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Abstract—The minimum Type II error probability (or volume)
of simple hypothesis tests with randomized detectors is expressed
as a Riemann integral of the (cumulative) distribution function of
the likelihood ratio for all non-negative Type I error probability
(or volume) values: β(ε) =

∫∞
0

|F (1/τ)− ε|+dτ for all ε ≥ 0.
The derivation relies on convex conjugation (the Legendre
transform) and level set integration, and is sufficiently general
to extend to tests between σ-finite measures. Measure change
identities relating the β(·) functions of different hypothesis testing
problems are established. Approximations for Type II and Type
I volumes are derived under two different hypotheses concerning
the Kolmogorov distance to normality for the log-likelihood
ratio distributions. In both the Central Limit Theorem and the
large deviations regimes, the resulting non-asymptotic expressions
recover and extend state-of-the-art characterizations of optimal
performance in the memoryless case, and improve and generalize
them in the Markovian case. Finally, The distinction between the
implications of the Central Limit Theorem and the Berry–Esseen
Theorem for the asymptotic simple hypothesis testing problem is
clarified.
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I. INTRODUCTION

The following elementary decision problem illustrates our
principal novelty regarding the Neyman–Pearson lemma. Let
Y be a zero mean unit variance Gaussian random variable.
What is the infimum of the lengths of Borel sets E satisfying
P(Y /∈E) ≤ ε, i.e, what is the value of β(ε) defined in the
following?

β(ε):= inf

{∫
E

dy : E∈B and
∫
R\E

φ(y)dy≤ε

}
∀ε∈ [0, 1],

where B is the set of all Borel subsets of R and φ(·) is the
Gaussian probability density function:

φ(y):= 1√
2π
e−y2/2 ∀y ∈ R. (1)

The answer is intuitively obvious: we first determine the
threshold ϕ(ε) for φ(·) such that P(φ(Y)≤ϕ(ε)) = ε, then
β(ε) is the length of the set of all y’s satisfying φ(y)>ϕ(ε).
The threshold ϕ(ε) is the ε-quantile for the random variable
φ(Y), i.e., ϕ(ε)=F−1

φ(Y)(ε).

F−1
φ(Y)(ε):= inf

{
τ : Fφ(Y)(τ) ≥ ε

}
∀ε∈(0, 1),

= φ
(
Q−1

(
ε
2

))
∀ε∈(0, 1), (2)

where1 Fφ(Y)(·) is the cumulative distribution function of
the random variable φ(Y) and Q−1(·) is the inverse of the
Gaussian Q-function defined as

Q(τ):=

∫ ∞

τ

φ(y)dy ∀τ ∈ R. (3)

1Note that F−1
φ(Y)

: (0, 1) 7→(0, 1/
√
2π) is the inverse of the function Fφ(Y).
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Thus
{
y : |y |<Q−1(ε/2)

}
is the set of all y’s satisfying the

condition φ(y)>ϕ(ε), and consequently

β(ε)=2Q−1(ε/2) ∀ε∈(0, 1). (4)

What we have observed until now, is implied by Neyman–
Pearson lemma and there is nothing new conceptually. The
expressions in (2) and (4) for F−1

φ(Y)(·) and β(·) allows us to
establish alternative characterizations for β(·) and to relate
F−1
φ(Y)(·) and β(·).
First note that ∂

∂τQ(τ)=−φ(τ), (2), and (4) imply

β′(ε)= −1

φ(Φ−1( ε
2 ))

= −1
F−1

φ(Y)
(ε)

∀ε∈(0, 1). (5a)

Then using β(1)−β(ε)=
∫ 1

ε
β′(τ)dτ and β(1) = 0, we get

β(ε)=

∫ 1

ε

1
F−1

φ(Y)
(τ)

dτ ∀ε∈(0, 1). (5b)

On the other hand, β(·) is convex because β′(·) is increasing.
Furthermore, β(·) can be described as the convex conjugate
of its convex conjugate on (0, 1). Consequently, it has the
following dual characterization

β(ε) = supγ≥0 ℏ(γ)− γε ∀ε∈(0, 1), (5c)

= ℏ(γε)− γεε ∀ε∈(0, 1), (5d)

where ℏ(γ) = E[1/φ(Y)∧γ] and γε =
1

F−1
φ(Y)

(ε)
. Recall that the

expected value of any non-negative random variable X equals
to the integral of its complementary distribution function, i.e.,
E[X]=

∫∞
0

P(X>τ)dτ , by [1, (1.30)], [2, p.247]. Thus, [3].

ℏ(γ)=
∫ ∞

0

P
([

1
φ(Y) ∧ γ

]
>τ

)
dτ ∀γ ≥ 0,

=

∫ γ

0

P
(

1
φ(Y)>τ

)
dτ ∀γ ≥ 0.

Hence, (5d), the fact that P((1/φ(Y))>τ) is non-increasing in
τ , and P(1/φ(Y)>γε)=ε, imply

β(ε)=

∫ γε

0

[
P
(

1
φ(Y)>τ

)
−ε

]
dτ ∀ε∈(0, 1), (5e)

=

∫ ∞

0

∣∣∣P( 1
φ(Y)>τ

)
−ε

∣∣∣+dτ ∀ε∈(0, 1), (5f)

where |x |+=max{0, x}.
The above problem is a simple hypothesis testing problem

with deterministic detectors between the standard Gaussian
measure on R and the Lebesgue measure on R; and φ(y) is the
likelihood-ratio of the outcome y . Then β(ε) is the infimum
type II error volume (length) when type I error probability is
less than or equal to ε.

We call the infimum of type II error volume (i.e., missed
detection volume, power) as a function of type I error volume
(i.e., false alarm volume, significance level) the deterministic-
detector Neyman–Pearson function (dNP-function) and denote
it by β(·∥qw) when the measures associated with the alternative
and null hypotheses are q and w , respectively. If the random-
ized detectors are permitted then we call it the randomized-
detector Neyman–Pearson function (rNP-function) and denote

it by β(·|qw). That is for any pair of σ-finite measures (w , q) on
the measurable space (Y,Y), dNP-function β(·∥qw) :R 7→ [0,∞]
and rNP-function β(·|qw) :R 7→ [0,∞] are defined as

β(ε∥qw):= inf
T∈T d(Y):

∫
Tdw≤ε

∫
(1− T)dq ∀ε∈R, (6a)

β(ε|qw):= inf
T∈T (Y):

∫
Tdw≤ε

∫
(1− T)dq ∀ε∈R, (6b)

where T d(Y) is the set of all Y-measurable deterministic tests
on Y (i.e., Y-measurable functions of the form T :Y 7→{0, 1}),
and T (Y) is the set of all Y-measurable randomized tests on
Y (i.e., Y-measurable functions of the form T : Y 7→ [0, 1]).
Then β(·) = β(·∥qw) on [0,∞) for the case when q is the
Lebesgues measure and w is the standard Gaussian measure
on R by definition. Furthermore, β(·) = β(·|qw) on [0,∞) by
(4) because β(·|qw) is the convex envelope of β(·∥qw) and β(·)
is convex.

