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Q1. 25%

Consider a unit mass with position y on a straight line, whose motion is subject to the force u
through the Newton’s law § = u. The initial position and velocity of the mass are y(0) = 0.75
and §(0) = —1, respectively. Find the force u*(t) to be applied through the interval ¢ € [0, 1]
that brings the mass to rest (y(1) = 0) at the origin (y(1) = 0) while minimizing the cost

1
J:/ u?dt .
0



Q2. 25%

5

Consider the cascaded water tanks shown in the figure, where x; and xo are the water levels in
the tanks and u € [0, 1] is the inflow to the first tank. This system can be modelled as

1T = —x1+tu

ig = X.

Let initially (at t = 0) both tanks be empty. Find the optimal control u*(¢) that maximizes
x2(1) while ensuring z1(1) = 0.5.



Q3. 25%

Consider the second-order (normalized) antenna position system with friction
j+i=u

where y is the (angular) position of the antenna and w is the torque applied to the system. Cost
to be minimized is

J :/ (y* +u?)dt .
0

(a) Find Jmin in terms of y(0) and g(0).

(b) Let the optimal control law be uyin = —k1y — koy. Find k; and ks.



Q4. 25%

For the system
T = f(x, u)
where f : R" x R™ — R", let h: R" = R> and x¢ : R" — R™ satisfy for all
h(f (@, ke(2))) = h(z) < —|lz]?.

Consider the following optimization problem

N-1
: : §o ==,
Prob(z, N): Vn(z)= min  h(é{n)+ [€]>  subject to {
(v0, s UN—-1) kZ_Q i1 = [ (&k, Vi) -
Let the feedback law ky : R™ — R™ satisfy sy (x) = v§, where (vg, ..., vA_;) is a minimizing

control sequence for Prob(z, N).

(a) Show that
Vn(f(z, kn(2))) < Vi (f(z, v (2))) - (1)
(b) Show that (1) implies

Vv (f(z, kv (2))) = Viv(z) < —lz].



