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The Mutual Information In The Vicinity of
Capacity-Achieving Input Distributions
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Abstract—On small neighborhoods of the capacity-achieving
input distributions, the decrease of the mutual information with
the distance to the capacity-achieving input distributions is
bounded below by a linear function of the square of the distance
to the capacity-achieving input distributions for all channels with
(possibly multiple) linear constraints and finite input sets using an
identity due to Topsge and Pinsker’s inequality. Counter examples
demonstrating non-existence of such a quadratic bound are
provided for the case of infinite many linear constraints and the
case of infinite input sets. Using a Taylor series approximation,
rather than Pinsker’s inequality, the exact characterization of the
slowest decrease of the mutual information with the distance to
the capacity-achieving input distributions is determined on small
neighborhoods of the capacity-achieving input distributions.
Analogous results are established for classical-quantum channels
whose output density operators are defined on a separable Hilbert
spaces. Implications of these observations for the channel coding
problem and applications of the proof technique to related
problems are discussed.

I. INTRODUCTION

In his seminal paper [1], Strassen proved for channels with
finite input and output sets that there exist positive constants
~ and ¢ for which the mutual information satisfies

I(p; W) < C—~lp—pal? (1)

where p, is the projection of p to the set of all capacity-
achieving input distributions II in the underlying Euclidean
space, and hence ||p — p.|| is the distance of p to II. Strassen’s
brief and elegant argument relies implicitly on the fact that
for any p ¢ II, the direction p— p, cannot be simultaneously
orthogonal to the gradient of mutual information at p,, i.e.,
orthogonal to D(W||qw), and in the kernel of the linear
transformation relating the input distributions to the output
distributions, i.e., in K. We believe one of the claims in
Strassen’s proof, which holds trivially for some channels,
requires a more nuanced justification to be valid for all
channels with finite input and output alphabets. Nevertheless,
the claim can be established as is using polyhedral convexity
as we discuss in more detail in Appendix A.

Strassen’s bound (1), plays an important role in establishing
sharp impossibility results for the channel coding theorem, see
[1]-[3]. Determining an explicit expression for (4,~) pair for
which (1) holds is also worthwhile because of this role.

if lp—p. <é
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One of the claims of Polyanskiy, Poor, and Verdd in [2]
is to establish (1) with an explicit coefficient +. They apply
an orthogonal decomposition to assert p — p, = vy + vt
where vy is the projection of p—p, to Ky;,. Then they argue
(vo, D(W||qw)) < =T |Jug]| for some T" > 0, see [2, (500)].
This claim, however, is wrong for some p’s on certain channels
as we demonstrate trough a particular channel in Appendix B.

In our judgment, the issue overlooked in [2] is the following.
The projection of p—p, to the subspace of Ky, can have a
non-zero component that is also orthogonal to D(W | qw );
the principle used by Strassen in [1] asserts merely that this
component cannot be the p—p, vector itself. This principle can
be strengthened using polyhedral convexity to assert that the
angle between the p—p, vector and the subspace of Ky;, that is
orthogonal to D( W ||qw ) cannot be less than a positive con-
stant, determined by the channel. In §1II, we establish this fact
for the case with multiple linear constraints. In §1V, we use this
observation together with Pinsker’s inequality to prove (1) with
explicit expressions for v and § for channels with finitely many
linear constraints and finite input sets using an orthogonal
decompositions, similar to [2]. Using the trace norm in place
of the total variation norm the proof presented in §IV applies
to classical-quantum channels with finite input sets whose
density operators are defined on a separable Hilbert spaces,
as later demonstrate in §VI-A. The orthogonal decomposition
idea itself can be strengthened by considering the orthogonal
decomposition to a closed convex cone and its polar cone,
via Moreau’s decomposition theorem. In §V, we employ such
a decomposition together with a Taylor series expansion to
determine the order and the coefficient of the leading term
characterizing the qualitative behavior of the slowest decay
of the mutual information in the vicinity of the capacity-
achieving input distributions. In other words, we determine
the largest v satisfying I(p; W) < C — 1 ||p — p«|| for all
p and for the cases when the largest v; is zero, we determine
the best ~y coefficient for Strassen’s bound in (1) for the cases
when the slowest decrease is quadratic. In §VI-B we extend
this result to classical-quantum channels with finite input sets.

Recently in [4], Cao and Tomamichel presented a proof
of (1), in the spirit of [1]. First the cone generated by the
vectors p—p, for p ¢ II is proved to be closed, and then a
second-order Taylor series expansion for the parametric family
of functions {I(p. +7(p — p«); W)}pen at 7 = 0 with a
uniform approximation error term for all p ¢ II is obtained.
Then (1) is established using the extreme value theorem, the
fact that p—p, cannot be an element of XCy;, that is orthogonal
to D(W|lqw), and the Taylor series expansion. Cao and
Tomamichel, later generalized their analysis to the case with
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finitely many linear constraints, in [5].

In §II, we introduce our notation and review fundamental
observations about the Kullback-Leibler divergence, mutual
information, Shannon capacity and Shannon center.

In §III, we review essential concepts and results from
convex analysis and prove the positivity of the aforementioned
minimum angle. In §IV we prove (1) for any channel with
possibly multiple linear constraints and a finite input set using
the Pinsker’s inequality and the minimum angle. Unlike [1],
[2], [4], [5], we will not need to assume that the channel has
a finite output set. In §IV, we demonstrate the necessity of
finiteness of the input set and finiteness of the number of
linear constraints for (1) by providing two finite output set
channels violating (1). Example 1 describes a channel with
three input letters and infinitely many linear constraints for
which quadratic decrease does not hold. Example 2 describes
a channel with a countably infinite input set for which the ca-
pacity can be achieved by input distributions that are bounded
away from II.

In §V, we use Moreau’s decomposition theorem together
with a Taylor series expansion to characterize the slowest
decay of the mutual information with the distance to the
capacity-achieving input distributions by determining the order
and the coefficient of the leading term of its Taylor expansion.
Example 3 describes a channel with a finite input set and a
countably infinite output set for which one cannot use the
Taylor series expansion to establish (1); nevertheless, one can
establish (1) using Pinsker’s inequality as in §IV.

In §VI, we first recall the quantum information-theoretic
framework and review the fundamental observations about
quantum information-theoretic quantities in a way analogous
to our discussion in §II. Then in §VI-A we prove (1) for
any classical-quantum channels with possibly multiple linear
constraints, a finite input set, and a separable Hilbert space
using the quantum Pinsker’s inequality and the minimum
angle, similar to §IV. In §VI-B we characterize the slowest
decay of the quantum mutual information around the capacity-
achieving input distributions for the above mentioned channel
in a way analogous to §VI-B.

In §VII, we discuss the implications of the analysis pre-
sented and possible applications of the proof techniques to
some related problems.

II. INFORMATION THEORETIC PRELIMINARIES

We denote the set of all probability mass functions on
countable subsets of a set X by P(X) and the set of probability
measures on a measurable space (Y,Y) by P()). A w € P(Y)
is said to be absolutely continuous in a ¢ € P(}), i.e., w<q,
if w(€) =0 for all £ € Y satisfying ¢(€) = 0.