The extension of definitions of β(·|qw) and β(·∥qw) from
the customary setting in which both w and q are probability
measures, to the case when both w and q are σ-finite measures
results in a subtlety: for some σ-finite measures w and q , both
β(ε|qw) and β(ε∥qw) are infinite for all finite ε values. We deem
those cases to be void cases. We will see that non-void cases
are those cases satisfying the following condition:

w
(

dq∼
dw ≥1

)
+ q

(
dw∼
dq >1

)
<∞, (7)

where q∼ is the w -absolutely continuous component of q and
w∼ is the q-absolutely continuous component of w , [4, §31].

If w and q are σ-finite measures, then

β(ε|qw)=
∫ ∞

0

∣∣∣w(
dq∼
dw >τ

)
−ε

∣∣∣+dτ ∀ε≥0, (8a)

=

∫ ∞

0

∣∣∣w(
dw∼
dq∼

≤ 1
τ

)
−ε

∣∣∣+dτ ∀ε≥0, (8b)

To the best of our knowledge, the characterization of β(·|qw)
given in (8) has not been reported before, even for probability
measures w and q satisfying w=w∼ and q=q∼. Furthermore,
all of the identities given in (5) for β(·|qw), hold with appro-
priate modifications in all non-void cases, i.e., when w and q
satisfy (7), see (61) of Theorem 1. We provide an account of
related prior results in §I-A.

Evidently, neither (2) nor (4) is true for arbitrary σ-finite
measures —or for arbitrary probability measures— w and
q . In fact, β(·|qw) is not differentiable for some ε values
for certain w and q . However, β(·|qw) is convex and finite
on (0,∞) in all non-void cases. Thus β(·|qw) has directional
derivatives everywhere on (0,∞). Furthermore, the left and
right derivatives of β(·|qw) are − 1/F∧

ℓ

(
·
∣∣∣wq) and − 1/F∨

ℓ

(
·
∣∣∣wq),

where F∧
ℓ

(
·
∣∣w
q

)
and F∨

ℓ

(
·
∣∣w
q

)
are the lower semicontinuous

and the upper semicontinuous quantiles for the likelihood-
ratio, see (32) and (37) in the following for formal defini-
tions. When the distribution function Fℓ

(
·
∣∣w
q

)
is constant on

a subinterval of (0,∞), the inverse function in the usual
sense does not exist; that is why we have to work with
the semicontinuous inverses of Fℓ

(
·
∣∣w
q

)
, i.e., likelihood-ratio

quantiles F∧
ℓ

(
·
∣∣w
q

)
and F∨

ℓ

(
·
∣∣w
q

)
. Whenever Fℓ

(
·
∣∣w
q

)
is invertible

F−1
ℓ

(
·
∣∣w
q

)
= F∧

ℓ

(
·
∣∣w
q

)
= F∨

ℓ

(
·
∣∣w
q

)
holds, as one would expect.
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The function ℏ(·) in (5c) is the primitive entropy spectrum
of the Lebesgue measure on R with respect to the standard
Gaussian measure on R. For arbitrary σ-finite measures q
and w on the same measurable space, the primitive entropy
spectrum of q with respect to w is defined as

ℏ(γ|qw):=
∫ (

dq∼
dw ∧ γ

)
dw ∀γ∈ [0,∞). (9)

Evidently, the primitive entropy spectrum has the following
variational characterization

ℏ(γ|qw) = infE∈Y q(E)+γw(Y\E) ∀γ∈ [0,∞). (10)

We obtain the spectral representation of ℏ(·|qw), using the
following level set integration, which is a consequence of
integration by parts, [5, Theorem 2.9.3]: for any measure2 µ
and µ-measurable function f satisfying ess infµ f ≥ 0,∫

f dµ =

∫ ∞

0

µ(f > τ)dτ. (11)

In the parlance of probability theory (i.e., when µ is a
probability measure) E[f ] =

∫∞
0

P(f >τ)dτ for any non-
negative random variable f . In [1, §1.5], Gallager defines
the expectation of a random variable using this identity, i.e.,
the tail expectation formula, yielding a deceptively simple,
yet fully rigorous construction aligned with measure-theoretic
foundations.

What one learns from (5) that is not explicit in (4) is
how β(·) as a function is related to ℏ(·) and F−1

φ(Y)(·) as
functions. Analogously Theorem 1, in the following, describes
how β(·|qw) as a function is related to ℏ(·|qw), F∧

ℓ

(
·
∣∣w
q

)
, and

F∨
ℓ

(
·
∣∣w
q

)
as functions for a given pair of σ-finite measures q

and w . In other words, Theorem 1 makes the implications of
the Neyman–Pearson lemma explicit and extends the lemma
and its consequences to randomized decisions between σ-finite
measures.

As pointed out in [6] and later employed in [7], loss-
less source coding provides an operational justification for
hypothesis testing problems where the measure associated
with the alternative hypothesis is a σ-finite measure rather
than a probability measure. Specifically, finding the minimum
cardinality of a subset of a countably infinite set that contains
all but ε of the probability mass of a discrete probability
measure w is a hypothesis testing problem against the counting
measure ♯ with deterministic tests. In this context, β

(
ε
∥∥♯
w

)
is

the cardinality of any such minimum cardinality sets. While
the counting measure ♯ is not finite for countably infinite sets,
it remains σ-finite for any countable set.

Furthermore, for the lossless source coding problem, the
randomized-detector Neyman–Pearson function determines the
value of the deterministic-detector Neyman–Pearson function.
Note that for those ε values for which a minimum-cardinality-
set-E satisfies w(Y\E)=ε, we have β

(
ε
∥∥♯
w

)
=β

(
ε
∣∣♯
w

)
. On the

other hand, if w(Y\E) < ε for a minimum-cardinality-set-E,

2All measures are assumed to be non-signed and countably-additive.

then β
(
ε
∣∣♯
w

)
<β

(
ε
∥∥♯
w

)
<β

(
ε
∣∣♯
w

)
+1. Thus, using the fact that

β
(
·
∥∥♯
w

)
is an integer valued function, we conclude

β
(
ε
∥∥♯
w

)
=⌈β

(
ε
∣∣♯
w

)
⌉ ∀ε ≥ 0, (12a)

=

⌈∫ ∞

0

∣∣∣w(
d♯∼
dw >τ

)
−ε

∣∣∣+dτ⌉ ∀ε ≥ 0, (12b)

=

⌈∫ ∞

0

∣∣∣w(
dw
d♯ ≤

1
τ

)
−ε

∣∣∣+dτ⌉ ∀ε ≥ 0, (12c)

(12b) follows from (8a), and (12c) follows from (8b). Note
that, in general β(·∥qw) is bounded but not necessarily deter-
mined by β(·|qw), see Remark 2.

