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1. (12pts) Let f : Z→ Z be the function defined by f(x) = 2x+ 3. Define a relation R on Z by

xRy if and only if f(x) ≡ f(y)(mod 5) for any x, y in Z.

(a) Prove that R is an equivalence relation on Z.

Solution: We are required to show that R is reflexive, symmetric and transitive:

xRx holds for any x in Z since f(x) ≡ f(x)(mod 5) for any x in Z. This shows that R is reflexive.

Suppose that xRy holds for x, y in Z, that is f(x) ≡ f(y)(mod 5). This implies f(y) ≡ f(x)(mod 5) and

hence yRx. Therefore R is symmetric.

Next let x, y, z be in Z such that xRy and yRz. So f(x) ≡ f(y)(mod 5) and f(y) ≡ f(z)(mod 5). It

follows that f(x) ≡ f(z)(mod 5) and hence xRz. Thus R is transitive.

(b) Describe the R-equivalence class [0] explicitly.

Solution:

[0] = {x ∈ Z |xR0} = {x ∈ Z | f(x) ≡ f(0)(mod5)} = {x ∈ Z | 2x+ 3 ≡ 3(mod5)}
= {x ∈ Z | 5 divides 2x} = {x ∈ Z | 5 divides x} = 5Z.



2. (10pts) (a) Define the function f : Z → Z by f(x) = 7x − 2. Determine whether f is injective,

surjective and bijective.

Solution:

f is injective: Let x, y be in Z such that f(x) = f(y). Then 7x− 2 = 7y − 2 and hence x = y.

f is not surjective: For example, the integer 0 is not in the range of f because otherwise there would be

an integer x such that 7x = 2 which is impossible.

Therefore f is not bijective.

(b) Define the function g : Q → Q by g(x) = 7x − 2. Determine whether g is injective, surjective and

bijective.

Solution:

f is injective: Let x, y be in Q. Then 7x− 2 = 7y − 2 and hence x = y.

f is surjective: For every y ∈ Q, y+2
7 ∈ Q and f(y+2

7 ) = y.

Therefore f is bijective.
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3. (10pts) Prove that a function f : A→ B has a left inverse if and only if f is injective.

Solution: See your lecture notes.

4. (6pts) Give an example of subsets A,B and C of Z such that A− (B − C) 6= (A−B)− C.

Solution: Let A = {1, 2} and B = {φ} and C = {1}. Then A− (B − C) = A− φ = A

but (A−B)− C = A− C = {2} 6= A
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5. (10pts) Prove that if A,B and C are sets, then A× (B − C) = (A×B)− (A× C).

Solution: Let us show first that A× (B − C) ⊆ (A×B)− (A× C)).

If we take any (x, y) ∈ A× (B−C), then x ∈ A and y ∈ B−C, the latter means that y ∈ B and y /∈ C.

Then (x, y) ∈ A×B (since x ∈ A and y ∈ B), and (x, y) /∈ A× C (since y /∈ C).

Thus, (x, y) ∈ (A×B)− (A× C), and we proved that A× (B − C) ⊆ (A×B)− (A× C).

Now, let us show that A× (B − C) ⊇ (A×B)− (A× C).

If we take any (x, y) ∈ (A×B)− (A× C), then (x, y) ∈ (A×B), but (x, y) /∈ (A× C).

So, x ∈ A and y ∈ B (since (x, y) ∈ (A×B)).

Since x ∈ A, but (x, y) /∈ A× C, we can conclude that y /∈ C.

Thus, y ∈ B − C (since y ∈ B and y /∈ C) and (x, y) ∈ A× (B − C).

We proved the other inclusion A× (B − C) ⊇ (A×B)− (A× C), and therefore,

A× (B − C) = (A×B)− (A× C).

6. (12pts) Consider the poset (P(Z),⊆) and let A = {{4}, {1, 2}, {2, 3}, {3, 4}, {1, 3, 4}}.

(a) Draw a Hasse diagram for the poset (A,⊆).

Solution: {1, 3, 4}
|

{1, 2} {3, 4} {2, 3}
|
{4}

(b) List all maximal elements of (A,⊆).

Solution: {1, 2}, {2, 3}, {1, 3, 4}.

(c) List all minimal elements of (A,⊆).

Solution: {4}, {1, 2}, {2, 3}.

(d) Are there the greatest and the least elements in (A,⊆).

Solution: There is no greatest element (which contains all the others) and no least element (which is

contained in all the others).

(e) Find the least upper bound and the greatest lower bound for A in the poset (P(Z),⊆), if any.

Solution: The least upper bound is {1, 2, 3, 4} (the union of the sets that are elements of A), and the

greatest lower bound is ∅ (the intersection of the sets that are elements of A).
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