢ (21)
and
: x4+ 4 ifxt+T)<1-—¢,
(T = {O, otherwise (22)
otherwise.

In what follows, we call real numbers, i, {;, &, &, parametersassuming the
first one is positive. Moreover, constaptsd;, &, & will be calledparameters of per-
turbation To achieve the model adlentical oscillators assume that the parameters
are all zero. In our case, an exhibitory model is under dsonsthat iss + & > 0 for
alli. Coupling is all-to-all such that each firing elicits jumpsalhnon-firing oscilla-
tors. If several oscillators fire simultaneously, then othezillators react as just one
oscillator fires. In other words, any firing acts only as a algmhich abruptly pro-
vokes a state change, the intensity of the signal is not itapgrand pulse strengths
are not additive. Moreover, we have that

S
X () = i (t)e~ e +/ e U sy n)du,
t

neart.
Under the circumstances that condition (5) is valid, andstamtsy; and ; are
sufficiently small such that

Ki—1

—(y+4i)T 23
Kk _11¢-¢ : (23)

we havex;(s) < 1 for allse [t,t + 1], provided thai(t) < 1—&.

We begin the present section by analyzing a couple of osmifiaf the ensemble
of n oscillators, and find that the couple synchronizes if patarseclose to zero.
After this, synchronization of the ensemble will be proved.

Consider the model af non-identical oscillators given by relations (1) and (3).
Fix two of them, let us say andx;.

Lemma 3. Assume that the inequalities (5), (7), (12), (14) and (1% w=alid

and p > 0 is a firing moment such that (o) = 1+ &, % (to+) = 0. If param-

eters are sufficiently close to zero and absolute values cdrpaters of pertur-
bation are sufficiently small with respect &9 then the couple xx synchronizes
within the time intervalto,to + T] if X, (to+) ¢ [a0,a1) and within the time interval
to+ ™2 T, to+ (M+1)T], if X (to+) € Sn,m> 1.

Proof. If 1 + & — & — & <X (to) < 1+ &, then two oscillators fire simultaneously,
and we have only to prove the persistence of the synchroaywii be discussed
later. So, fix another oscillatog (t) such that 0< % (tg) < 1+ & — & — &. If the
couple is not synchronized, then there is a sequéngef firing moments such that
0<ty<ty<...,and the oscillatox, fires attj, with i even, and; fires attj with
oddi. For the sake of brevity let us notate= x (t;),i = 2j + 1 andu; = % (tj),i =
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2j,j > 0. In what follows we shall show that how one can evaluatg through
L(u). Consider the cagds even. There are< n— 2 distinct firing moments of the
motion x(t) in the interval(t;,ti1). Denote byt < 61 < 6, < ... < 6 < ti11, the
moments of firing, when at least one of the coordinategffires. We have that

1 e VHE)OL+ )

O+ T) = (X (O1+T)+€+&)e V(-6
1— e—(V+Zr)(92—61))7

X (tiz1) = (% (Bc+T) + £+ & )e V=61 4
K (1— e ) tiea=81)y, (24)

The moment; ;1 satisfies the following

1+& —e—& <x(tix1) <144, (25)

and continuously depends on parametersxaftg).
We have also that

X (614 T) = K (1— e (VFa)(OrtT-t))
X(62+1T)=X(O+T)+e+ gl)e*V(V+ZI)(92*91) +
Kl(l_e*(v+5|)(92*91)), (26)
X (OJ +1)=(X (6]-71 +1)+e+g )e—(W'ZI)(ej_ejfl) +

K| (1_ef(V+ZI)(ejfej—l))7

X (tiz1) = (4 (B+T)+ €+ g)e V-1 4
ki (1— e (VFa)lia—8T)y,

The last two formulas describe the dependenaca af on u;. One can easily find a
similar relation for the casieis odd.

Setd (Wi, {) = K — K. Itis clear thatd (0,0) = 0. By means of (24) and (26), it
is possible to achieve that
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X (tii1) = (% (t + 1) + ) Vi g it 4
K(1—e ity | g e Vtinn-t)g=r(tiva—t) o

k
(8 + gr) Z e*(VJrZr)(tH—l*gj*r) + (27)
=1
& (1— e ety (28)

and
X (tir1) =(k+9)(1— e*(W‘ZI)(tiH*ti)) +
k
(e+g) Z e (r+a)(ti1—6—-1) (29)
=1

Now, recall the mapp defined in the last section. One can find out that

o) = (% (ti+T1)+£)e Y ti-0 4

K(1— e VW), (30)
wheret;, 1 satisfies
otiy1) =1, (31)
and
W(tise) = K(1—e V). (32)