The Kullback-Leibler divergence D(w||¢) is defined for any
w,q € P(Y) as

dwipdw) qg w<g
D(w|lq):= /<dq dq) : (2)
00 wAq

The Kullback—Leibler divergence is a non-negative function
and D(w| q)=0 iff w= g. Furthermore, the Kullback-Leibler

is bounded from below in terms of the total variation norm
via Pinsker’s inequality, [6],

D(wlg) > 5 [lw — qf7- 3)

where ||-||; is the total variation norm defined for all signed
measures p on (Y,)), i.e. for all u € M(Y), as

luli= |

where v is any reference measure satisfying y<v. On the other
hand the Kullback—Leibler divergence is bounded above by x?
divergence, see [7, Theorem 5.1], [8, Theorem 5],

X*(wllq) > In (1+x*(wllq)) = D(wllq) )

where y“ divergence is introduced by Vajda, see [9, p. 246],
[10], [11]. For @« > 1 case x® divergence between finite
signed measure w (i.e., w € M())) satisfying ||w|; < oo
and probability measure ¢ (i.e., ¢ € P(})) is defined as

X (wlq)= /

00 wAq

dp

- |dv,

dw
dg

—1‘ dg w<q )

Note that x*(w||¢) >0 and the equality holds iff w=¢. Using
a standard Taylor series analysis D(w||¢) can be bounded in
terms of x?(w||q) and x3(w| q) as follows

35X (wllg) > D(wllq) = 5x*(wllg) > —5x°(wllg)  (6)

provided that x3(w||¢) < oo; see Appendix C for a proof.

A channel W is a P()) valued function defined on the input
set X, where ) is the o-algebra of the output space (Y,)),
i.e., a channel is a function of the form W : XX — P(}). For
any W : X — P(Y) and p € P(X) we define the conditional
Kullback-Leibler divergence D(W || q|p) as

D(Wliglp)=2__»(z)D(W(2)llq)

For any channel W : X — P(Y) and p € P(X), the mutual
information I(p; W) is defined as

I(p; W):=D(W|lgplp) (7)

where g, € P()) is the output distribution induced by the
input distribution p, for any p € P(X), which is defined
more generally for any v : X — R with a countable support
satisfying Y~ |v(z)| < oo as

Gui= Zz v(z) W(x). 3)

The following identity, due to Topsge [12], can be confirmed
by substitution

D(Wllglp) = I(p; W) + D(g,llq) ©)

for all peP(X) and ¢ P(Y).

For any convex constraint set A C P(X), the Shannon
capacity C'4 and the set of all capacity-achieving input distri-
butions in A, i.e., II 4, are defined as

Vp € P(X).

(10)
(1)

Car=sup,eq I(p; W),
Mp:={peA:I(p; W)= Ca}.



With a slight abuse of notation, we denote Cp(x) and H,y(x)
by Cw and IIy;.

If 'y < oo then, by [13], [14], there exists a unique Shannon
center g4 € P()) satisfying,

D(W|lgalp) < Ca VpeA. 12)

Furthermore, D(g,. ||ga)=0 and thus ¢, = qa for any p. €
II, by (3) and (9).

For the rest of this section, we assume that the input set
X is finite and the constraint set A is closed. Then Cy < oo
because C,4 < In|X| and thus a unique Shannon center g4
exists. Furthermore, as a result of the extreme value theorem,
the supremum in (10) is achieved, ie. II, # (), because
I(p; W) is continuous in p and A is closed and bounded,
i.e., compact. Furthermore, II , is a closed set because it is
the preimage of a closed set, for a continuous function.

We interpret real valued functions on a finite set X as the
elements of a Euclidean vector space R™. For any |X|-by-|X|
positive semidefinite matrix A, we define the inner product
(v : R* x RY — R and the norm ||-]| ; : RY — R as

(f.g)a:=fTAg vf.g € RY,
4=V Af5 f)a vf e RY.
When A is the identity matrix, we denote the inner product
and the norm by (-,-) and ||-||, respectively.

The non-negativity of the mutual information, (9), and (12),
imply D(gp||ga) < Ca < oo. Thus for any p, €Il and pe A
as a result of (9) we have

I(p; W)=D(Wllqalp)—D(gplga)

=1(p«; W)+(p—ps; D(Wllga)) = D(gpllga)
= Ca+(p—pe D(Wllga)) = D(gpliga), (13)
where D(W|lqa) is a column vector whose rows are

D(W(z)||ga)’s. The second term in (13) is non-positive by
(12) and its kernel is K% defined as follows

Ké:= {v eR™: (v, D(W|qa)) = O}.

(14)

The third term is non-positive by (3) and its kernel is the
Kernel of the channel, i.e., Ky, defined' in the following,
because g, = g,—p, +qa and the Kullback—Leibler divergence
is zero iff its arguments are equal;

Ky:i= {v €RY: Hzl v(w)W(m)Hl = 0}.

The Shannon center not only allows us rewrite (13), but also
allows us to characterize 11, as the elements of A satisfying
certain linear constraints. To see why first note that g, = qu
and D(W/|qalp) = Ca imply I(p; W) = Ca by (7). The
existence of a unique Shannon center implies that the converse
statement is true as well, i.e., I(p; W) = C, implies ¢, = qa
and D(W | qa|p) = Cx. Hence,

Hﬂ :.AHSJLU

15)

(16)
where S is an affine subset of RY defined below

SA::{U cR¥X: (v, D(W||ga)) = Cy and ¢, = QA}, (17)

!Note that the total variation norm can be replaced by any norm on M ().

for g, is defined in (8).
We define § neighborhood Hil of the set of all capacity-
achieving input distributions II , as

%= {pefl:minp*enA lp—psell <6} (18)

Note that we can use minimum instead of infimum in the
definition because ||-|| is a continuous function and II ; is a
closed and bounded, i.e., compact, set.

III. PRELIMINARIES ON CONVEX ANALYSIS

Let A be a closed convex subset of the Euclidean space R”.
Then by [15, Proposition A.5.2.1], the tangent cone of A at
p« €A is a closed convex cone that that can be expressed as
the closure of the cone generated by {p—p. : p€A}:

Ta (ps) = cl(cone (A — py)). (19)
The normal cone of A at a point p, € A is
Na(p)={s eR": (s,p—ps.) <0, VpeA}. (20)

Thus the normal cone N4 (p«) is a closed convex cone, as
well. Furthermore,

Ta (p) N Na (p) = {0}

because the normal cone is the polar of the tangent cone, i.e.,
Ny (p«) = Ta (p+)°, by [15, Proposition A.5.2.4], where the
polar of a convex cone C is defined as, [15, A.3.2.1]

C°:={s e R" : (s,v) <0, Yv € C}.

Vp. € A. 21)

(22)

Let IT be a closed convex set in R™, then the projection of
a point p €R™ onto II is the unique point Py (p) satisfying

Pyp (p) = arg min [|p — p.|| Vp € R",
px €11

see [15, p. 46]. Then by [15, Theorem A.3.1.1]

P =P (p) < (p—ps, s —ps) <0 Vs e II.

In other words, p, = Pr (p) iff p — p. € Npg (p«) for the
normal cone defined in (20). On the other hand, if II C A for
a closed convex set A, then p—p, € T4 (ps) for the tangent
cone defined in (19) for all p €A, as well. Thus

p=Pu(p) < p—p. €Nl (p.) VpeAd. (23)
where N3} (p.) is defined as
Nt (pa):=Ta (p+) N N (ps) - (24)

For all p € A, a necessary and sufficient condition for p, =
Py (p) is p—p« € N3} (ps). This, however, does not ensure
the existence of a p € A satisfying p=p,+7v for a 7>0 for
all v N7} (p.) because v might not be a feasible direction at
p« for A, i.e., v might not be an element of cone (A—p,). If
Ta (p«)=cone (A—p.) for a p. €11, then for all v € N (ps),
there exists 7 > 0 satisfying p, +7v € A. The polyhedral
convexity discussed in the following ensures that 74 (p.) =
cone (A—p,) for all p, €A.

