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1. (7+7 pts) Let L = {·, e} be the language (of group theory) where · is a binary function symbol and e is a constant
symbol.

a) Prove that for every integer n ≥ 2, there exists an L-sentence ϕn such that, for every L-structure A = (A, ·A, eA) we
have that A |= ϕn if and only if |A| = n.

b) Prove that there exists an L-sentence ϕ such that every L-structure A with A |= ϕ is isomorphic to (Z4,+, 0).
Hint. You can freely use the basic algebra fact that every group of order 4 is isomorphic to either Z4 or to Z2 × Z2.
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2. (7+7 pts) In this question, you must use the proof system established in Section 2 of our textbook “A Friendly
Introduction to Mathematical Logic.” Let L be a language.

a) Show that for every formula ϕ(x) with one free variable x, we have

` (∃x ¬ϕ) −→ ¬(∀x ϕ) and ` ¬(∀x ϕ) −→ (∃x ¬ϕ)

by explicitly constructing two proofs. Justify each step of each proof by referring to the relevant inference rules and
axioms.

b) Let Σ ⊆ FormL and ϕ ∈ SentL. Prove that if Σ 0 ¬ϕ, then Σ ∪ {ϕ} is consistent.
Hint. The deduction theorem is your friend!
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3. (7+7 pts) In this question, you must use the proof system established in Section 2 of our textbook “A Friendly
Introduction to Mathematical Logic.”. Let L be a language.

(In part a, you are going to show an implication between two versions of Gödel’s completeness theorem, so you should
only assume what is given to you, not the form of Gödel’s completeness theorem that we proved in class.)

a) Let Σ ⊆ FormL. Assume that, for every formula ϕ ∈ FormL, we have Σ |= ϕ implies Σ ` ϕ. Prove that if Σ is
consistent, then Σ has a model.

b) L = {·, e} be the language (of group theory) where · is a binary function symbol and e is a constant symbol. Let

Σ =

{
∀x∀y∀z (x · y) · z = x · (y · z) , ∀x x · e = x , ∀x∀y x · y = y · x

}
. Show that

Σ 0 ∀x∃y x · y = e

Hint. Recall that Σ ∪ {¬ϕ} being consistent implies that Σ 0 ϕ. Now, what can you tell about Σ and ∀x∃y x · y = e if
there exists a model A of Σ such that A |= ¬(∀x∃y x · y = e)?
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4. (7+4+7 pts) Let L = {+, ·, 0, 1, <} be the language arithmetic where +, · are binary function symbols, 0, 1 are

constant symbols and < is a binary relation symbol. Consider the structure N = (N,+, ·, 0, 1, <) where the symbols in
the language are interpreted in the usual way. Set T = Th(N).

a) Let L′ = L∪ {c} where c is a constant symbol. Show that there exists an L′-structure A = (A,+A, ·A, 0A, 1A, <A, cA)
such that A |= T and there exists an element c ∈ A such that for every positive integer n,

A |= 1 + 1 + · · ·+ 1︸ ︷︷ ︸
n times

< c

b) Let A = (A,+A, ·A, 0A, 1A, <A, cA) be as in part a. Is it true that A |= ∀x(x 6= 0→ ∃y x = y + 1)?
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c) Let A = (A,+A, ·A, 0A, 1A, <A, cA) as in part a. Prove that there exists a map f : Z→ A such that

x < y if and only if f(x) <A f(y)

for all x, y ∈ Z.


