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(4+4 pts) 1.
a) Find a left inverse for the function f : N — Z defined by f(m) = m for all m € N.

Consider the function g : Z — N defined by

k ifkeN

g(k) = .
0 ifkeZ-N

Then, for any k € N, we have that

(go (k) =g(f(k) =g(k) =k
Hence, go f = 1y and so g is a left inverse for f.

b) Let f: A — B be a function and let Y C B. Prove that fif f is onto, thet Y C f(f~1(Y)).

Assume that f is onto. We wish to show that Y @ f(f4(¥)). Let b € Y. Since f is onto, there
exists a € A such that f(a) = b. Then, by definition; a8,f(a) € ¥, we have that a € f~1(Y).

By the definition of the image of a set undet ayfunction, wesiave that

FUTTY)) Ay e Y [Tee £7'(Y) fl2) =y}

It then follows from b = f(a) and @ € f~1(¥) that b € f(f~1(Y)). Therefore, Y C f(f~1(Y)).

(2+4 pts) 2.
a) Consider the set A/={1,25{1};{142},{1,2,3}}. Find the following set:

A—P(A) = {1,2,{1,2,3))

b) Show that the following statement is false:
For every set A,ByC,D, (AxB)—(CxD)=(A-C)x(B-D,).
We wish to proveshat there exist sets A, B, C, D such that (Ax B) —(C'x D) # (A—C) x (B—D).

Choose A =B =D = {0} and C = (). Then we have that A x B ={(0,0)} and C' x D =) and so
(AxB)—(CxD)={(0,0)}. However, A—C = {0} and B—D = ) and hence, (A—C)x(B—D) = ().
Therefore, (A x B) — (Cx D) # (A—-C) x (B—-D) .



(2+2+2+2 pts) 3. Let f:[—3,6] = R be the function whose graph is given below:

Y

Find the following sets. (For this question only, you do not need to prove your claim.)

a) f([-21]) = [-2,2]

b) f ((2,3)) = (1,2) U (5,6)
o) S ({4}) =0
d) f—l({o}) = {-2,0,3,4}

(8+3+2 pts) 4. Let f : Z — 7 be the function défined as follows:
{ v o isedd

fx) =

for any z € Z.
x+ 270f x is even s Y

a) Show that f is one-to-one. Lét @, 9. Z. Assume that f(z) = f(y). We wish to show that z = y.
We first make the following observation. For all i € Z, we have that ¢ is even if and only if f(7) is

even. We now split intodwoncases by, considering the number m = f(z) = f(y):
Case 1. If m is oddgthen, by theéobservation, = and y are both odd. But then, z = f(z) = f(y) = y.

Case 2. If m igfeven, then, by the observation, z and y are both even. But then, z 4+ 2 = f(x) =
f(y) =y + 2 implies that z/= y.

In both £ases, we haverthat x = y. Thus, f is one-to-one.

b) Show that“fis onte. Let y € Z. We split into two cases:
Case 1. If yig0dd, then choose x = y. In this case, x € Z and z is odd. Thus, f(z) =z =y.

Case 2. If y is even, then choose x = y — 2. In this case, € Z and « is even. Thus, f(z) =x+2 =
(y — 2) + 2 = y. In both cases, we have found x € Z such that f(x) =y. Thus, f is onto.

c) Find f=!. Since f is a bijection, it has an inverse f~! which is equal to its right and left inverse.

if = is odd
Let the function g : Z — Z be given by g(z) = v .1 v .IS © , for any « € Z. Then,
x—2 if x is even

(9of)(z) = g(f(x)) = g(x) = zforallodd x € Z and (go f)(z) = g(f(z)) = g(z+2) = (z+2)—2 =z
for all even x € Z. Thus, go f = 1z and so ¢ is the left inverse of f, which implies that g = f~1.