Let us define A1 as the union of all N7 (p,)’s for p, € I
defined in (24), i.e.,

Nit=, o Mt (pe).- (25)



A. Polyhedral Convexity And The Minimum Angle

Any closed convex set in R™ can be expressed as the
intersection closed half spaces, see [15, §A.4.2.b]; when this
description can be done with a finitely many half spaces they
are called polyhedral. In other words, a closed convex set
A C R" is polyhedral iff there exists a finite index set J 4,
vectors {f, € R"},cq,, and constants {b, € R},cq, such that

A={peR": (f,p) <b VieIx}. (26)
We denote the set of active constraints at p. by Ja (ps«), i.e.,

Ja(p)={1€da: {fps) =b} Vp. €A  (27)

Then the tangent cone and the normal cone at any p, € A can
be characterized via J4 (p«) as follows, see [15, p. 67],

Ta(pe) ={p €R" : {f,p) <0 Vi€ du(ps)},
Na (ps) = cone ({f, : 2 € a (ps)}) -

Thus both T4 (p.) and N4 (p.) are closed convex polyhedral
sets, as well.

S is an affine subspace iff there exists a finite index set Jg,
vectors {f, },eq5, and constants {b, },c75 such that

S={peR":{(f,p)=5b, VieIs}

Thus an affine subspace S can be interpreted as a closed
convex polyhedral set for which all constraints are active at all
points p, € S. Hence, the tangent cone and the normal cone
will not change from one point of S to the next and they can
be denoted by 7s and Ns instead of Ts (p.) and Ns (p.). If
S is non-empty then 7s and Ns are

Ts ={p €R": {f,,p) =0 Vi€Is},
Ns =span ({f, : 2 €Is}),

where span ({f, : 2 € Js}) is the subspace spanned by f,
vectors for 2 € Js.

(28)
(29)

(30)

€29
(32)

Lemma 1. Let A be a closed convex polyhedral subset of R,
S be an affine subspace, 11 be their intersection, and 6 be the
minimum angle between Tg and N, i.e.,

II.=ANS,
At = (0)
Nyt # {0}

(33)

0:= (34)

inf

arccos||P v
ot arccos|pr (0)]

Then 0 is a positive angle that is equal to the minimum angle
between Ts and N3 (p.) for some p. € 11, which is uniquely
determined by the active constraints at p, for A and S, i.e. by
{f}iednp.) and {f.}cos. Furthermore,

T (p«) = Ta (ps) N Ts Vp, €I, (35
N (p) = Na (ps) + Ns Vp, €11, (36)
N (pe) N Ts = {0} Vp. €I (37)

Proof of Lemma 1. Note that II is a closed convex polyhedral
set because any affine subspace is a closed convex polyhedral
set and intersection of two closed convex polyhedral sets is
again a closed convex polyhedral set. Furthermore,

(35) follows from (28), (31), and (38). The identity in (36)

follows from (29), (32), and (38). Furthermore, (37) follows

from (24) and (35) because 711 (p.) NN (p«) = {0} by 21).
Using (25), we can express # defined in (34) as

0 = inf,, e 0(ps), (39)

where 6(p,) is the minimum angle between 7s and Ny (ps),
ie.

inf  arccos||Prs (v)||  Nit(po) #{0}- (40)
veNT (pa):|v|l=1

O(ps):=

Let us proceed with establishing the positivity of 6(p.). If
Nitt (p«) ={0}, then 0(p.)=73; else v = Py (v) + Pus (v)
and ||Pprg (v)|| # O for any v in N (p.) satisfying |v| > 0,
because v ¢ Ts by (37). Thus ||Pr; (v)| < ||v|| whenever
v € Nt (p.) and ||v|| > 0. On the other hand,

sup
veENF (p.):llvll=1

[P7s ()],

P v)|| = max
IPrs @)l = max

by the extreme value theorem because norm and projection
are continuous and supremum is over a compact set. Thus
O(ps) > 0 for all p, € II.

There are only finitely many distinct possible 74 (ps«) sets
for p,. € A and finitely many distinct possible N (ps) sets
for p, € II because both A and II are polyhedral. Thus
there are only finitely many distinct 6(p,) values for p, €II.
Consequently the infimum in (39) is a minimum, 6 is positive,
and 0 = O(p,) for some p, € II. On the other hand the
angle 6(p.), defined in (40), is uniquely determined by the
active constraints at p, for A and S, i.e. by {f,},eg,(p.) and

O

{fl}zEJS‘

B. Moreau’s Decomposition Theorem: Projection To A Closed
Convex Cone and Its Polar

A linear subspace S of R™ and the linear subspace S+
defines an orthogonal decomposition for vectors in R™. The
closed convex cones and their polar cones enjoy an analo-
gous property commonly known as Moreau’s decomposition
theorem.

Lemma 2 ([15, Theorem A.3.2.5]). Let C be a closed convex
cone. For the three elements v, vi, and vo in R™, the properties
below are equivalent:
(i) v=v + vp with vy €C, vy € C°, and (v, v2) = 0;
(ii) v1 = Pc (v) and va = Pco (v).

IV. A SIMPLE AND GENERAL PROOF VIA PINSKER’S
INEQUALITY

In this section we will establish the quadratic decay of the
mutual information on small neighborhoods of the capacity-
achieving input distributions using Pinsker’s inequality given
in (3) together with Lemma 1. For any p € A and p, €1l 4,
we can bound I(p; W) from above using (3), (8), and (13),

I(p; W) < Cat(p—ps, D(W[qa)) — L | gp—yp. |17

1-

(41)



If p. is the projection of p to II ; then p—p, isin Nl-f[lﬂ (p«) by
(23). If X is a finite set and A is polyhedral, then NVi{ (p,)isa
closed convex polyhedral cone for each p, €11 , because both
Ta (p) and N, (p.) are closed convex polyhedral cones
for each p, € II, and Nﬁlﬂ (p«) is their intersection. On the
other hand, there are only finitely many distinct N7} (p.)’s
for p, € II, because there are only finitely many “distinct
Ta (p«)’s and N11 (ps)’s for p. € I1 4. Thus /\/'AA, defined as
the union Nrffﬁ
well. Since NI{lA is closed there is a minimum angle between
vectors in J\/‘fﬁ and 7s, which is equal to the subspace of
the intersection of the kernels of the last two terms in (41).
This minimum angle has to be positive because otherwise one
could move from p, in this direction and stay in I ; to reach
a point that is closer to p as a result of (13), for some p.
Thus the norm of P75, (p — p«) is guaranteed to be larger
than a certain fraction of ||p — p.||. This observation, which
essentially is what is established in Lemma 1, is at the core
of bound presented in Theorem 1.

We will need the following bound on || ¢, || in terms of || v||
to obtain explicit approximation error terms.

H%m:HE:vwWWMH
<§jn ol

=> v \HW )|y
= llvlly
< Jloll - /1]

where the first inequality follows from the triangle inequality,
and the second inequality follows from the general upper
bound on the ¢! norm in terms of the #2 norm for R,

(p«)’s for p, € II, in (25), is a closed cone, as

Vo e RY, (42)

Theorem 1. Let W : X — P(Y) be a channel with a finite
input set X and A C P(X) be a closed convex polyhedral
constraint set, i.e., a constraint set that can be characterized
by a finite number of linear constraints, then
2
I(p; W) < Ca—7|lp—Pu, (p)|” Vpelll, 43)
for the set Hil defined in (18) and positive constants 3, v, and
0 defined as follows

3 it ={0}
= inf arccosHP )| NA #£{o} (4D

venit lul=1 7s, (V) i, #{0}

.2
=yl i @l (44b)
vekjmwgﬂqmnz1” Iy
1

o:= (1% + 7r5)  ID(Wllga)ll- (440)

Proof of Theorem 1. Since (16) holds for any closed convex
constraint set A, affine subspace S, defined in (17), and
IT, defined in (11), the hypotheses of Lemma 1 holds for
(A,S8,11) — (A,S,,11,). Thus § defined in (44a) (i.e., the
minimum angle between Nﬁ; and 7ng ), is positive because A

is polyhedral (i.e., A is determined by finite number of linear
constraints). Consequently,

