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1. (25pts) Consider the binary operation % on S = {a, b, ¢, d} given by the table:
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(a) Is Y associative?
Solution: No! For example (a¥c)dd = bkd = d. On the other hand a¥k(ckd) =
a%kb = a.

(b) Is % commutative?

Solution: No! For example adkc =0b # c = cka

(c) Does there exist an identity element?
Solution: Yes! The element b is an identity element with respect to s because
bkr = x¥b=x for each x € S.

(d) Does each element have an inverse?

Solution: No! Observe that z¥a # b for all z € S. Thus the element a does not have

a left inverse so it does not have an inverse.



2. (25pts) This question has two independent parts.

(a) Find all integers x such that 6z = 14 (mod 55).

Solution: We have ged(2,55) = 1. Cancelling 2 from both sides, we obtain that
3z =7 (mod 55). In order to cancel 3 in a similar fashion, we add 55 - 2 to the right
hand side. More precisely, we have

3t =7+55-2=117=3-39 (mod 55).

Since ged(3,55) = 1, we find that x = 39 (mod 55). We conclude z = 39 + 55 - k for
some integer k € Z.

(b) Find the greatest common divisor d = ged(602, 252) by using the Euclidean algorithm.

Express d in the form m - 602 + n - 252 for some integers m and n.

Solution: Applying the Euclidean algorithm, we find that

602 = 252 -2 4 98
252 =98-2+56

98 =56 -1+ 42
56=42-1+14
42=14-3+0

Thus ged (602, 252) = 14. Aplying this algorithm in the reverse order, we find that

14 = 56 — 42
— 56 — (98 — 56)
—2.56 — 98
=2.(252—98-2) — 08
—=2.252—5-98
= 2252 — 5(602 — 252 - 2)
=12-252 — 5 - 602.

We can pick m = —5 and n = 12.



3. (25pts) Consider the following sets of 3 x 3 matrices with entries from real numbers

G= ca,b,c € R and H = deR

o O =
S = 2
= o o
o O =
S = O
— O

(a) Show that G is a group under the matrix multiplication.

Solution: We start with verifying the fact that the set G is closed under the matrix

multiplication:
1 a b 1 a b 1 a+a b+b+aé
01 ¢ 01 c¢|=|0 1 c+c
0 0 1 0 01 0 0 1

Secondly, the matrix multiplication restricted to G is associative because the matrix
multiplication has this property in general. Consider the element

I3 = [055]3x3 = eq.

o O =
o = O
= O O

Obviously IsM = M I3 for each matrix M € GG. Thus there exists an identity element

in G. Moreover each element of GG has an inverse because

1 a b 1 —a ac—9> 1 —a ac—9> 1 a b
01 ¢ 0 1 —c =L=]0 1 —c 01 ¢
0 01 0 0 1 0 0 1 0 01

We conlude that G is a group with respect to the matrix multiplication.

(b) Is H a subgroup of G?
Solution: By picking d = 0, we find that Is € H. We have

10 d 10 d 1 0 d+d
01 0 010|l=]|01 0
00 1 00 1 00 1

Therefore, the subset H is closed under the binary operation of G. Moreover for each

element in G, we have

-1

1 0 d 1 0 —d
010 =101 0 cH
001 0 0 1

We conclude that H is a subgroup of G.



4. (25pts) Consider the following set of 2 x 2 matrices

G:{[a Z] a,b,c,d € Zy and ad—bc#[O]}

C

with entries from Zs, the set of congruence classes modulo 2. You are given that G is a
group under the matrix multiplication. (Don’t show that G is a group.)

(a) Write the elements of G' and show that G has order six.

Solution: For simplicity, we use the notation 0 = [0] and 1 = [1]. We have

(B IEAE SRR

(b) Is G an abelian group?

Solution: No! For example

BIEE SR EIH

(c) Is G a cyclic group?

Solution: No! To see this, we note that

FREETRN
R

There is no element generating the group G.

and



