CHAPTER 13
Approximate Solutions for 1-D Media

The Optically Thin Approximation

Gray medium between two diffuse gray isothermal parallel plates.
For G(r)and ¢(r) we obtained expressions (12.21) and (12.22)

G(t) = 20\Ex(7m) + 2J2E5(1. — 7)
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Assume optically thin medium: 7, < 1.

Evaluate ¢(7) accurate up to O(r) neglecting O(r*) terms.
Note: E,(x) = % —x+0(x*) and E,(x)=1+0(x)from App.E. Note also that £, appears
inside integrals.
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Since S(7) is in integral, we need to evaluate it O(1) . Note that for isotropic scattering
S(r) is given with Eq(12.5):

S(1) = (1 = @),(7) + —G(m), (13.4)
4
Thus we need to evaluate G(7) up to O(1) :

G(r) = 2J, + 2, + O(7) (13.5)

Therefore S(z')=(1-w)I, (") + 42 (2J,+2J,)+0(7).
T

= q(0)=J,(1-20)+J,(1-20)+ (o], + &J,)[(t —0)— (7, = 7)]+ 27(1 - @) l:jlh(r')dr'— T Ib(r')dz"}

o If /,(7)1s known:

q(r)=J[1-2t+ w27 -71,)]-J,[1-27, + 271 - 207 + w7, |+ 27r(l—a))ﬁlb(r')dr’— T Ib(r')dz":|

which leads to Eq(13.6):
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T L
+27(l — @) U (thdr' — ' I,(7h dfr'}; (13.6)
0

4T



e If Radiative Equilibrium:

G _J=J

Gray medium = S=1, = 2, therefore Eq(13.6) becomes:
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J, +J,

q= Jl[l—2(1—a))r—er]—J2[1+2(1—a))r—(2—a))TL]+27r(1—a))2—
V.4

g=J[1- 20-@) - &z, + 20w —(1- ®)7,]
—J,[1+ 20-w)r —(2- W)z, - 20-w)7 +(1- W)z, ]

g=J,(1-7,)-J,1-7,)=(J,—J,)(1—-17,)=const.

[(z=0)~ (7, —7)]

If temperature of the medium specified, we are usually interested in divergence of heat
flux (dg/dz). To obtain dg/dz accurate to O(7), we must obtain dg/dr to O(1), thus
G(r)to O(1) . From Eq(12.24):

dg

;{T = (1 — w)@4nl, — G). (13.8)
Since G(r)=2J,+2J,+0(7):
L o - (13.9)
dr

The Onptically Thick Approximation (Diffusion Approx.)

Optically thick slab: 7, >1
In Eq(13.2) change integral variables 7' — 7" = |r - r'|
qg(t) = 2J,Es3(7) — 2J2E:(1 — 7)
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+ Qﬂ'J’I S(r—1"E(7"y dr'" — ZWJ S(r+7Ex (7" d7". (13.10)
0
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We are large optical distance away from surfaces = 7>>1and 7, —7 > 1, therefore
influence of J, and J, becomes negligible and we can replace integral limits with oo
(E,(7"") =0 beyond actual limits).

o

S(r—7")Ea(r") d7" ~ 271'[ Str+1")Ex(r")d1", (13.1D)

0

o

g(t) = ZwJ

0

Taylor series expansion of S:

ds (x® [dZS
- 'T” = + s 2 + et + .