)| < llvll cos 3

Let v € RY be p— Prr, (p), and vy, va, v be its projections to
the orthogonal subspace Ts,» K4 NNs, . and {7D(W|qa) :
TeR}

HPTS Yo eNE,  (45)

v=p —Pu, (#), (462)
vi=Prs, (v), (46b)
=Py, () (46c)
= ) D ). sd)

Note that span (7s,,K% N Ns,, D(W|qa)) = R*. Thus
v =1+ V2 + V3. (47)

Thus the upper bound on I(p; W) for any p€ A in (41) is
I(p: W) < Cat(v. D(Wllaa)) =3 lwly-  (48)

Let us proceed with bounding the terms in (48). Note that the
sign of the inner product (v, D(W||ga)) cannot be positive
because otherwise (12) would be violated. Thus

(0, D(W|lqa)) = (vs, D(W||qa))
= |l ID(W]lga)ll- 49
On the other hand,
2 2
||qv||1 = ||qu + quHl
2
> (g 1y = lldus )
2
> 1o l? = 2 1l - 11 us ],
®) )
> [l gusl? = 20X - [[o2]] - [Jus]
(c)
> 25 llall® = 21X - [Joal] - [lesl]
= 205 llva+on* =2 (2L 100 o]l ) [ en]
w
> 2 oot us =2 o)) Ll o)
( 2 D(W
> 2 [[o]]? = 2 o] L2 Lal 1y (50)

where (a) follows from the triangle inequality, (b) follows
from (42), (c) follows from the definition of v given in (44b),
(d) follows from (44c) and ||v2|| V||vs|| < ||v]|, and (e) follows
from (45), which implies ||vz + vs]| > ||v]| sin S.

(43) holds for all p € qu as a result of (48), (49), and (50).

We are left with establishing the positivity of . Note that
{vekKy NNs, :|[v]| = 1} is a closed and bounded set, i.e.,
a compact set, thus the infimum in the definition of ~ given
in (44b) is a minimum, i.e., it is achieved by some v,. If the
minimum value in (44b) is zero then v, € Ky, by (8) and
(15); on the other hand v, € ICf[, for ICjL defined in (14), by
hypothesis. Thus v, € ’7ng because

Ts, =K4NKy,

as a result of (17) and (31). This, however, is a contradiction
because v, € J\/’SA by hypothesis. Hence ~ is positive. [

(51



Theorem 1 assumes A to be polyhedral and input set X to
be finite; both of these assumptions are necessary to establish
a quadratic bound on the worst case decrease of the mutual
information with the Euclidean distance to II ;. Example 1 in
the following describes a channel with a finite input set and
a convex constraint set A that is not polyhedral for which the
decrease of the mutual information with the distance to 1I ; is
proportional to the fourth power of the distance to II ,, which
is much slower. Example 2 describes a channel with countably
infinite input set and finite output set for which, if

Ip;W)< Cw—f(lp—Pu(p)|) Vpell’,
for some f : R — R, then f(z) =0 for all z € [0, J].

(52)

Example 1. Let the channel W with three input letters and
two output letters and convex constrain set A be

L0l a={per): o - sl < 55}
— : = 2v6
=10 2 1 11T
01 s=1[5 5 4
Then Oy =2, 1, = {[3 § " fandaa=[3 3]

Furthermore, the boundary A can be described parametrically
as follows OA = {p, : 7 € (—m, x|}, where the parametric
family of input distributions p, is

—2cosT
=5+ % cosT + V3sint
COST — \/gsinr

4 —cosT
Dy :% 1—|—sin(%—|—7')
1 +sin(§ — 1)

One can confirm by substitution the following closed-form
expressions for ||p; — po| and I(p;; W)

o W) =02 = Dlap ) . =[5 o]
Ip- = poll = Zgsin g 11, = {ro}.
Thus

lim, o Ca—IlpriW) g

[|p-—Pu, ()]

Hence, the decrease of mutual information with the distance
from II, is proportional with forth power of the distance,
rather than the second power for the points on JA, i.e., on
the boundary of A. Thus (1) does not hold for any positive
constants y and 9.

Example 2. Let us consider the channel W whose input set
is the set of all non-zero integers and whose output set is has
only two elements.

w =g

[1 + tanh x]

1
W(z) =3 1 —tanhz

for z ¢ {—1,1},
Then Cy = In2 and II = {p;} where p, is the uniform
distribution on the input letter » and —¢ for all » € Z+. Then
|p. — P (p.)|| =1 for all v € Z+ and I(p,; W) 1 Cy . Thus
as a result of the concavity of mutual information in the input
distribution, and Jensen’s inequality, we have

(A =7m)pr+7p; W) =2 (1 —7)Cw +71(p; W).

On the other hand,
||(1 —7)p1+7p, — P (1 —7)py —|—Tp,)|| =7

because II = {p;}. Thus (52) holds for a 6 > 0 iff f(z) =
for all z € [0, ]

V. EXACT CHARACTERIZATION

The positivity of the minimum angle between N , i.e.,
the cone of directions that one can move away from H/;v and
the subspace of the intersection of the kernel of the channel
and the kernel of the gradient of mutual information, i.e., 3
defined in (44a), is sufficient to establish the quadratic decrease
of the mutual information in directions pointing away from
II,. One can even determine whether the slowest decay is
linear or quadratic in the distance to Il ; using the extreme
value theorem and the fact that Nrf[lﬂ is closed. To determine
the tightest coefficient in quadratic decrease case, however,
the minimum angle idea by itself is not sufficient; projections
to closed convex cones via Moreau’s decomposition theorem
rather than projections to subspaces needs to be considered.
Recall that NVi{ (p.) is a closed convex polyhedral cone
for each p, € ﬁ 4> Whenever X is a finite set and A is
polyhedral. As we have discussed in §IV, Nﬁ: defined in
(25) as the union of ./\/A (p«)’s for p, € II,, is a closed
cone. However, N} is not necessarily convex. Hence we can
apply Moreau’s decompos1t10n theorem, i.e. Lemma 2, to each
NG ( p.) separately but not necessarily to N itself.

We will use the minimum angle idea by mvokmg Lemma 1
in our analysis in this section too, though in a more nuanced
manner. Let Y(p,) be

Y (p.):=Nit | (p)NKS Vp.ell,.  (53)

Let us assume that Y(p.) # {0} for a p, € II,. Then
any v € NI{‘A (p«) can be decomposed into two orthogonal
components: v, in YT(p,), and v—wv, in Y(p.)° by Lemma
2 because Y(p.) is a closed convex cone. Applying Lemma
1 for the case (A,S,II) — (Nrf[lﬂ (p) . K%, T(ps)), we can
assert the positivity of the minimum angle ¢(p.) between v—uv,
and Ty for all v GN'A (p«), whenever Y(p,)# {0}. Thus

using the fact that Tyca = K% we can conclude that

[Py =) <llo—v.ll cos(o(p))  VoeNit, (p) (54

where v, = Py(,.) (v), and ¢(p.) is defined as

NE ) =0}

b(p.)i= uegégi:ﬁuH:larccosHP,ci (w)| i B {0}
Nit, (p+)

for B(p.):=Ny” ~ whenever T(p.)#{0}.

As we did in*§IV, we will establish (1) by invoking
(13) first. Instead of bounding D(gy|/ga) using the Pinsker’s
inequality given in (3), however, we will use (6) together
with Hilbert spaces structure induced by the existence and
uniqueness of the Shannon center on the minimal affine
subspace of A.