In the remainder of this section, we first briefly review prior
work related to β(·|qw), F∨

ℓ

(
·
∣∣w
q

)
, and ℏ(·|qw) in §I-A. Next,

we discuss prior work on approximations of rNP-functions
in §I-B. We then highlight our main contributions in §I-C and
conclude the introduction with outlining the remainder of the
paper in §I-D.

A. Prior Work On β(·|qw), F∨
ℓ

(
·
∣∣w
q

)
, and ℏ(·|qw)

The simple hypothesis testing problem is a fundamental
problem that can be motivated by various applications; our
interest in the problem is from the perspective of information
transmission problems [8]–[12].

The importance of hypothesis testing problem, and of the
NP-functions in particular, was already clear for information
transmission problems by the time of Strassen’s seminal work
[6]. Furthermore, as we have recalled above the lossless source
coding problem provides a concrete operational justification
for considering β(·|qw) for the case when q is a σ-finite
measure, which is not finite. The hypothesis testing problem
recognized to play a crucial role for understanding the be-
havior of the error probability in the channel coding problem,
not only at rates close to capacity [6], but also at other rates
[13]–[17].

The hypothesis testing problem is now a key tool for ana-
lyzing and understanding information transmission problems,
[8, Ch. 1], [9, Ch. 3 and Appendix 5.A], [10, Ch. 5 and 11],
[11, Ch. 1 and 4], [12, Ch. 10, 11, and Part III].

The interest in finite-length (i.e., non-asymptotic) analysis
and exact asymptotic analysis in information transmission
problems revived the interest in β(·|qw), [18]–[25]. In particular,
the maximum number of messages that a code on the channel
W :X 7→ P(Y) with maximum error probability ε can have,
i.e., M (W , ε), is bounded above as,

M (W , ε) ≤ infq∈P(Y) supx∈X
1

β
(
ε
∣∣∣ q
W (x)

) , (13)

see [20, Theorem 31]. This upper bound is studied more
closely in [21]. In addition new divergences between prob-
ability measures, such as the hypothesis testing divergence in
[24, p. 7044], [25, (2.6)], are introduced using β(·|qw) so as to
analyze information transmission problems in non-asymptotic
and refined asymptotic regimes, see [24]–[28].

The maximum number of messages is also bounded from
below for any probability mass function p on the input set
X and positive threshold γ in terms of the likelihood ratio
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distribution as a result of the maximum-code-theorem, see [17,
Theorem 2.1], as

M (W , ε) ≥ γ
(
ε− Fℓ

(
γ
∣∣∣p⊗W
p⊗(pW )

))
, (14)

where pW is output marginal of the joint distribution p ⊗W
generated by the input distribution p and the channel W .

The likelihood-ratio quantiles F∧
ℓ

(
·
∣∣w
q

)
and F∨

ℓ

(
·
∣∣w
q

)
, defined

as the semi-continuous inverses of likelihood ratio distribution
Fℓ

(
·
∣∣w
q

)
, determine the sub-differential of β(·|qw), as we will

see in (61e) and (61f), and have seen in (5a) for a spe-
cific case. The upper-semicontinuous likelihood-ratio quantile
F∨
ℓ

(
·
∣∣w
q

)
and its natural logarithm (i.e., lnF∨

ℓ

(
·
∣∣w
q

)
, the log-

likelihood quantile) have been introduced and analyzed by
many authors under various names. F∨

ℓ

(
·
∣∣w
q

)
is denoted by

µ in [6, (2.5)]. Inspired by [11, Ch. IV], lnF∨
ℓ

(
·
∣∣w
q

)
is called

information spectrum divergence in [25, (2.9)], the classical
entropic information spectrum in [28, (2)], the relative entropy
information spectrum (and the divergence spectrum) in [24,
p. 7044]. Furthermore, β(·|qw) has been bounded in terms of
F∨
ℓ

(
·
∣∣w
q

)
for any probability measures w and q provided that

w is absolutely continuous in q , i.e., w≺q , see [19, (2.67),
(2.69)], [20, (103)], [24, Lemma 2], [25, Lemma 2.4], [28,
Lemma 12]:

1

F∨
ℓ (ε|wq)

≥β(ε|qw)≥ δ

F∨
ℓ (ε+δ|wq)

∀ε∈(0, 1), δ∈(0, 1−ε). (15)

The upper and lower bounds in (15) is the state-of-the-art
relation between likelihood-ratio quantiles and β(·|qw), prior
to Theorem 1. It is worth noting that although the upper
semicontinuous quantile F∨

ℓ

(
·
∣∣w
q

)
appear more prominently in

information theory; when used without any qualifiers, what is
meant by quantile in probability theory, usually, is the lower
semicontinuous quantile, see [2, p. 427].

For probability measures w and q , the primitive entropy
spectrum of ℏ

(
·
∣∣w
q

)
is related to the primitive divergence

spectrum d
(
·
∣∣w
q

)
, employed in the spectral representation of

f -divergences [29]–[32] reported in [33]–[37]:

d
(
γ
∣∣w
q

)
= 1 ∧ γ − ℏ

(
γ
∣∣w
q

)
∀γ ∈ [0,∞). (16)

Note that d
(
γ
∣∣w
q

)
is the f -divergence Df(w∥q) corresponding

to the function fγ(x )=(1∧ γ)− (x ∧ γ) for each γ ∈ [0,∞).
The quantity 1

1+γ ℏ
(
γ
∣∣w
q

)
is called Bayes loss in [34, (66)],

posterior Bayes risk in [35, p.734], and a posteriori loss in
[36, (2.25)]. The primitive entropy spectrum ℏ

(
·
∣∣w
q

)
is denoted

by ψw ,q(·) in [37, §III.A]. The left and right derivatives of
ℏ
(
·
∣∣w
q

)
were determined in [37, Lemma 3.2] for the case when

w and q are probability measures.
For any channel W :X 7→P(Y), probability mass function

p on X, and integer M ≥ 2, there exists a code with M
messagages whose average error probability ε satisfies

ε ≤ ℏ
(

M−1
2

∣∣∣p⊗W
p⊗(pW )

)
, (17)

see [20, (76)] and (51a). A similar dependence test bound
was suggested for the lossless source coding problem in
[38, Theorem 3], establishing an upper bound to the error
probability when source code can have at most M distinct
outputs for any probability mass function w