Therefore:
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Note: Integration by parts:

J xEx(x)dx = —xE;(x)
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oo = w i
+J Ei(x)dx = —E4s(x)| = =,
0 0 0
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and
477 dS

E Ao o 13.12

q(7) 3 ar ( )
e For a non-scattering medium or a gray medium at radiative equilibrium:
S=1, =
dar d!_:-_.
e b 13.13)
q() 3 dr (

e Isotropically scattering medium:
We need to obtain G(7) similar to g(7):

o S(T]J E\(r")dr" — ﬁj T"Ey (") dr"
27 0 dr ]
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= 25(».—)[ Eyr")dr" + c(}) = 285(m),
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or
& _ .. G
E = 5 =1 w)lh+w4ﬂ'

and

S(r) = 42{1‘) = Ip(T). (13.14)
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For an optically thick, isotropically scattering medium at radiative equilibrium or
not:

4r dl,

q(r) = _?d_

Rosseland Approx. (Diffusion approx) On a spectral basis:
Am dly,
'%Bn dz ’
Total heat flux:
4o d(n? F 4)
T 3Br dz
where [, is Rosseland mean extinction coefficient (defined in Eq(9.104)).

(13.15)

gy =

(13.16)

We may define a “radiative conductivity”

2 3
a0 T (13.17)
3Bk
so that
1T )
e _!""‘ZT' (13.18)
In 3-D:
dar
= o N (13.19)
qri' 3ﬁn n
and
der g : s
q=——Vn"T") = —kgVT. (13.20)

3Br
In practice, the method is useful only in optically extremely thick situations like
heat transfer through hot glass.

Deissler’s Jump BCs:
We took 7> 0 and 7, —7 > 0 for optically thick medium, so what happens close

to surfaces?

No radiative principle states that the temperature of surface and adjacent mediu
must be continuous.

For 7 =0 Eq(13. 10)

gy = J; - S(i NEL(7"YydT"

d y % o= L it
{S(ﬂ) Ext"ydr'" + —b(O)J T Ea(7 ) dr
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Using equation (13.14) this expression becomes

Qe dl, . wdil, 10
.{]((]] = J] 1 ?Th;(o') = TF{O) o ;)— 1 (0] + @ (T ) (1323)

truncating the series after the second derivative.



Substituting Eq(13.13) 3 dr
(with the same order of accuracy)
4r dl, 2r dl rd’l
—— b 0)=J, -7, (0)—==—2(0)-=—%(0), therefore
3dr() 1 —71,(0) 3dr()2dr2()
: 29 diy md?l, -
- o il 13.24
I = w0) - 2O + 3770, (13.24)
For radiative equilibrium of a 1-D slab:
2 dly 1 l .
J= w0 = =220 = 290) = 34, (13.25)

2

since g=const. and therefore, y, 2 =0.
T

The generalized jump condition for multidimensional geometries:

7 9ty 9, @t
2 Ol S I (2‘~-~i fE i ”’)(rh-). (13.26)
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Jw(rw) = ﬁlh(ru') i

The Schuster-Schwarzschild Approximation (Two-flux approx):

A very simple solution method for 1-D plane parallel slab.
Isotropically scattering gray medium: @ =1.
From Eq(12.19):

-+ ]

gl e g e EJ idn, =ilwgewl, (13.27)
dr 2.0
Assume:
I, —-l<u<o,
I, p) = (13.28)
IT(1), 0< < +1,
Substituting this in to Eq(13.27):
Wl i < 8 2 P T (13.29)
dr 2

Writing this as two space dependent equations (note /™ and /" are only /(7)) and
integrating over upper and lower hemispheres:

LdI” LW :
5? = (l = (u){b w0 e 5{{ + 1 }), [13300)
1di” N S _
with BCs:
T=0: ™ =n/mw, (13.31a)
T=T0 I™ = Jl/w, (13.31h)

From the definitions:



|
G :ZWJ Idu =2w(I7+17), (13.32)
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and »
g = 217[ Indu =adT—17). (13.33)
1

Eq(13.30a)+ Eq(13.30b):

1(dl* dI”

— — | =20-0), -(I"+1 )+l +1"
2{dz' dr} (I-o)I,—( )+ o( )
11 dg G

— 21 =2(l-w)!, -(1-w)—

2rdr ( ), =( )27r

dq

d—=(1—a))(47zlb -G)