A. A Taylor Series Expansion Of Kullback—Leibler Divergence

For any channel W : X — P()) and convex constraint
set A C P(X) satisfying Cyq < oo, let us define the subset
of the input set X4 and the extended real valued function

A:DCA xDCA—> [0,00] as

Xa:={zeX:IpeAst p(z) > 0},

AA(a:,z):z/ (%ﬁm)) (%ﬁf)) dga

(2) and (12) imply W (z)=<qa, and hence the existence of
the Radon-Nikodym derivative %ff) for all z € X 4. This,
however, does not imply the finiteness of A 4(z, z) as demon-
strated by Example 3 for a channel with a finite input set and
countable output set. This is possible because finiteness of Cy
implies the finiteness of D(g,||g4) for all p €A via (3), (9),
and (12), but not the finiteness of x?(g,|/ga) for all p € A

and for all peP(X ) we have
Y. p@)Aalz, 2)p(2) =143 (gpllan) -

When X4 is a finite set and max, , A4(z,2) is finite, then
Ay is a positive semi-definite matrix because

v Aqv = / (35;)2 dga

Thus A4 defines an inner product on RX4 | Furthermore, the
resulting norm is related to the x? divergence as follows:

(56)
Vr,z€X4. (57)

(58)

Vo € R¥4,

X(apllaa) = lp — peli, (59)

for all p € R*4 and p, € R*4 satisfying dp. = qa for gy, is
defined in (8).

On the other hand, for all p € R¥*4 and P« € RX4 satisfying
¢p. = qa, the Cauchy—Schwarz inequality implies

[
<lp—p.l \/Z cx

e

d T
e pe(2)) W (z)

dga

2
dQA)'

3
Xapllaa) < llp = pall” (5a)?

for all p € R¥4 and p, € R*4, where x4 is defined as follows

s aw(z) > o
kA= / Zm&ﬁh( dga ) dga-

Applying (6) for w = g, and ¢ = g4, and invoking (59) and
(60), we get the following lemma.

Thus
(60)

(61)

Lemma 3. For any W : X — P(Y) with a finite input set X
and convex constraint set A C P(X) satisfying ka < oo, we
have

(62a)
(62b)

2 3 3
D(gpllga) = 5 llp — p<l%, — & llp — pal”,

3 3
D(gpllaa) < 3 llp = pella, + 52 lp — pell®

Using Jensen’s inequality and the convexity of function 2%/
in z we can bound k4 from below by +/Tr[A4], where
Tr[A4] is the trace of the |X 4|-by-|X 4| matrix A4. On the

eneral

vl

other hand, we can bound k4 from above using the

. . 1
bound on ¢? in terms of ¢ norm, i.e. ||v], < |Xa]
Thus

\/\/xﬂ| Z / dqﬁ) dQAme > /Tr[Ax]. (63)

z€X 4

For channels with finite input and output sets k4 < o0, i.e.,
the hypothesis of Lemma 3 is always satisfied. For channels
with finite input sets and infinite output sets, however, even
Aq(z,z) can be infinite for some z,z€X 4.

Example 3. Let the discrete channel W : X — P(Z+) with
the finite input set X = {0,1,...,n} be
omy if £=0
W (ylo)= { @ |
zﬂ{y:z}+T(;3)1{y>n} if Ie{l,Q,,n}
where ((s) == >, 7, ¥ °, ie.,

2 9 ﬁ]
If n> (L(?’)) e Lyeny @ " then we have

the Riemann zeta function.

e
W':ln\/ﬁ7
o \—3
W (-|0)|lqw) = 2<<3>+Z ez, b oy < COw.

The diagonal entry of the matrix Ay corresponding to the
input letter O itself is infinite:

2
_ W(y|0)
Aw(0,0) = 2;,% aw () (47)

30
> G Dy o
Q.

Then %y is infinite , as well because Ky > 1/ Tr [Aw]. Thus
for this channel Lemma 3 is mute.

In our analysis we will need an operator-norm bound
analogous to (42). We bound [[v|| , = above by the product of
||v|| and the trace of A 4 using the Cauchy—Schwarz inequality:

ol = [ (X, @) 42 das
< [l (3, (452)) da

=||v]|* Tr [A]. (64)

The following discussion is not used in the rest of the paper;
nevertheless (67) is just too beautiful to ignore in the name of
utilitarianism. Note that (59) and x?(0||g4) = 1 implies,

2
[P«lls, =1 (65)

for all p, € R*4 satisfying dp. = q4. On the other hand,
IpIs, =1 +x(gpll90) (66)

for all p € R*4 satisfying (p, 1) =1, where 1 € R*4 is the
vector whose entries are all ones. Equations (59), (65), and
(66) gives us the following ‘“Pythagorean Theorem”

2 2 2
Iplla, = llpelia, + 0 = pella, (67)

for all peR™4 satisfying (p, 1) =1, and p, € R*4 satisfying
dp,. = 4A-



B. Exact Characterization Of The Slowest Decay

Theorem 2. For a channel W : X — P(Y) with a finite input
set X, a closed convex polyhedral constraint set A C P(X)
satisfying k4 < 0o, let y1 be

VUM e o) =1 —(v, D(Wllga)) (68)
for ./\/'ﬁlﬂ and k4 defined in (25) and (61). Then
I(p; W) < Ca—m ||vp | VpeA. (69)

where vy:=p—Pn  (p) and there exists a p € A\Il ; satisfying

I(p+7up; W)= Ca—m 7o, || =Tr [Aa] [ro, || (70)
Sfor all T€(0,1).
Furthermore, if v1 = 0, then
3
I(ps W)< Ca=nz [op|*+ 5 llopI” Vpelly @1

for positive constants o and § defined in terms of folﬂ (ps),
Y (p«), and ¢(ps) defined in (24), (53), and (55), as follows

. 2
’}/2::% manGNﬁlAﬁ’Ciiﬂﬂuzl ”UHAA y (72a)
d:= min ¢ 72b
1 O -
w0 g o)
5, =4 Ve, (bl , (72¢)
Sl ID(Wlg)| i ) #{0)

and there exists a p € A\ 11 4 satisfying for all 7€ (0,1)

KB
I(p+7vp; W) > Ca—2 ITup > =2 [Irwp|*. (73)

Proof of Theorem 2. First note that (68) can be stated as a
minimum rather than an infimum by the extreme value theorem
because J\/'I{l is closed and thus the minimization in (68) is
that of a conj%inuous function over a closed and bounded (i.e.,
compact) set.

Note that v, € N (p.) by (23) where p, is the projection
of an p € A onto H'jq , i.e., p« = P, (p). Then (13) and
D(gpllga) > 0 imply

I(p; W)< Ca+(vp, D(W/lqa))

< Ca+llvpll max

veNT (p)illvll=1

<U7 D(W”(JA»a (74)

for all p € A. Then (69) holds by (25).

Let v* be a minimizer for minimization defining 7, in (68).
Then there exists a p} €Il satisfying v, efoLA (p}) by (25).
Furthermore, there exists a p* € A\ Il 4 such that Py (p*)=
pr by (23) and (24) because T4 (p}) = cone (A—p}) as a
result of polyhedral convexity of A. Then

I(p*;W)=Ca+(v*,D(W|qa)) — D(gp+||qa) by (13),
=Ca—m|v*| = D(gp+ | qa) by (68),
> Ca=mllv*ll = x* (ap || an) by (4),
=Ca—m llv*]l = [lv*11%,, by (59),
> Ca—m |v*|| = Tr[Aa] [lv*| by (64).

Then (70) holds for p = p* by Jensen’s inequality and the
concavity of I(p; W) in p.

Let us proceed with the claims for «; =0 case. First note
that, J\/’I{:NC% #{0} because (v*, D(W||ga)) =0. Since folA
and ICfl are closed so is Nﬁ: N ICfl. Thus (72a) can be stated
as a minimum rather than an infimum by the extreme value
theorem. Let vt be the minimizer of (72a). Then there exists a

pi €11, satisfying vf ENI{lA (pl) NK% by (25). Furthermore,
there exists a pf € A\ HA such that Py, (pJf) :pi by (23)
and (24) because T4 pi) = cone (A—pl)
polyhedral convexity of A. Then

I(p"; W) =Ca+ (v, D(W|qn)) —D(gpi||aa) by (13),

as a result of

:CA—D(quHqA) by UTEICSZQ
> Ca—x*(apt]|ga) by (4),
=Ca—|o']|,, by (59),

— Ca—2y ||of|” by (72a).