ε ≤ ℏ
(

1
M

∣∣w
♯

)
. (18)

Motivated by an expression equivalent to [20, (76)] and
inspired by f -divergences [30], the divergence Eγ(w∥q) was
defined in [19, (2.141)] for all probability measures w and q
such that w is absolutely continuous in q , i.e., w≺q , see also
[39]–[41]. One can show for all probability measures w and
q satisfying the hypothsis w≺q , that

Eγ(w∥q)=1−ℏ
(
γ
∣∣w
q

)
∀γ∈ [0,∞). (19)

For all probability measures w and q satisfying w ∼ q , i.e.,
satisfying both w≺q and q≺w , the directional derivatives of
Eγ(w∥q) as a function of γ were determined and an integral
representation of the Kulllback-Leibler divergence D(w∥q) in
terms of Eγ(w∥q), similar to the more general ones for f -
divergences in terms of d

(
γ
∣∣w
q

)
in [33]–[37], was established

in [19, Theorem 21]. Later this result is extended all f -
divergences with twice differentiable f ’s relying on [34], see
[39, Proposition 3].

The following measure change bound, recently established
in [42, Proposition 1] for probability measure w and q
satisfying w≺q , follows from (10) and (19):

Eγ(w∥q) + γq(E) ≥ w(E) ∀E∈Y, γ>0. (20)

None of the identities of given in (61) of Theorem 1 was
reported before in this form, even for the case of arbitrary
probability measures w and q . However, there are a number
of closely related prior results.

The prior results closest to Theorem 1 are [43] and [44],
which we became aware of after the initial arXiv and ISIT
submissions of the present work [45]–[47]. For the quantum
formulation of the problem under the assumption that under-
lying Hilbert space is finite dimensional, [43, Proposition 3.2]
characterizes rNP-function β(·|qw) as its own bidual for convex
conjugation.3 Thus proposition [43, Proposition 3.2] implies
(61a) and (61b) for the case when w and q are probability
mass functions on a finite set Y. Later [44] set out to express
β(1−α|qw) as the Legendre transform (i.e., convex conjugate)
of a function for the case when w and q are probability
measures on a countable set Y, i.e., w and q are probability
mass functions. [44, Lemmas 1 and 2] establish expressions
that are equivalent to (61a), (61b), and (61c). More recently, a
characterization of β

(
·
∣∣w
q

)
that is equivalent to (61a) and (61b)

of Theorem 1 was established for the relative information
spectrum,4 see [50, (4.1) and (8.35)], [51], for the case when
w and q are probability measures. A relation equivalent to
(61b) of Theorem 1 was reported in [19, (2.147) of Theorem
21] for probability measures w and q satisfying w∼q .

Working under implicit assumption that β(·|qw) = β(·∥qw),
which is guaranteed to hold when w∼ does not have any
atoms, an expressions equivalent to (61a) of Theorem 1 and
(63) were reported in [35, Theorem 21], see [35, (43)] and
[35, (42)]. The conjugacy relation established in (63) is not
present in their framework because of their parameterization.
Nevertheless [35, (42) and (43)] are deemed to be “dual”
relations in [35, Theorem 21].

3The dual characterization of the rNP-function in [43, Proposition 3.2] has
been modified, since [45], to adopt primitive entropy spectrum form, see [48,
Proposition 6.1] and [49, Lemma 1].

4The relative information spectrum in [50], [51] is equal to Fℓ

(
exp(·)

∣∣w
q

)
.
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A closely related result was also reported in the framework
of lossless source coding. [52] characterizes the optimal per-
formance of one-to-one but not necessarily prefix free variable
length binary codes in terms of a quantity denoted by R∗(n, ϵ),
see [52, (5)]. The value of R∗(n, ε) is determined by β

(
ε
∥∥♯
w

)
:

nR∗(n, ε) = ⌈log2
(
1 + β

(
ε
∥∥♯
w

))
⌉ − 1. (21)

Thus the value of R∗(n, ε) is determined by β
(
ε
∣∣♯
w

)
, as a result

of (12a). [52, Theorem 7] characterizes R∗(ε) = R∗(1, ε) for
ε values satisfying ε=w

(
dw
d♯ ≤γ

)
for some γ≥0. Evidently,

not all ε values in (0, 1) interval satisfy that condition. This,
however, does not prevent [52, Theorem 7] from characterizing
R∗(·) and β

(
·
∥∥♯
w

)
as functions on (0, 1) as long as all w({y})

values are distinct for all y in Y. When multiple y’s have
the same w({y}) value, however, [52, Theorem 7] is mute
about the behavior of R∗(·) and β

(
·
∥∥♯
w

)
for the values of ε

corresponding to these y’s. Consider for example the case
when w is the uniform distribution on a finite set or when
w is weighted sum of uniform distributions on disjoint sets.
Evidently, (12) and (21) characterize R∗(n, ε) completely even
in such cases. [53]

B. Prior Work On Approximations

In many applications one is interested in the behavior of
β(·|qw) on a sub-interval of the positive real line under various
structural assumptions on q and w . In this subsection, we
consider the prior work on the problem only for the mem-
oryless and discrete Markov cases. In the memoryless case w
and q are both product measures of the form w = ⊗n

t=1wt

and q = ⊗n
t=1qt , where wt and qt are measures on the

same measurable space (Yt ,Yt). The memoryless case is
called stationary if (wt , qt) = (w1, q1) for all t . In the time-
homogeneous discrete Markov case w and q are both given in
terms of an initial σ-finite measure on a countable set S and
a discrete σ-finite transition measure from S to S; that is w
and q are of the form w = w0 ⊗ W⊗n and q = q0 ⊗ Q⊗n .
All of the results mentioned in this subsection are derived for
the case when w is a probability measure. In the following,
we deem an approximation non-asymptotic only when both
the approximation error term and the condition on n (and on
other quantities if any) are explicit in the statement of the
result.

For the stationary memoryless case5 [6, Theorem 1.1]
determined lnβ(ε∥qw) —and lnβ(ε|qw) within the proof— up
to an o(1) approximation error term for every ε ∈ (0, 1).
The result for lnβ(ε|qw) is extended to the possibly non-
stationary memoryless case under appropriate hypotheses with
the additional assumption of q being a probability measure, see
[22, Theorem 18]. For the time-homogeneous discrete Markov
case with a finite state space S, assuming W corresponds to
an irreducible aperiodic Markov chain and loglikelihood ratios
are non-lattice the same result is proved in [54] for the case
when q is Markov probability measure.

5Although [6, Theorem 1.1] is stated for the case when Y1 is a finite
set, proof does not rely on that assumption and the extension for arbitrary
measurable space is explicitly mentioned in [6, §5].