T

Eq(13.30a) - Eq(13.30b):
l(dﬁ +£J =—(I"+1)

2\ dr  dr

11dG 1

Trdr 7l

dG _
dr
BCs:

—4q

(I"+1)+U"-1") (G2m)+(q/n) G+2q . G+2q9 J,

r=0: It = .
9 2 iV 4 T

A==l G290 G229 S gy,
2 4r 4r 7

r=71,: [

So we obtain ODEs together with necessary BCs for the problem.
See Example (13.4).

e Schuster-Schwarzschild always goes to correct optically thin limit (7, - 0)

e Method is easilky generalized by breaking up 47 to more than 2 components
= Discrete Ordinates Method (Sx approximation)  see Chl5.

The Milne-Eddington Approximation (Moment method) (Differential Approx.)

Start with Eq(13.27):
-.,|
,uﬂ e (g s I e J Tduw, =lepowl (13.27)
dr 2.0

1
Defining intensity moments: /, =27 I In'du.

-1

1
) . I
For example: from zeroth moment integral in Eq(13.27): I Id = 2—0 .
T

-1

2= G+2g=4J



Take the zeroth and first moment of Eq(13.27):
The zeroth:

1 1
dl
2rn\ u—du=2x|(RHS)d
_[ﬂdr 7 Il( )d
dl,

1 1 1
o I
L =(-0)2xl |du-271ldu+—=22rx\d
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Z_I;= (-w)dzl, ~1, + ol, = (1-o)4rl, ~1,)

The first:

1 1
272_[ 1 %d,u = 27rJ- H(RHS)d u
-1 -1

9 _ (- wy2rl j —2;;}1 d +2]—°27zj.
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&:0—Il+0
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1
Note that: J-,ud,u =0.
-1

Therefore:
% = (1 —wdmwly, — Iy + wly = (1 —w)dwl; — Iy), (13.38)
=
a7 . = (13.39)

dr

So we have 2 equations and 3 unknowns (/,,/, and /,). We need one more equation for

closure (closing condition).

Assume the intensity to be isotropic over both the upper and lower hemispheres (like

two-flux assumption):

0 1

_ N 27 .

1, =27( I,ukd,u—i-l jykdy):m[(—l)k] +17]
-1 0

k 1
(=1 —
k41 k+1

’ Izz%”[1+1+] and [, =272[1 +1"] = I,=

w |<:t\4

Therefore 3 equations we obtained:



dl
d_zl': (1-w)(4rl, _Io)

a,__,
dr
1
I, :?0
With G=1/,andg=1,:
jf{ = (1 - w)dnl, - G), (13.42)
‘ff{ s (13.43)
BCs identical to two-flux BCs:
7.=10: G+ 2q = 4J,, (13.44a)
= T2 G = 2({ = 4.;[3‘ (|344b}
o e dg
e In case of radiative equilibrium: e =0
T
S (l-—o)4rl,-G)=0 = G=4rl,
dl 4z dI
ﬁ:4ﬂ—b=—3q = q:__ﬂ_b
dr dr 3 dr

which is same as diffusion approximation (optically thick).

Milne-Eddington may be generalized to higher order moments as well as more general
geometries (moment method):
I, 8) = Iom) + Ly (®)se + Ly(®sy + T:(0)s; + Lo (057 + Dy (D)siesy + 00

= Jor)+ Li(r) - §+Lx(r): 88 + - . (13.46)
where I,(r)is a vector (related to q)

L, (r) is a second-rank tensor (which may be related to radiation pressure)
Direction cosines of unit direction vector § are

s, =8§-i=sinfcosy

s, =§-j=sinfsiny

s, =8-k=cosé
Unknowns in Eq(13.46) are determined by taking the moments of the equation of transfer
(i.e. by integrating over all directions after multiplication by 1,s,,s,,5.,52,5,,52,...).
This is equivalent to the method of spherical harmonics (Px Method of Ch14)