By the help of the definition dfp, we attain thatp(ui) = Y(tiy1).
Without loss of generality assume thiat; < tj ;1. In this case, one has

otip1) =X (tip1) =1—x(ti1) =
‘Dl(fafraZr»ér’T)a (33)

where
¢l(£>£l’7Zl’7d’a T) =
K(1—e Vi t)) (g Glliat) _q)_

(% (ti +T) + &) Vi) (g dliat) gy
_ _ k _
ere*V(tHl*ti)e*Zr (tipa—ti) _ (e+&) Z\e*(VJrZr)(tiH*Gj*T) _
]:

& (1—e ity

and the last expression tends to zero as all of its argumentsto zero. Next, by
utilizing (25) and (33) we achieve thiat1 —ti 1 < ®o(¢, &, 4, & ), where
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|Er|+5+|5r|+¢1(575ra5r75mr)
®(,8,4,O,T) =
2(8: 1,00, T) S— || —y—1&|

Now, by means of the last equation, (29) and (32), one carhsee t

ILp(u) — Ki ()| =[x (tire) — W(tiva)] < % (tisa) —x (tica) |+

X (tirr) — Ytiza)| < DS+ ||+ y+14]) + Do

That is, differencd_p(u;, €) — U1 can be made arbitrarily small if the parameters
are sufficiently close to zero. Moreover, we should assumaisass of absolute
values of the parameters of perturbation with respeet to satisfy (25). This con-
vergence is uniform with respect tp. We can also vary the number of poirfis
and their location in the intervals;, tj;1) between 0 and — 1. The convergence is
indifferent with respect to these variations, too.

ConsiderL} (g, €). It is true thatLT(u, €) € [1— &, 1]. Assume, without lost of
generality, thamis an even number. Sintg) is a continuous function, we can find
recurrently, by applying the following sequence of inedfies |ui — L (uo, )| <
|u—Lp(ui—1,€)|+ |Lp(ui—1,&) — LD(Lgl(Uo,S))H =12,...,thateither &+ & —
E—& <Un<l4éorl+é—e—g <umi<1l+§, ifthe parameters are suf-
ficiently small. From the notation it implies that each of {ast two inequalities
bring the couple to synchronization. Similarly, one carcdss relations connected
to inequality (19).

Since each of the iterations &f is done within interval with length not more
thanT, we obtain now that the couple, x; is synchronized not later thdn=to +
(Mm+1)T.

We have found that oscillators andx; fire in unison at some momeht= 6.
Next, we show that they will save the state, being differ@otfind conditions for
this, let us denote by > 0 the next moment of firing of the couple. Let sayfires
at this moment. Thus, we have th@t6+) = x-(6+) = 0. Thenx (t) =x(t),0 <
t <1.ltis clearthatto satisfy (T+) =% (7+) =0, we need 1 & — e — & < x (7).
By applying formula (25) again, this time with= 6,t; ;1 = T, one can easily obtain
that the inequality is correct if parameters are close to aad absolute values of the
parameters of perturbation are small with respeet tbhus, one can conclude that
if a couple of oscillators is synchronized at some momeninoé than it continues
to fire in unison for ever. The lemma is proved.

Let us extend the result of the last Lemma for the whole ent&=mb

Theorem 8. Assume that the conditions (5), (7), (12), (14) and (19) aleyand

to > Ois a firing moment such thaj fto) = 1+ &;, Xj (to+) = 0. If the parameters are
sufficiently close to zero, and absolute values of pararaetethe perturbation are
sufficiently small with respect & then the motion (t) of the system synchronizes
within the time intervalto,to + T], if X;(to+) ¢ [a0,a1),1 # ], and within the time
interval [to + wf’to+ (max.j ki +1)T], if there exist ¥(to+) € [ag,a1), for
some s# jand % (to+) € S, i # J.
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Proof. Consider the collection of couplés, xj),i # j. Each of these pairs synchro-

nizes by the last Lemma within intervigd + %f,t()‘i’ (maxjki+1)T]. The
theorem is proved.

Let us introduce a more general system of oscillators suaghtiheorem 8 is still
true.

Consider a system af oscillators given such that if-th oscillator does not fire
or jump up, it satisfie$—th equation of system (1). If several oscillatogg s =
1,2,....k fire such thaki (t) = 1+ @(t,x(t), x(t — Tiy), where|@(t, x(t), x(t — 1i)| <
&,i=1,2,...,n andx(t+) =0, then all other oscillators ,, p=k+1,k+1,...,n,
change their coordinates by law

Xi(t+)=0,ifx(t) >1—¢ (34)
and, ifx(t) < 1—¢, then

k
X(t+1+)=x(t+1)+e+ Zeipis- (35)

One can easily see that the last theorem is correct for thehjust have been
described, i€ + z'g:l Eipis > 0, for all possiblek,ip andis, and we assume thgt are
also parameters of perturbation. Moreover, one can easd\ttgt initial functions
for thresholds conditions can be chosen arbitrarily witluga in the domain of the
system.

