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(8+3+3+8 pts) 1. Consider the points A, B, C, D in the plane and the lines connecting these points:

Let L(z,y) be the expression
“z and y lie on the same line”

where the possible values of z and y are from the set
{A,B,C, D}.

Determine whether the following statements are true or false. In each case, briefly explain your reasoning.

a) 3z Vy L(z,y) This statement is TRUE. Because if we choose x = A, then we see that L(z,y) is true
for any y.

b) 3z Jy (-L(z,y)) This statement is TRUE. Because if we choose = B and y = C, then we see that
L(z,y) is false.

c) Va Yy L(z,y)  This statement if FALSE. Because, for x = B and y = C, we have that L(z,y) is
false. Thus, it is not the case that L(z,y) holds for every = and y. (Alternative solution: This statement

is equivalent to the negation of the statement in part b) which was true. Therefore it is FALSE.)

d) 3z Jy 3z |L(z,y) A L(y, 2) A ~L(x, z)}

This statement is TRUE. Because, if we choose © = C,y = A,z = B, then we have that L(z,y) and

L(y, z) are true and L(x, z) is false.

(4+4 pts) 2. Let P be the statement Iz { (Vy G(x,y)) A (Ez (E(z) — G(m,z))) } where the
variables x and y range over the positive integers.
a) Find the negation of P.

Va [ (Hy -Gz, y)) Y <Vz (E(2) A —G(z, z))) }
b) Let G(z,y) be the expression “z = y” and E(z) be the expression “z is even”. Determine whether P
is true or false.

In this case P is FALSE. In order to see this, we shall show that the negation of P is true. Let z
be arbitrary. Choose y = x + 1. Then G(z,y) is false, and hence <E|y —G(;uy)) is true. Thus,

Va [ <3y ﬁG(w,y)) Y <Vz (E(z)/\ﬁG(uLz))> ] is true.



(4+2 pts) 3. Consider the following argument:

It is not sunny today and it is colder than yesterday. If we go swimming, then it will be sunny today. If
we do not go swimming, then we will not take a canoe trip. Therefore, if we take a canoe trip then we
will go home by the sunset.

e S: It is sunny today a) Express this argument using the statements on the left and

logical connectives.

e C: It is colder than yesterday

o G : We will go swimming ~SAC
G—S

o K: We will take a canoe trip (=G) = —K

e H: We will be home by sunset K—H

b) Determine whether the set of premises of this argument is consistent or not.

If we let S be FALSE, C be TRUE, G be FALSE and K be FALSE, then all premises become true.

Hence, this set of premises is consistent.

P—=Q
(7 pts) 4. Write a derivation for the following valid argument. @ (SVP)
— (wR) AP
S
1) P—Q
2) Q—(SvV-P)
3) (WR)AP
4) P from 3) and simplification (AN B = B)
5) Q from 1),4) and Modus Ponens ((A —- B)ANA = B)
6) Sv-P from 2),5) and Modus Ponens ((A — B)ANA = B)
7 P—=S from 2) and ((A — B) < (BV-4))
8) S from 4),7) and Modus Ponens ((A — B)ANA = B)

3 -Qx)
vz ((=P(2)) = Q(x))

7 pts) 5. Write a derivation for the following valid argument.
(7pts) 5. v Wing VAE ats Va (P(z) — —R(z))

~(Vz R(z))

1) 3 -Q)

2) Vr ((-P(x)) = Q&)

3) Vz (P(z) — —R(x))

4) =Q(a) from 1) and Existential Instantiation

5) (=P(a)) — Q(a) from 2) and Universal Instantiation

6) ——P(a) from 4),5) and Modus Tollens (A — B)A—-B = -4
7) P(a) from 6) and double negation =—A < A

8) P(a) — —R(a) from 3) and Universal Instantiation

9) —R(a) from 7),8) and Modus Ponens (A — B)AA = B
10) Fz(—R(x)) from 9) and Existential Generalization
11) —=(Vz R(x)) from 10) and de Morgan’s law Jz(—R(z)) <= —(Vz R(x))



