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Q1. Consider the first-order LTI system ẋ = u (without any bound on the control) and the
associated optimization problem

J∗(x(0)) = min
u(·)

∫ ∞

0

(
qx(t)2 + ru(t)2

)
dt

where q and r are positive constants.

(a) Obtain and solve the Riccati equation.

(b) Find the optimal control.

(c) Verify J∗(x(0)) = px(0)2 (where p denotes the solution of the Riccati equation) by carrying
out the integration.

(d) Verify J∗(x(0)) = px(0)2 using the HJB equation.

Q2. Problem 5-15.

Q3. Consider the LTI system ẋ = Ax + Bu (without any bound on the control) and the
associated optimization problem

J∗(t0, x(t0)) = x(tf )
THx(tf ) + min

u(·)

∫ tf

t0

(
x(τ)TQx(τ) + u(τ)TRu(τ)

)
dτ

where the symmetric matrices H ≥ 0, Q ≥ 0, and R > 0 are of appropriate sizes. Recall that
the HJB equation for this case reads

0 = ∇tJ
∗(t, x) + min

u

{
xTQx+ uTRu+∇xJ

∗(t, x)T [Ax+Bu]
}

where J∗(t, x) enjoys the form J∗(t, x) = xTP (t)x for some symmetric matrix P (t) satisfying
the Riccati equation

Ṗ = −Q+ PBR−1BTP −ATP − PA .

Let us now introduce the Hamiltonian as

H(x, u, p) = xTQx+ uTRu+ pT [Ax+Bu] .

Show that along the optimal trajectories the Hamiltonian H(x∗(t), u∗(t), ∇xJ
∗(t, x∗(t))) is con-

stant. Hint: Ḣ = ∇xHT ẋ+∇uHT u̇+∇pHT ṗ.

Q4. Given a stabilizable pair (A, B) let the symmetric positive definite matrix P solves the
following Riccati equation

ATP + PA+ I − PBBTP = 0 .

Show that the system ẋ = [A− αBBTP ]x is exponentially stable for all α ≥ 1.


