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1. (10410=20 pts) For any measure space (X,Q, u), let M(X,Q, u) denote the set of real-valued

measurable functions from X to R, that is,

M(X,Qu) ={f: X =>R: fis (Q,B(R))-measurable}

(a) State the definition of almost uniform convergence: Let (f,)nen be a sequence of functions in
M(X,Q,u) and f be a function in M (X, Q, ). We say that f,, — f almost uniformly if and only if

(b) Prove or disprove: For every sequence of integrable functions (f,)neny in M (X,Q,p) and an
integrable function f in M (X, u), if f, — f almost everywhere, then f, — f in L.

2. (14 pts) Let (fn)nen and (gn)nen be a sequence of functions in M (X, Q, ). Prove that if f, — 0

in measure and g, — 0 in measure, then f, + g, — 0 in measure.



3. (14 pts) Let B(R) ® B(R) denote the product o-algebra on R x R. Throughout this question, you
are not allowed to use the fact that B(R) ® B(R) = B(R x R).

(a) Prove that, for every r € R and € > 0, the set
{(z,y) ERxR: |z —r|<eand |y —r| <e}
is in the o-algebra B(R) ® B(R).

(b) Prove that the set A = {(r,r) € R x R: r € R} is in the o-algebra B(R) ® B(R).
(Hint. Try to write A as a countable intersection of sets which are countable unions of rectangles.
Try to use the sets in part a.)

4. (12 pts) Let X be an uncountable set and consider the measure space (X, €, v) where Q is the
o-algebra of countable and cocountable sets and the measure v : Q — [0, +oc] is given by

1 if S is uncountable

v(S) =

0 if S is countable
Let (fn)nen and f be functions from X to R which are (§2, B(R))-measurable. Prove that if f, — f
almost everywhere, then f,, — f uniformly on X — C for some countable set C.
(Hint. Realize the obvious fact that v(X) < +o00.)



