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(12 pts) 1. Let F (x) = ⌊x⌋ be the floor function. Consider the Lebesgue-Stieltjes
measure µF : B(R) → [0,∞] associated to F . Show that R− Z is µF -null.



(12 pts) 2. Compute lim
n→∞

∫
(0,∞)

n sin(x/n)

x(1 + x/n)n
dm. Explain each step in detail by refer-

ring to the relevant theorems.
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(13 pts) 3. Let (X,M, µ) be a measure space and fix a map f ∈ L+(X,M, µ). Consider
the map η : M → [0,+∞] given by

η(E) =

∫
E

f dµ

You are given that η is a measure. Prove that, for every g ∈ L+(X,M, η), we have∫
X

g dη =

∫
X

fg dµ
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(13 pts) 4. Let (X,M, µ) be a measure space with 0 < µ(X) < +∞. Consider the
function ρ : L(X,M, µ)× L(X,M, µ) → [0,+∞) given by

ρ(f, g) =

∫
X

min{|f − g|, 1} dµ

Let f ∈ L(X,M, µ) and let (fn)n∈N be a sequence of functions in L(X,M, µ). Show that
if fn → f in measure, then for all ϵ ∈ R+ there exists k ∈ N such that for all n ∈ N with
n ≥ k, we have that ρ(fn, f) < ϵ.
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