For the possibly non-stationary memoryless case, [6, Theo-
rem 3.1] provides an approximation for lnβ(·|qw) on (δ, 1−δ)
whose approximation error is bounded from above uniformly
by 140/δ8 provided that

√
n ≥ 140/δ8, where δ is constrained

by certain average moment conditions due to the approxi-
mation error term in Berry–Esseen Theorem. In most cases
of interest for any positive δ, non-asymptotic approximation
for lnβ(·|qw) on (δ, 1−δ) by [6, Theorem 3.1] has a uniform
O(1) approximation error. An equally tight approximation was
established later in [19, Lemma 14], [44, §III.B]. For the
lossless source coding problem, i.e., when q=♯, a qualitatively
equivalent approximation is obtained for the memoryless case
in6 both stationary [52, (44)] and non-stationary [55, Theorems
5 and 6] cases. For the time-homogeneous discrete Markov
case with a finite state-space assuming that W corresponds
to an irreducible aperiodic Markov chain, the lower bound
of the approximation is established in [52, Theorem 20] and
the upper bound of the approximation is conjectured in [52].
More recently, for the memoryless case an asymptotic approx-
imation for lnβ(εn |qw) was established under the hypothesis∣∣Q−1(εn)

∣∣ = o(
√
n) with an approximation error term of the

form O
(

(Q−1(εn))
4

n

)
+O(1), see [23, Theorem 4].

In approximations for lnβ(ε|qw), the leading term is
−D(w∥q) both for the memoryless and Markovian cases
where D(w∥q) is the Kullaback-Leibler divergence. Recall that
for any probability measure w and σ-finite measure q on the
same measurable space satisfying w≺q , the Kullaback-Leibler
divergence D(w∥q) is defined as

D(w∥q):=Ew

[
ln dw

dq

]
, (22)

where Ew[·] is the expected value for random variables on the
probability space (Y,Y,w), whenever the expectation on the
right hand side exists. [56]

For the stationary memoryless case, Csiszar and Longo7

determined the behavior of β
(
e−nE

∥∥w
q

)
for any fixed E value

in [7], with the help of [6, Theorem 1.1]. In particular,
lnβ

(
e−nE

∥∥w
q

)
for E<D(w1∥q1) case and ln(1−β

(
e−nE

∥∥w
q

)
)

for E > D(w1∥q1) case, were determined in [7] up to an
o(1) approximation error term for a finite measure q . The
Kullback–Leibler divergence D(w1∥q1) acts as a threshold
for the change in behavior of β

(
e−nE

∥∥w
q

)
with increasing

n: if E < D(w1∥q1), then β
(
e−nE

∥∥w
q

)
converges to 0; if

E > D(w1∥q1), on the other hand, β
(
e−nE

∥∥w
q

)
converges

to 1. An equally tight bound is obtained via saddle point
approximation in [56, Theorem 2], for the case when w ∼ q
and q is probability measure.

The total variation norm of a signed measure v on the
measurable space (Y,Y) is defined as

∥v∥:= supE∈Y v(E)+|v(Y\E)|. (23)

In [7], a measure change argument is employed via tilting and
the value of E is set to D(v∥q) for v = vα/∥vα∥ where vα
is the tilted measure defined in (77a). For all α ∈ (0, 1), a

6Note that for the lossless source coding problem nR∗(n, ε) is essentially,
lnβ

(
·
∣∣∣♯w) as a result of (12) and (21)

7There is a typo in [7], see [57, Remark 3.7].
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non-asymptotic approximation for lnβ
(
e−D(v∥q)+an

∥∥w
q

)
with

O(
√
n) approximation error term is established in [13, The-

orem 5] assuming |an | = O(
√
n) for the possibly non-

stationary memoryless case, prior to [7], by invoking Cheby-
shev’s inequality instead of [6, Theorem 1.1]. More recently
non-asymptotic approximations for lnβ

(
e−D(v∥q)+an

∥∥w
q

)
with

O(1) approximation error terms have been be obtained under
|an |=O(

√
n) hypothesis by employing Berry–Esseen Theo-

rem instead of Chebyshev’s inequality for the memoryless case
see [57]–[61]. For α∈ (0, 1) case, an asymptotic approxima-
tion of similar nature were derived earlier in [62] relying on
strong large deviation results of [63], [64], rather than Berry–
Esseen Theorem. For α > 1 case, a O(1) approximation for
ln(1−β

(
e−D(v∥q)+an

∥∥w
q

)
) was established in [65] relying on

Berry–Esseen Theorem.

C. Main Contributions

One of the main contributions of this work is the explicit
characterization of implications of Neyman–Pearson lemma
in Theorem 1 for the relations between ℏ(·|qw), F∧

ℓ

(
·
∣∣w
q

)
,

F∨
ℓ

(
·
∣∣w
q

)
and β(·|qw) as functions for σ-finite measures w and

q satisfying (7). Resulting identities in (61) and (62), have
not been reported either in this form or with this generality
before to the best our knowledge. In particular, the identities in
(8) (i.e., (62b) and (61d)), (61g), and (61j) have not appeared
before. However, as we have already pointed out statements
equivalent to (61a), (61b), and (61c) have appeared in [19],
[35], [44], [50], [51], as discussed in §I-A. Furthermore, for
a different parametrization convex conjugate of β(·|qw) was
characterized in [44] for the case when w and q are probability
mass functions on a countable set.

Theorem 2 establishes sufficient conditions for expressing
β(·|qw) either as β(g(·)|qv) or as ∥q∼∥ − β(g(·)|qv) for some
an invertible function g(·). Such a characterization has not
been reported before and works quite well in simplifying the
derivations when employed with the monotonicity properties
of β(·|qw) described in Lemma 5 and tilting, as we demonstrate
while establishing Theorem 4 and Corollary 4.

Note that with the changes of variable τ =et and τ =e−t ,
(8a) and (8b) become

β(ε|qw)=
∫ ∞

−∞
et
∣∣∣w(

ln dq∼
dw > t

)
−ε

∣∣∣+dt ∀ε≥0, (24a)

=

∫ ∞

−∞
e−t

∣∣∣w(
ln dw∼

dq∼
≤ t

)
−ε

∣∣∣+dt ∀ε≥0. (24b)

If the Kolmogorov distance of the log-likelihood ratio dis-
tribution, i.e., w

(
ln dw∼

dq∼
≤·

)
, to a Gaussian distribution is

small, then one can approximate β(·|qw) using that Gaussian
distribution with the help of (24b). Theorem 3 pursues this idea
to characterize β(·|qw) up to a bounded explicit multiplicative
error term uniformly on all closed subsets of (0, 1). For the
case when w and q are probability mass functions on a
countable set a similar and qualitatively equivalent one-shot
bound was derived in [44, §III.B].