Remark 6 Our preliminary analysis shows that the dynamics in a neigintiod of
v* can be very complex. We do not exclude that a chaos appeazante observed,
and trajectories may belong to a fractal, if parameters aremall. It does not con-
tradict to the zero Lebesgue measure of non-synchronizietsp®ossibly, analysis
of non-identical oscillators with not small parameters fisignificant interests to
explore arrhythmias, earthquakes, chaotic flashing ofiiefetc.

Remark 7.The time of synchronization for a given initial point doeg mzrease if
the number of oscillators increases (but the parametededde be closer to zero).
This property, possibly, can be accepted as a small-wokd@menon.

4.3 The simulation result

To demonstrate our main result numerically, let us consadmodel of 100 oscilla-
tors, which initial values are randomly uniform distribdie [0, 1]. Their differential
equations are of form

X = (4.1+0.01xsort(rand(1,n)) — (3.2+ 0.01x sort(rand(1,n))x;,

and thresholds
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1+ 0.005«sort(rand(1,n)),i=1,2,...,100,

where deviations of coefficients the threshold are alsocoamify random in[0, 1].
We place the result of simulation with= 0.06 andt = 0.002 in Figure 12, where
the state of the system is shown at the initial moment, betfoeel83-th jump,
before the 366th jump and the last is before the 54 jump. That is, it is obvious
that eventually all oscillators fire in unison.

We verified that all conditions (5),(7),(12),(14) and (189 salid.

5 Conclusion

There are two main approaches to analyze the conjecturéshwere first ap-
plied in [47] and [50]. The phase description method has dated the field in last
decade, has been utilized in deterministic and indetestitr@nalysis, and used in
addressing various real world problems. One can say thaesults give a new im-
pact to C. Peskin’s proposal. There is a rich collection sfils on synchronization,
obtained through experiments and simulations. The restittse present paper can
give theoretical background for them and form a basis for opes. They can be
applied, by using the theory of maps and their perturbatinasonly to the prob-
lems of synchronization, but also to periodic, almost pidonotions, and complex
behavior of biological models. New small-world phenomeaa be discovered.
The famous two conjectures of C. Peskin [50] were developetlufther appli-

cations. One of important additional questions is: Do cordus or piece-wise con-
tinuous couplings synchronize the model? In the preserdmpapfficient conditions
for a positive answer are found. The method of investigasdyased on a specially
constructed map. One can remark that the systems investigathis chapter are,
in fact, cooperative discontinuous systems [28]-[33] witbnotone dynamics [56].
Consequently, by applying the methods of dynamical systgitisdiscontinuities
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at variable moments [2] one can obtain more results comgiological processes
in the future.

The cardiac pacemaker model of identical and non-identiseillators with de-
layed pulse-couplings is considered in the chapter. Weyapplmethod developed
in [5]-[3], which is based on a specially defined map. Sufficeonditions are found
such that involvement of delay in the Peskin’s model doeshahge the synchro-
nization result for identical and non-identical oscill&@50, 47, 5]. What we have
done admits a biological sense, since retardation is oftesepts in biological pro-
cesses and if one proves that a phenomenon preserves eheatelaiys, that makes
us more confident that the model is adequate to the realityeer, the method
of treatment of models with delay can be useful for neuralogts and earthquake
faults [17, 20, 27, 30, 49] analysis. All the proved assediare true wittr = 0. In-
deed, itis easy to see that conditions (5), (7), (12), (1d)(&8) are valid witht = 0.
Thus, the synchronization results for the Peskin’s modf,i8] are confirmed one
more time. In next our papers we suppose to give analysis @afets with non-
small delays. There are several interesting problems,iwten develop results of
the present paper further. Let us name some of them. Suppateadndition (19)
is violated. That isy> ay. Consider two identical oscillators. The corresponding
graph of the map looks as in Figure 13.

One can see from the picture that the couple synchronizes rat more than
three iterations, i ¢ [b,a;]. Otherwise the pair moves periodically with period 2
ultimately. Considering this simple case of two identicsdiators, one can predict
that for an ensemble of oscillators (identical or not qudentical) there should
be two or more clusters of synchronized oscillators, andctbsters may move
periodically, if V'is nearay. In our simulations, we observe clustering as well as
periodicity in the motion of the clusters. Since the numtfeslasters changes with
the variation of the parameters, one can investigate laifima of periodic solutions
as well as the number of clusters.
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