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(2424242 pts) 1. Consider the permutation [ = (1372}(7536)(52439)(829) € Si2

i 2 3 4 5 6 7 8 9 10 I1 12

a) Write f in permutation notation, f =
3 7 9 6 1 2 5 4 8 10 11 12

b) Write f as a product of disjoint cycles.

f = (139846275)

¢) Is f € 4127 Explain.

d) Find the order of f.

F is a cyele of length 9 and hence has order 9.

(3+4+4 pts) 2.

b) Let H = {e,(12)(34)} C §4 Is H a normal subgroup of 547 Explain.
Note that if we let ¢ = (13) € Sy, then o(12)(34)0™! = (32)(14) ¢ H. Hence H is NOT a normal

subgroup.

¢) Prove the following: ¥ H and K are normal subgroups of a group G, then H N K is a subgroup of
G and is normal.
Suppose H and K are normal subgroups of G. We will first show that H N K is a subgroup of . Since
ec HNK, HNK #0. Leta,yc HNK. Then xr,ye H — ay ' e Handz,ye K — a2y ' K.
Therefore 2y~ ! € HNK. Thus H N K is a subgroup of G.

Now, letzce HNnKand g€ G. z € H == guag~! € H, since H is a normal subgroup of G. Similarly,
grg~ ! € K. Therefore gzg~' € H N K, which shows that H N K is a normal subgroup of G.




(84848 pts) 3. Consider the subgroups 47 and 16Z of the group Z. You are given that 162 is a normal
subgroup of 4Z.

a) List the elements of the quotient group

AZ,/16Z. - > 6Z G+16Z CHEZ 2+EZ

AZ/16Z = {167, 4 + 16Z,8 + 167,12 + 167} 167 |167 L+16Z SH6L 12+6Z
uilsz | BT sthZ (24162 (6 Z
2467 16 Z L4+ 167
b) Construct the addition table of the group S+ 4 +6Z +

47, /167 using the table on the right. 124147 (247 4 yA b4l62 s+l64

¢) Find the order of 12 4+ 16Z.

(12 + 16Z) = 42,/167Z thus 12 4 16Z has order

]
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(8484843 pts) 4. You are given that the set R = { [ (; } a,b ER} is a ring with respect to
S e
matrix addition and matrix multiplication. \\‘_ )
a) Is R a commutative ring? Explain. i : i
a b i A B g
Let , 4 € R. ' 4 \\ s
0 a 0 = ®> b,
Pt \\ \ L N
a b & ar a ba™ bl a b
Then ¥l y+ | 4 . So, R is a commutative ring.
0 a 0 =z 0 “aEh, P10 = 0 a
p oY -
- .-l:! \7\—, 5

\/

: &£ N3y
b) Does R have zero divisors? Explain. °
Ve =

L Uk ¥
& et 0 1 0 1 0 0
Note that [ g [1) ] is’:a non-zero element of R. We have [ " ] [ ] = [ ] Thus,

=

0 1

6 o e R is a zero divisor.

¢) Is R an integral domain? Explain.
R is not an integral domain since it has zero divisors.

d) Is R a field? Explain.

We have proven in class that every field is an integral domain. Hence R is not a field.