The customary approach in bounding β(ε|qw), adopted ex-
plicitly or implicitly in much of the prior work (some of
which is cited in §I-B), first invokes (15) and then bounds

likelihood-ratio quantile F∨
ℓ

(
·
∣∣w
q

)
. With the help of (24b), we

not only avoid using likelihood-ratio quantiles completely, but
also obtain tighter results with briefer analysis. Furthermore,
it should be noted that Theorem 3 can also be proved by
first expressing β(·|qw) in terms of likelihood ratio quantiles
F∨
ℓ

(
·
∣∣w
q

)
using8 (61g) and then bounding F∨

ℓ

(
·
∣∣w
q

)
by invoking

[25, (2.34)].
Kolmogorov distance to normality hypothesis for the log-

likelihood ratio distribution is pursued with tilting in Theorem
4, for v = γvα and appropriately bounded τ to characterize
β
(
τe−D(v∥q)

∣∣w
q

)
for α ∈ (0, 1) and ∥w∼∥−β

(
τe−D(v∥q)

∣∣w
q

)
for

α > 1, upto a bounded multiplicative error term by invoking
Theorem 2 and Theorem 3. Theorem 4 or a qualitatively
equivalent bound has not appeared before to the best of our
knowledge.

In the memoryless case, hypothesis of Theorems 3 and 4
are implied by the Berry–Esseen Theorem and Corollaries 1
and 2 follow. Corollary 1 is qualitatively equivalent to the
previously known best results of this kind both for hypothesis
testing [6, Theorem 3.1], [19, Lemma 14], [44, §III.B] and for
lossless source coding [52, (44), Theorems 17 and 18], [55,
Theorems 5 and 6], discussed in §I-B. Likewise, Corollary 2
recovers previously known best results of its kind for both
for hypothesis testing [57]–[59], [65] and for lossless source
coding [60], [61], discussed in §I-B. Corollary 2 demonstrates
for the α∈(0, 1) case, in contrast to prior work, neither w nor
q need to be finite measure for these approximations to hold.
[66]–[70]

For the time-homogeneous discrete Markov case if W
corresponds to an irreducible aperiodic Markov chain satisfy-
ing Dobrushin–Doeblin condition, see [66, (1.1)], [67, (0.1)],
then the hypothesis of Theorem 3 follows from the func-
tional Berry–Esseen Theorem of Nagaev [67, Theorem 1] and
Corollary 3 follows. For the lossless source coding problem,
Corollary 3 generalizes the lower bound established in [52,
Theorem 20] and establishes the improvement of [52, Theorem
19] conjectured9 in [52], without making the finite state-space
assumption of [52]. The approximation error of Corollary 3
for lnβ(·|qw) is O(1), which is worse than o(1) approximation
error derived in [54] under the additional finite state-space
and non-lattice loglikelihood ratio assumptions. Without non-
lattice loglikelihood ratio assumption [71, Theorem 9.6] with
o(
√
n) approximation error, which is qualitatively equivalent

to [53], is the best approximation we are aware of, even for
the finite state-space case.

Corollary 4 establishes for the time-homogeneous discrete
Markov case with a countable state-space the approximation
corresponding to the one reported in Corollary 2 for the
memoryless case, relying on the concept of R-positivity [68]–
[70] and Doob’s h-transform. Corollary 4 improves previously
known best approximations in the same regime both for
hypothesis testing [71]–[74] and lossless source coding [74]–
[76], which are, except for [72], derived under the additional
finite state-space assumption.

8Whenever ∥q∼∥ is finite, (61j) can be used instead of (61g).
9 [52] points out that [52, Theorems 19] can be improved but only by

“extending the involved proof of” [52, Theorems 17].
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Corollaries 1 and 3 are non-asymptotic results following
from the Berry–Esseen Theorems; they can be interpreted as
third order non-asymptotic Stein’s lemmas for the memoryless
and discrete Markovian cases. Theorem 5 establishes the
second order Stein’s lemma for the case when log-likelihood-
ratio of a standard simple hypothesis testing problem satisfies
the Central Limit Theorem, using only Theorem 3 and the fact
that convergence in distribution to the normal distribution is
metrized by the Kolmogorov distance. For the Markov case
the fact that Central Limit Theorem implies the second order
Stein’s lemma was previously pointed out in [71], as well, see
[71, Corollary 7.2 and Theorem 9.6]. Theorem 5 establishes
the same result far more generally.

D. Outline

In §II, we present preliminary results that are later employed
in our analysis. We start by recalling certain well-known
properties of convex functions in §II-A. We introduce the
semicontinuous inverses of monotonic functions and explain
their construction intuitively in §II-B. Then we introduce the
likelihood-ratio distribution Fℓ

(
·
∣∣w
q

)
and its semicontinous in-

verses, i.e., the likelihood-ratio quantiles F∧
ℓ

(
·
∣∣w
q

)
and F∨

ℓ

(
·
∣∣w
q

)
,

and review certain elementary properties of the likelihood-
ratio quantiles in §II-C. We conclude the preliminaries section
by deriving elementary properties of the primitive entropy
spectrum ℏ

(
·
∣∣w
q

)
in §II-D.

We start §III, by discussing certain elementary observations
about β(·∥qw) and β(·|qw). Then in §III-A, we obtain an upper
bound on β(·|qw) by analyzing performance of a randomized
likelihood-ratio test. In §III-B, we prove Theorem 1, which is
essentially the Neyman–Pearson lemma for σ-finite measures,
with the additional identities we discussed above including (8).
In §III-C, we prove Theorem 2, which establishes sufficient
conditions for expressing β(·|qw) in terms of β(·|qv) for an
auxiliary measure v .

In §IV, we first review certain well-known properties of
Gaussian Mills ratio and then derive Theorems 3 and 4
under small Kolmogorov distance to normality hypothesis both
without and with tilting, respectively.

§V is devoted to applications. In §V-A, we consider the
memoryless case and establish Corollaries 1 and 2. In §V-B,
we consider time-homogeneous discrete Markov case with
possibly countably infinite number of states and establish
Corollaries 3 and 4. In §V-C, we introduce the standard
simple asymptotic hypothesis testing problem, in its complete
measure theoretic generality and show that the Central Limit
Theorem for the log-likelihood-ratio implies the second order
Stein’s lemma in Theorem 5.

In §VI, we discuss the broader implications of the spectral
approach proposed in this paper for information transmission
problems, and highlight several interesting technical questions
that have became more manageable as a result of this work.

II. PRELIMINARIES

A. Convex Functions on the Real Line

Assumption 1. The function f : R 7→ R∪ {∞} takes at least
one finite value and has an affine minorant, i.e., ∃x0∈R such

that f (x0)<∞ and ∃a, b ∈R such that f (x ) ≥ ax + b holds
for all x ∈ R. (f in not necessarily convex.)

