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1. Glue two tetrahedron together so that they have a triangular face in common. Find
all the rotational symmetries of this new solid. Label the vertices of this new solid 1
to 5. Using these labels, write a group isomorphism from the rotational symmetry

group of this new solid to a subgroup of Ss.
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2. Verify the orbit-stabilizer formula in each example for some z.
(a) Let X be the set of edges of a regular hexagonal plarﬁe and let r be the coun-
terclockwise rotation of the plate by m. Regard r as a permutation of X.
Consider the group action ¢ : Z;s — (r) given by the formula m — ™.
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(b) Let X be the set of vertices of an octahedron and let 7 be a rotation by 27 /3
about an axis passing through the centers of two opposite faces. Regard r as

a permutation of X. Consider the group action ¢ : Zis — (r) given by the
formula m — r™.
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3. Consider a cube whose each face is bisected with a stripe as shown below so that
no two of stripes meet. The bisected cube is decorated''by painting each half of

the subdivided faces blue, red or green. Determine the number of decorated cubes
by using the Counting Theorem.
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Hint: The conjugacy classes of A4 are represented by {(1)},{(123)},{(132)}, and
{(12)(34)}-



. Let G act on X. State the definitions of G(z) and G,. Show that the points in the
same orbit have conjugate stabilizer groups. ‘

C“(‘f(>:zj7‘ ‘jéé‘? ook Gx= ?366 | inX%

guF?OS&— X a/o(j belo to e sowwe_ orbt‘h
Soy GR). Thewl gx=2=9,Y Aor Sowe— g€

_,C_,kﬁ‘_il_v’—-'; (3 &xﬁ":CJj
Dick W& Gx (e hx=x) . The
ahg' g = ahg 9x
:3 \/‘ X
:3 X
=

Tlms 3\/\3_‘ 'é'Gﬂ y O 9 éxﬂ—l < Gy S‘\U)“‘C(/\\V\-ﬂ
e coles OC X ok Y, we o btoin 3-'@53 < Gy,
This 'F(O\/QS o clawva .

As an example, consider the natural group action of Sy on the set X = {1,2,3,4}
given by ¢ -z = o(z). Show that 1 and 2 are in the same orbit. Compute G; and
G2 and verify that G; and G2 are conjugate subgroups of Sy.
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5. Decorate a regular plate with 8 edges by colouring each edge blue, red or green.
Determine the number of decorated plates by using the Gounting Theorem.
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Hint: The rotational symmetry group is the dihedral group with 16 elements:
(r,s : 1™® = e = s%srs7! = r71). The conjugacy classes of this group are

{e}, {r*}, {r,r"}, {r?,v8}, {r®, v}, {s, 725,745,785}, and {rs, m3s,7%s,7"s}.



