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(3 pts) 1. Prove or disprove: If a, b, ¢ are integers such that a|c and b|c, then ablc.

We shall disprove this statement by providing a counterexample. Let a = b = ¢=>2.
Then 2|2 and 2|2 but 2 -2 = 4 1 2. Therefore, this statement is false.

(9 pts) 2. Using a proof by contrapositive, prove that if A C B, thef P(ApS P (B).

Assume that P(A) € P(B). Then, by definition, there exists a §etiC € P(A) Such that
C ¢ P(B). Since C' ¢ P(B), we have C ¢ B and hence théregexistsic € C' such that
¢ ¢ B. On the other hand, since C' € P(A), we have C C A%nd consequently ¢ € A.
Since ¢ € A and ¢ ¢ B, we have that A ¢ B.

(8 pts) 3.
Prove that there exists a unique set W suchfthat for every set A we have W U A = A.

We first show the existence of such‘@'set. Choese”WW = (). Then, by properties of the
empty set, for any set A, we hayé that () Upd = A.

We will now show that such &set is mnique and any such set necessarily equals the empty
set. Let W be a set_withsthe property that for every set A, we have W U A = A. Since
this statement is trie for any, 4,4t is true for A = () and hence W U () = (). On the other
hand, it follows fromithe properties of the empty set that W U @) = W. Therefore, W = (.



(8pts) 4. Let A and B be sets such that A G B (that is, A is a proper subset of B) and
let C' be a set such that A x C'= B x C. Prove that C' = ().

We shall show this via a proof by contradiction. Assume towards a contradiction that
C # 0. Then, C being non-empty, there exists ¢ € C. Since A G B, there exists b € B
such that b ¢ A. Then, we have that (b,c¢) € B x C and (b,c¢) ¢ A x C. Therefore
A x C # B x C, which contradicts the given assumption.

(12 pts) 5. Let A and B be two subsets of a set C'. Show that the following statements
are equivalent by proving the implications a = b = ¢ = a.

(a) AUB=C
(b) (C=A)N(C—-B)=1
() (C—A)C B

(a=b):

We shall prove this via a proof by contradiction. Assume that A U BV = (' and
(C—A)N(C —B) #0. Since (C — A)N(C — B) # (), there exists' c'e (C — A)A(C — B).
This means that ¢ € C' — A and ¢ € C' — B, which imply thatge.€ €@ and ¢ ¢ A and
¢ ¢ B. But then, ¢ € C' and ¢ ¢ AU B, which contradicts the assumptionthat AUB = C.

(b=c):

Assume that (C'— A) N (C — B) = 0. Let gfe € —AxSince z ¢ ) = (C — A)N (C — B),
we have that + ¢ C' — A or ¢ C — B4 On the other hand, we know that € C — A.
Therefore, we have that z € C' — B. A'his shows that C — A C C' — B.

(c=a):
Assume that (C'— A) C B&We wish to'show that AUB = C. We shall do this by showing
the inclusions AU B C C and €. C AU B.

Since A C C' and B € C, we have that AU B C C' by a theorem proven in class. We now
show the other inclusionmdiet ¢ € C. We split into two cases.

Case 1 (c € A)pAssume that ¢ € A. Then, as A C AU B, we have c € AU B.
Case 2 (c ¢ A). Assume that ¢ ¢ A. Then, we have ¢ € C' — A. It now follows from our
initial assumption that ¢ € B. But then, as B C AU B, we have c € AU B.

In all cases, we reached ¢ € AU B. Therefore, c € AU B. This completes the proof that
C CAUB.