For any function f satisfying Assumption 1, subdiffential
of f at x is, [77, (E.1.4.1)],

∂f(x ):={s∈R : f (y)≥ f (x )+s(y−x ) for all y∈R}. (25)

If f is convex and x is in the interior of the interval on which
f is finite, then ∂f(x ) is the closed interval between the left
and right derivatives of f at x by [78, Theorem I.4.1.1]:

∂f(x ):=[D−f(x ),D+f(x )] ∀x ∈int(dom(f )). (26)

If f is closed (i.e., lower semicontinuous) and a is the left
end point of the domain then ∂f(a) = (−∞,D+f (a)], see
[78, p.22]. If f is closed and b is the right end point of the
domain then ∂f(b) = [D−f (b),∞).

If f : R 7→ R∪{∞} is a closed (i.e., lower semicontinuous)
convex function and [a, b] ⊂ dom(f ), then

f (x ) = f (a) +

∫ x

a

f ′(τ)dτ ∀x ∈ [a, b], (27)

where f ′ can be either D−f or D+f , see [78, Remark I.4.2.5].
Furthermore, [78, Theorem I.4.2.4] asserts that for any a, b ∈
dom(f ) such that a < b, there exists a x ∈ (a, b) such that

f (b) = f (a) + (b − a)f ′ f ′ ∈ ∂f(x ). (28)

For any function f satisfying Assumption 1, the convex
conjugate f ∗ of f is defined as,

f ∗(λ):= sup{λx − f (x ) : x ∈dom(f )} ∀λ∈R, (29)

see [78, §I.6].

B. The Semicontinuous Inverses of Monotonic Functions

Inverse of a function, in the usual sense, is defined
only for bijective (i.e., one-to-one and onto) functions. For
non-bijective monotone functions the generalized (i.e., semi-
continuous) inverses constitute a partial remedy, see [79]–[85].

Definition 1. For any non-decreasing function f :R 7→R the
u.s.c. (i.e., upper-semi-continuous) inverse f ∧ : R 7→ R and
the l.s.c. (i.e., lower-semi-continuous) inverse f ∨ :R 7→R are
defined as

f ∨(y):= inf{x ∈R : f (x ) > y} ∀y ∈ R, (30a)
f ∧(y):= inf{x ∈R : f (x ) ≥ y} ∀y ∈ R. (30b)

For any non-increasing function g :R 7→R the u.s.c. inverse
g∨ :R 7→R and the l.s.c. inverse g∧ :R 7→R are defined as

g∨(y):= inf{x ∈R : g(x ) < y} ∀y ∈ R, (31a)
g∧(y):= inf{x ∈R : g(x ) ≤ y} ∀y ∈ R. (31b)

Remark 1. Recall that inf ∅ = ∞, sup ∅ = −∞, and the
inequality inf A ≤ supA holds only for A ̸= ∅ case; in that
case inf A ≤ x ≤ supA for all x ∈ A, as well.

Customarily, only the non-decreasing functions are studied
because corresponding claims for the non-increasing ones are
evident. In addition, the u.s.c. inverse f ∨ is usually called the
right continuous inverse and the l.s.c. inverse f ∧ is usually
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called the left continuous inverse. Excellent overviews and
derivations of some of the fundamental results and some
applications can be found in [83]–[85].

The definitions above are describing an operation that is
quite easy to grasp intuitively. Let h : R 7→ R be a monotonic
function. We extend the graph of h(·) by drawing vertical lines
between (x , limγ↑x h(γ)) and (x , limγ↓x h(γ)) at the points
where10 the left limit limγ↑x h(γ) is not equal to the right
limit limγ↓x h(γ); those lines are not present in the graph of
h(·) to ensure that h(x ) has a single value for each x ∈ R.
Note that extended graph is connected. Then the inversion
operation simply takes the mirror image of the extended graph
with respect to y=x line, i.e., with respect to the graph of the
identity function, and replace any vertical lines in the mirror
image (i.e., horizontal lines in the original graph) with upper
most point for h∨(·) and the lower most point for h∧(·). Then
following three observations are evident from the description
of the semicontinuous inversion given above:

• The semicontinuous inverses h∨(·) and h∧(·) would be
the same if replace h(·) with its lower semicontinuous
closure clh(·), or with its upper semicontinuous closure
clh(·), because h(·), clh(·), and clh(·) share the same
the extended graph, where the lower semicontinuous
closure clh of h and the upper semicontinuous closure
clh of h are defined as

clh(x ):=(limγ↑x h(γ)) ∧ (limγ↓x h(γ)) ∀x ∈ R,
clh(x ):=(limγ↑x h(γ)) ∨ (limγ↓x h(γ)) ∀x ∈ R,

see [77, Definition B.1.2.4] for a more general definition.
• h∧(·) is lower semicontinuous on R and h∨(·) is upper

semicontinuous on R.
• The semicontinuous inversion is involutive in the sense

that the u.s.c. inverses of both h∧(·) and h∨(·) equal to
clh(·) and the l.s.c. inverses of both h∧(·) and h∨(·)
equal to clh(·).

C. The Likelihood-Ratio Quantiles

Recall that the Lebesgue decomposition theorem holds not
only for finite measures but also for σ-finite measures, see [87,
Theorem 5.5.3] and [4, §32, Theorem C]. As a consequence,
Radon-Nikodym Theorem for finite measures generalizes to
the σ-finite measures, see [5, §3.2], [4, §31, Theorem B]. Thus
for any two σ-finite measures w and ν satisfying w≺ν, there
is a non-negative ν-measurable function dw

dν , called the Radon-
Nikodym derivative of w with respect to ν.

Definition 2. For any pair of σ-finite measures (w , q) on the
same measurable space, say (Y,Y), the likelihood-ratio ℓw ,q(·)
and the likelihood-ratio distribution Fℓ

(
·
∣∣w
q

)
are defined as

ℓw ,q :=

{
∞ if dq

d(w+q) =0,
dw∼
dq if dq

d(w+q)>0,
(32a)

Fℓ

(
τ
∣∣w
q

)
:=

∫
1{ℓw,q≤τ}dw ∀τ ∈R, (32b)

10For any extended real valued monotonic function both the right limit and
the left limit exist at every point in R, by [86, Theorem 4.29].

where w∼ is the q-absolutely continuous component of w .