Then 5 is positive because otherwise p' € II 4 would hold,

but pf € A\ TI 4 by construction. Invoking (62b) instead of

(4) we get

K 3
I(p's W)= Ca=z [|o"] 5, =5 [|o"]]

3
e Tl

=Ca—2|v by (72a).

Then (73) holds for p = p' by Jensen’s inequality and the
concavity of I(p; W) in p.

Furthermore, ¢, is positive for all p, € Il ; by definition
because ¢(p.) is positive whenever Y(p,) # {0} for Y(p.)
defined in (53). On the other hand there are only finitely
many distinct N3 (p.) cones, and hence only finitely many
distinct Y(p.) cones and dp, values, for p, € II ;. Thus the
minimization defining § given in (72b) can be written as a
minimum rather than an infimum and § is positive whenever
v1 =0, as well.

When v; = 0, there are two groups of p’s we need to
consider those for which Y(p.) = {0} and the rest. For p’s
for which Y(p.) = {0}, the inequality (71) follows from
(72b), (72c), and (74). Let us proceed with p’s for which
T(p«) # {0}. Since Y(p.) is a closed convex cone the
projection on Y(p.) and the projection on its polar cone
Y(p.)° form an orthogonal decomposition by Lemma 2, i.e.,

Up = U, + Up and (vp, up) =0, (75)
where v; and u, are
vpi=Pr(p,) (vp), and =Py e (). (76)

Furthermore, NVi{ (p.) is not only a closed convex cone but
also a polyhedral cone; thus we can apply Lemma 1 to assert
that the angle between u, and K¢ is bounded below by ¢(p..)
defined in (55).

On the other hand (v, D(W||qa)) = 0 because v; € K%
by construction. Thus (75) implies

(vp, D(Wllga)) = (up, D(W|[ga))
< = DWW lga)ll - llupll sin(e(p.)). (77)

To see why the last inequality holds, first note that the angle
between u, and D(W||qa) lies either in [0, 5 —¢(p.)] or in



[24+¢(ps), 7| because the minimum angle between u, and
K4 is ¢(p.) € [0, Z]. One the other hand, (v,, D(W||ga)) <0
by (12); thus the angle between u, and D(W| ¢a) has to lie
in F,ﬂ. Thus the angle between u, and D(W|/qa) lies

in g—kgb(p*),ﬂ and its cosine is bounded from above by
—sin(¢(px))-
Furthermore,
ol = llos +wll,
(a) y 2
> (gL, =Nl )
*|[2 *
> HUPHA_A -2 ||UP||AA ’ ||up||AA )
® L2 .
> ||oply, = 2T Aal 5] - llull
(o) 12 .
> 292 [|op||” = 2T [Aa] |5 || - 1wl

(4) %
D2 o2 = 2 (Te [Aa] |55 ] + 2 ) s

Q || || D(W in «
> 27, ||1)||2 _ 2” [ DCW || ga) || sin(¢(p«)) ”upH . (78)

Ops

where (a) follows from the triangle inequality, (b) follows
from (64), (c) follows from (72a), (d) follows from (75), (e)
follows from ||v%|| V [[up|l < ||lup|| and the definition of &,
given in (72c). For p’s satisfying T (p.) # {0}, the inequality
(71) follows from (13), (62a), (72b), (72c), (77), and (78). [I

VI. QUADRATIC DECAY FOR QUANTUM MUTUAL
INFORMATION

In this section, we present the analysis for the Quantum
Mutual Information between the input and the output of a
classical-quantum channel with a finite input set. We will first
introduce the quantum information-theoretic framework and
quantities. In §VI-A, we extend the analysis in §IV to establish
the quadratic decay for the quantum mutual information on
classical-quantum channels whose Hilbert spaces at the output
are separable. In VI-B, we characterize the slowest decay of
quantum mutual information with the distance to the capacity-
achieving input distributions on classical-quantum channels
with finite-dimensional output Hilbert spaces.

Let H be a separable Hilbert space, i.e., a complete inner
product space that has a countable orthonormal basis. We
denote the set of all bounded operators on H, i.e., all con-
tinuous linear mappings of the form T : H — H, by L(H).
The operator absolute value |T'| € L(H) of a bounded linear
operator 7' is defined in terms of its adjoint operator 7™ as

T|:=vT*T VT € L(H).

An operator T is selfadjoint iff 7* = 7. We denote a non-
commutative quotient for selfadjoint operator 7' and positive
definite operator M as

T 1 1
i =M"2TM™ 2.
A gentle introduction to separable Hilbert spaces can be found
in [16, Chapter 1].

We denote the set of all density operators, i.e., positive
semidefinite operators with unit trace, on a separable Hilbert

(79)

(80)

space H by S(H). The eigenvalues of a density operator in
S(H) correspond to a probability mass function, [16, Theorem
2.5]. The quantum relative entropy, a quantum generalization
of the Kullback-Leibler divergence, D(p||o) is defined for any
p,0 € S(H) as, see [17],

p=o

o pho’ (81)

D(pllo):= {
where Tr is the standard trace, and p<c means that the support
of p is contained in that of ¢. Furthermore, the quantum
relative entropy, is bounded from below in terms of the trace-
norm via quantum Pinsker’s inequality [18, Theorem 3.1]:

D(gpllan) > gy — aall?, (82)

where ||-||; is the trace-norm, i.e., the trace of the operator
absolute value of a bounded operator:

|||, := Tr [|T] VT € L(H). (83)

On the other hand, the quantum relative entropy is bounded
above by the quantum x? divergence, see [19, Theorem 8] for
a proof for finite dimensional Hilbert spaces,

xX*(pllo) = D(pllo)

where x“ divergence is defined for o > 1 as,

P lp—ol\"
W (pllo)=14 @ 1)/0 Tr[(cwuf) ]d“ P27 (85
00 pACT

(84)

where [ stands for the identity operator on H.

When p and o commute, i.e. when they have the same set
of eigenvectors, the definition in (85) reduces to the one in
(5), as expected.

We can also bound D(p|lo) in terms of x?(p|lc) and
X3(pllo) (as in (6) for the classical setting, but in a slightly
different way) as follows

D(pllo) = 5x*(pllo) = —5x°(pllo),
D(p-llo) = 5x*(prllo) < gtz (o),

for all p,o € S(H), 7 € [0,1), where pr:=7p + (1 — 7)o,
provided that x3(p||o) < co; see Appendix D for a proof.

A classical-quantum channel W : X — S() maps letters
of the input alphabet X to a density operator on the output
Hilbert space H. For any W : X — S(H) and p € P(X), the
mutual information I(p; W) is defined as

1(p; W)::Zz p(z)D(Wllgp),

where g, € S(H) is the output density operator induced by
the input distribution p, for any p € P(X), which is defined
more generally for any v : X — R with a countable support
satisfying Y~ |v(z)| < oo as

Gpi= ZJL v(z) W(z).

Note that (9) can be confirmed for the quantum case by
substitution using (88), instead of (8). Furthermore, all of the
properties of the Shannon capacity and center discussed in
$II hold for the classical-quantum channels, as well, see for

(86a)
(86b)

(87)

(88)



example [20, Theorem 2] discussing the case of image-additive
quantum channels, which covers as a special case the classical
to quantum channels, with a finite dimensional 4. Thus, (13)
holds for classical-quantum channels, i.e., for any p, € 11,
and pEA,

I(p; W)= Ca+(p—ps, D(Wl|lga)) — D(gpllga), (89)

where g4 € S(H) is the Shannon center for the classical-
quantum channel W for the convex constraint set A, satisfying
qa = qp, for all p, €Il .

Without loss of generality, we assume that S(H) equals to
the union of the supports of all the channel outputs W (z)’s;
otherwise, we may restrict the underlying Hilbert space to this
union. Such a consideration ensures that the Shannon center
ga to have full support.

A. A Simple Proof for Separable Hilbert Spaces via Pinsker’s
inequality

Using (82) and (89), we can confirm that (41) for classical-
quantum channels, as well. Thus for any p €A and p, €1l 4,
we have

I(p; W)< Cat(p—pe, D(W||qa)) — 2 llgp—p. |17 -

On the other hand, by following the reasoning as in (42),
we can translate the trace-norm on the quantum output space
back to the ¢2 norm on the classical input space:

lawlly < 0] - v/]X] Vo cRY.

We can follow the argument in the proof of Theorem 1
given in §IV by invoking (90) and (91) in place of (41) and
(42) to get the following result on the quadratic decay of the
quantum mutual information for a classical-quantum channel.

(90)

oD

Theorem 3. Let W : X — S(H) be a classical-quantum
channel with a finite input set X and separable Hilbert space
H, and A C P(X) be a closed convex polyhedral constraint
set, i.e. a constraint set that can be characterized by a finite
number of linear constraints, then

I(p; W) < Ca —7]lp—Pu, ()|

for the set Hil defined in (18) and positive constants 3, v, and
0 defined in (44).

Vp eIy, (92)

B. Exact Characterization Of The Slowest Decay

We define the Bogoliubov—Kubo—Mori inner product with
respect to some positive definite operator o € L(?) on
bounded operator space L£(H) over field C [21, §7.5] as

- > p* w
= T .
(P w)BkM /0 r [U—I—ufa—f— uI] du Vp,weL(H)

For any classical-quantum channel W : X — S(H) with
a finite-dimensional H and convex constraint set A C P(X),
we define the set X 4 using (56) and the extended real valued
function A4 : X4 x X4 — [0, 00] via the Bogoliubov—Kubo-
Mori inner product:

Ap(z,2): =W (z), W(z))gem Vr,z€X 4. 93)

For the case when W(z), W (z), and ¢4 mutually commute
the definition in (93) reduces to the one in (57) given in §V-A,
as expected.

When X 4 is a finite set and max, , A4(z, 2) is finite, then
A4 is a positive semi-definite matrix because

(e%e] 2
v Aqv = Tr (f]v) du>0 VveRY,
0 qa +ul

Thus Ay defines an inner product on R*4 for classical-
quantum channels, as well. Furthermore, the resulting norm
is related to the quantum y? divergence as follows:

X(gpllan) = llp — p-l%,, 94)

for all p € R*4 and p, € R*4 satisfying dp, = qa for gy, is
defined in (88).

On the other hand we can bound the operator absolute value
gy for any v with finite ||v|| as follows. First note that the
formula of the operator perfect square and its positive semi-
definiteness, imply the following operator inequality

@) = (X, @ W)
o (5, W)

Since the square-root is operator monotone (see e.g., [21, §4]),
we have

< . 2.

wl <ol -3, W ©5)
Then as a result of the monotonicity of the map Tr [(-)%] we
have

X (apllan) < llp — pall® (ka)?, (96)

for all p € R¥4 and p, € R*4, where 4 is defined as follows

o0
kai=" / Tr
0

When { W(z)}zex, mutually commute k4 defined in (97)
reduces to the one in (61).

As in §V-A, applying (86) for p = ¢, and 0 = ¢4, and
invoking (94) and (96), we obtain the following lemma for
classical-quantum channels.

2pex, Wia)?
qa +ul

du.  (97)

Lemma 4. For any classical-quantum channel W : X — S(H)
with a finite input set X and finite-dimensional Hilbert space
H and convex constraint set A C P(X), we have

2 3 3
D(gpllga) = 3 lwplly,, = =% llwpl”,

2 K3 3
D(gp+ro,lan) = 5 Imvplla, < gz Irwll”,  (98b)

(98a)

for vy:=p —p, all pe A, p, €11, and T € [0,1].

In our analysis on classical-quantum channels, we will need
an operator-norm bound analogous to (42), as well. To that end



we invoke (95), and bound ||v|| , , from above in terms of |||
for an arbitrary v € R*4, as follows

2
foll3, = [ T
2
§/||v||2Tr - du
A

=lv]]* Tr[Aa].

99)

We apply the analysis of Theorem 2 given in §V by invoking
Lemma 4, (84) and (99) in place of Lemma 3, (4), and (64) to
obtain the following result of the exact characterization of the
slowest decay for quantum mutual information on classical-
quantum channels with finite-dimensional Hilbert space .

Theorem 4. For a classical-quantum channel W : X — S(H)
with a finite input set X and a finite-dimensional Hilbert space
H, a closed convex polyhedral constraint set A C P(X),

I(p; W) < Ca—m ||vpl| VpeA (100)

for 1 defined in (68), where vy,:=p—Pr1  (p), and there exists
a pe A\l satisfying

I(p+7vp; W) > Ca—1 |70, ]| =Tr [Au] 7o, ]|* (101)
Sor all T€(0,1). Furthermore, if v1 = 0, then
Ki}
I(p; W) < Ca—nz oy "+ [lop|I” - Vpelly  (102)

for positive constants 7o, 0, ka defined in (72a), (72b), (97)
for Ay given in (93), and there exists a p € A\ 11 4 satisfying
forall T€(0,1)

I(p+7vp; W) > Ca—=s |70, |* = 5z 70, 1> (103)

VII. DISCUSSION

We have extend Strassen’s observation in (1) and bound the
mutual information from above by a function that is decreasing
quadratically with the distance to the set of all capacity-
achieving input distributions, for channels with finite input sets
and with a finite number of linear constraints in Theorem 1,
using Pinsker’s inequality (i.e., (3)), Topsge identity (i.e., (9)),
and positivity of the minimum angle implied by the polyhedral
convexity (i.e., Lemma 1). We have also shown that same tools
suffice to establish (1) for quantum mutual information on
classical-quantum channels whose output Hilbert spaces are
separable (possibly infinite dimensional) in Theorem 3. For
general convex constraint sets that may not be expressed as a
finite number of liner constraints (1) might not hold; Example
1 demonstrates it for a channel with three input letters and
two output letters. If input set is infinite then the only function
f:10,8] — Rxo satisfying I(p; W) < C— f(||lp — p«||) for
all ||p — p«|| < J for a positive § can be f(z) = 0; Example
2 demonstrates this for a channel with a countable input set
and two output letters.

We have also determined the exact leading term in the
Taylor series expansion of the slowest decay of the mutual
information around the capacity-achieving input distributions

for channels with finite input sets and with a finite number
of linear constraints in Theorem 1, using a Taylor series
expansion of Kullback-Leibler divergence (i.e, (6)), Topsge
identity (i.e., (9)), and Moreau’s decomposition theorem (i.e.,
Lemma 2). We have also shown that same tools suffice to
determine the leading terms in the Taylor series expansion of
the slowest decay of the quantum mutual information around
capacity-achieving distributions on classical-quantum channels
whose output Hilbert spaces are finite dimensional in Theorem
4. We have worked with the Euclidean distance, i.e., £2, norm;
but the same tools and analysis can be applied to determine
the leading term in Taylor series expansion when distance is
measure using another norm on the affine space including the
convex constraint set A, e.g., when we work with ||-||; instead
of [|-]].

Under appropriate technical assumptions, one can obtain (1)
for Augustin information [22]-[25] using the same framework,
as well.
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APPENDIX A
GAP IN STRASSEN’S ARGUEMENT

The first two terms of the Taylor expansion characterizing
the change of the mutual information around any capacity-
achieving input distribution is determined in [1] to be

F(0) = (v, D(Wlqw)) + L lv]3,

[1, (4.41)] asserts that for small enough J there exits a v > 0
satisfying

Vo € R,

fp—p.) < =7 lp—p.? Vp € I1°, (4.41)

where p, is the projection of p to II. To establish (4.41)
Strassen asserts that if (4.41) does not hold then there must
exist a sequence {p,},ez, C II° satisfying

liminf, f(p,—p,.«) > 0. (104)

Furthermore, Strassen asserts since (p—p., D(W|lqw)) <0
for all p € P(X), one can assume

lp,—pyll =0 V9 € Z+. (105)

We agree with this assertion because of the following rea-
soning: If II is the in the relative interior of the probability
simplex, i.e., II N dP(X) = (), then for small enough & any
point p on the boundary TI° will satisfy ||p — p.|| = ¢ and the
identity (p — p., D(W|lqw)) < 0 for all p € P(X) implies

fp—p,) < 2l (Hgiu 5)

Thus if the sequence satisfying (104) does not satisfy (105),
then we can replace each p, with p, = p]7*+M6 to geta
sequence satisfying both (104) and (105). Note that p, , = Dy,

by construction.

Vp e I1°.

(106)



However, for certain channels II might have points out-
side the relative interior of the probability simplex, i.e.,
IT N 9P(X) # (. The unconstrained version of the channel
considered in Example 1 is such a channel. The argument
we have for II N 9P(X) = () case will not work as is in
this case because there might not be a positive ¢ for which
infinitely many p,’s are guaranteed to be in the probability
simplex P(X), and hence in IT°. Nevertheless, a sequence
satisfying both (104) and (105) exists as claimed by Strassen.
To see why first recall that the projection of a p € P(X) to
I is p. iff p—p. €N (ps); see (23) and (24). Furthermore,
both {Nr (ps) : p« €I} and {Tp(x) (ps) : p« €11} are finite
sets as a result of the polyhedral convexity of II and P(X).
Thus the set 8§ = {N{ (ps) : p« €11} is finite and for each
s €8 there exists at least one (often uncountably many) p, €11
satisfying s = N3} (p.). For each s € 8 we choose a p; € II
satisfying s =N} (ps). Among {Ni{ (p,.«)} ez, at least one
s. € 8 will be repeated infinitely often. Let {p, },cz, be
a subsequence satisfying N (pz],*) = s, forall y € Z+. If
-~ Poy —DPay,x
Py = Ds, +W
for all j € Z+, because D, — ps, €N (ps, ). Furthermore, as
a result of the polyhedral convexity of P(X) for each p. € II,
there exists a 6(p,) > 0 such that

{p*+5v cv € NG (ps) and 6 < §(p*)} C P(X).

0, then the projection of p, onto II is p,,

Thus (105) holds for p, by construction for d =min, cs §(ps, )
and (104) holds for p, by (106).

APPENDIX B
A COUNTER-EXAMPLE FOR [2, (500)]

Example 4. Let W be a channel with 9 input letters and 8
output letters given in the following

f3lsx1 f3lsx1 3lsx1 (1 —¢)ls
) 1/3 /e O1x5
W = /e 1/ 1/3 O1x5 |,
1/3 1/6 1/ 01x5
/3 1/2 1/6 O1x5

where 15,1 is a column vector of ones, I5 is 5-by-5 identity
matrix, O1x5 iS a row vector of zeros, and ¢ is the unique
solution of the equation /3+/0.002 = €57 on ¢ € (0, 1/2).

With a slight abuse of notation when A = P(X), we denote
the Shannon capacity by C'y and the Shannon center by gy .
Let us assume A = P(X). Then the capacity-achieving input
distribution is unique and it is the uniform distribution on the
first 5 input letters. Furthermore,

Cw=(1-¢)In5 and qw =[5 § % ]T

Note that D(W (z)||qw) = Cw for all input letters z.

On the other hand KC}y, = {75 : 7 € R} where the vector s
is given by

1—¢
s

s=[01xs 2 2 -1 =3]"

Note that (s, D(W||qw)) = 0. Thus {vy, D(W | qw)) = 0 for
any p, where vy is the projection of p—p, onto KCy;, considered
in [2]. On the other hand if p puts non-zero probability only on

one of the last four input letters then ||vg|| # 0. Consequently,
(vo, D(Wllqw)) < —T'|w]|, i.e., [2, (500)], cannot be true
for any positive I'.

APPENDIX C
PROOF OF (6)

As a result of the Taylor series expansion of the function
z1nz around z =1 we know that for each z € (0,00) there
exists a number Zz between z and 1 such that

zlnz=z—-143(z—-1)7% - 3531 (107)
22—1+%(z—1)2—%’(z—1)3|+.
where |z|T =z v 0.

D(w| q) 2/<§ (%,1)27%
- 2

= 5x*(wllq) — §x*(wllq)

Note that by (107) we know that
%(z —1)2

On the other hand, as a result of Taylor series expansion of the
function In 2 around z=1 we know that for each 2 € (0, c0)
there exists a number zZ between z and 1 such that

zlnz<z—-1+ z> 1. (108)

Inz=2-1- %7(2;1)2

Thus for all z € (0,1) we have,

Inz<z—1-14(z-1)°
zlnz < z(z—1)— (2 —1)°
=z-1+3(z-1%+11-2)>% 2€(0,1). (109

As a result of (108) and (109) we have

zlnz§z—1+%(z—1)2+%|1—z|+3

Thus
D(wq>s/<é ((T”

S
X

wllq) + 3

+3(1- %)’
(%)

*(wllq)-

M\»—A

)
Jar

= X
APPENDIX D
PROOF OF (86)

We first prove (86a). Fix an invertible density operator o
and let 0:=p — 0. We consider the Taylor’s series expansion
of the map [0,1] 3 7 — f(7):=D(0 + 76||o) around 0:

3 (n) n (4) T
=3, e



for some 7 € [0, 7]. By standard calculations (see e.g., [21,
§3]), we have

FOr) = f(7),
fO) =Tr[6- (I +1n(o 4 76) —Ino)],

o) 5 2
@) (r) = -
AN /0 (J+75+uI) du,
) 5 3
Gl = —2. | —
AN /0 (0+75+uI) du,

00 5 4
(4) — 6. | —
(1) =6 /0 (J+T§+u1> du.

For each u > 0 and 7 € [0, 1],
3 3
(% b
o+ 70+ ul o+ 716+ ul

by the operator inequality 6 < |J|, because the map T'(-)T*
is a positive map for any bounded operator T' € L(H) (see
e.g., [16, §4]), and the map Tr [()3} is monotone.

Moreover, the fourth-order term is non-negative for all
7,7 € [0, 1], we immediately obtain

3 (n)
flr)y > ano L0 n,(o) -7

Letting 7 = 1, we conclude the lower bound (86a).

Next, we prove the upper bound (86b). Again, we use
Taylor’s series expansion of the map [0, 1] > 7 — f(7) around
0, but now up to the third order:

2 (n)
f(T) Zn:O ! n!(O) ’

for some 7 € [0, 7]. It remains to upper bound the third-order
term. For each u > 0, we have,

3) (=
— T"’l + f 33!(7—) .7—3

- 5 s @ 9] ’
TN\t rur) | S T \or ol

1 1\ 3
g {(wz (0 +76+ul)”" \5|§) ]

(d)
< Tr

U

3
_ 1 9]
_(177')3Tr (O—+QI) ’
where w:=1%

7= and (a) follows from the operator inequality
—06 < |4], because the map T'(-)T* is a positive map and
the map Tr [(-)®] is monotone, (b) follows from the cyclic
property of trace, (c) follows from the operator inequality o +
70 =Tp+(1—7)o > (1—-7)o > (1—7)0o because the inverse
is operator monotone decreasing.
After re-parameterizing and integrating on u € (0, 00), we
get the upper bound (86b).
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