The likelihood-ratio distribution Fℓ

(
·
∣∣w
q

)
is “insidiously self-

referential” as [10, p. 57] deems entropy to be while discussing
asymptotic equipartition property. Nevertheless, Fℓ

(
·
∣∣w
q

)
is a

well–defined monotonic function for any pair of σ-finite mea-
sures (w , q) on a common measurable space. Furthermore,

Fℓ

(
τ
∣∣λw
q

)
= λFℓ

(
τ
λ

∣∣w
q

)
∀τ ∈R, (33a)

Fℓ

(
τ
∣∣w
λq

)
= Fℓ

(
λτ

∣∣w
q

)
∀τ ∈R, (33b)

where λ is positive constant, i.e., λ∈(0,∞).
If replace w+q with any other σ-finite reference measure ν

satisfying (w+q)≺ν, then resulting likelihood-ratio is equal to
the one given in (32a) (w+q)-a.e.; hence the resulting Fℓ

(
·
∣∣w
q

)
will be equal to the one given in (32b). Furthermore, with the
understanding that 1

0 and 1
∞ stand for ∞ and 0, respectively,

we have

ℓq,w = 1
ℓw,q

(w+q)-a.e.. (34)

If w is a probability measure, then Fℓ

(
·
∣∣w
q

)
is the cumulative

distribution of the extended real valued random variable ℓw ,q

in the probability space (Y,Y,w), as its name suggests.
However, we do not assume either w or q to be a probability
measure; we only assume both of them to be σ-finite measures.
Note that the likelihood-ratio distribution Fℓ

(
·
∣∣w
q

)
depends only

on the absolutely continuous components of w and q in each
other, as an immediate consequence of Definition 2:

Fℓ

(
·
∣∣w
q

)
= Fℓ

(
·
∣∣w∼
q∼

)
, (35)

where q∼ is the w -absolutely continuous component of q and
w∼ is the q-absolutely component of w . Furthermore, for any
σ-finite measure µ≺q satisfying dµ

dq ≤1 q∼-a.e., the inequality
ℓw ,µ≥ℓw ,q holds q-almost-everywhere. Thus

Fℓ

(
·
∣∣w
µ

)
≤Fℓ

(
·
∣∣w
q

)
∀µ : dµ

dq ≤1 q∼-a.e. (36)

We call the cases when the likelihood-ratio distribution is a
function of the form Fℓ

(
·
∣∣w
q

)
: R 7→{0, λ} to be the trivial case.

The case when Fℓ

(
τ
∣∣w
q

)
=0 for all τ ∈R is called the singular

case because it happens iff w and q are mutually singular,
i.e., w ⊥ q . Recall that w ⊥ q ⇔ ∥w∼∥ = 0 ⇔ ∥q∼∥ = 0.
We call the case when the likelihood-ratio distribution is a
surjective (onto) function of the form Fℓ

(
·
∣∣w
q

)
: R 7→ {0, λ}

to be the trivial-non-singular case. Note that the trivial-non-
singular case happens iff w ̸⊥ q and dw∼

dq = ζ holds w∼-a.e.
some ζ ∈ (0,∞). Note that in the trivial-non-singular case
∥w∼∥=λ and ∥q∼∥=λ/ζ

Although the likelihood-ratio distribution Fℓ

(
·
∣∣w
q

)
is well-

defined, it might not have an inverse in the usual sense.
Nevertheless, the monotonicity of Fℓ

(
·
∣∣w
q

)
ensures that it has

semicontinuous inverses, called likelihood-ratio quantiles.

Definition 3. For any pair of σ-finite measures (w , q) on
the same measurable space, say (Y,Y), the likelihood-ratio
quantiles (LRQs) F∧

ℓ

(
·
∣∣w
q

)
: R 7→R and F∨

ℓ

(
·
∣∣w
q

)
: R 7→R are

defined as

F∧
ℓ

(
ε
∣∣w
q

)
:= inf

{
γ ∈ R : Fℓ

(
γ
∣∣w
q

)
≥ ε

}
∀ε∈R, (37a)

F∨
ℓ

(
ε
∣∣w
q

)
:= inf

{
γ ∈ R : Fℓ

(
γ
∣∣w
q

)
> ε

}
∀ε∈R. (37b)
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Note that the likelihood-ratio quantiles are nothing but
the semicontinuous inverses of likelihoods ratio distribution
Fℓ

(
·
∣∣w
q

)
; this is why we imitate the notation in [79], [84] and

denote them with F∧
ℓ

(
·
∣∣w
q

)
and F∨

ℓ

(
·
∣∣w
q

)
.

As a result of (35), we have

F∨
ℓ

(
·
∣∣w
q

)
= F∨

ℓ

(
·
∣∣w∼
q∼

)
and F∧

ℓ

(
·
∣∣w
q

)
= F∧

ℓ

(
·
∣∣w∼
q∼

)
. (38)

Furthermore, evident inclusion relations for the sets we are
talking the infimum over in (37) imply,

F∧
ℓ

(
ε
∣∣w
q

)
≤F∨

ℓ

(
ε
∣∣w
q

)
≤F∧

ℓ

(
ε+δ

∣∣w
q

)
∀ε∈R, δ>0. (39)

Let the LRQ-halflines11 A∧
ℓ

(
ε
∣∣w
q

)
and A∨

ℓ

(
ε
∣∣w
q

)
be

A∧
ℓ

(
ε
∣∣w
q

)
:=

{
γ ∈ R : Fℓ

(
γ
∣∣w
q

)
≥ ε

}
∀ε∈R, (40a)

A∨
ℓ

(
ε
∣∣w
q

)
:=

{
γ ∈ R : Fℓ

(
γ
∣∣w
q

)
> ε

}
∀ε∈R. (40b)

Then

A∧
ℓ

(
ε+δ

∣∣w
q

)
⊂A∨

ℓ

(
ε
∣∣w
q

)
⊂A∧

ℓ

(
ε
∣∣w
q

)
∀ε∈R, δ>0. (41)

Since Fℓ

(
·
∣∣w
q

)
is non-decreasing, both A∧

ℓ

(
ε
∣∣w
q

)
and

A∨
ℓ

(
ε
∣∣w
q

)
are halflines directed towards ∞. Thus

inf A∧
ℓ

(
ε
∣∣w
q

)
= sup

(
R \A∧

ℓ

(
ε
∣∣w
q

))
, (42a)

inf A∨
ℓ

(
ε
∣∣w
q

)
= sup

(
R \A∨

ℓ

(
ε
∣∣w
q

))
. (42b)

As a result of (37), (40), and (42), we have the following
alternative characterization of LRQs

F∧
ℓ

(
ε
∣∣w
q

)
=sup

{
γ∈R : Fℓ

(
γ
∣∣w
q

)
<ε

}
∀ε∈R, (43a)

F∨
ℓ

(
ε
∣∣w
q

)
=sup

{
γ∈R : Fℓ

(
γ
∣∣w
q

)
≤ε

}
∀ε∈R. (43b)

Lemma 1. For any pair of σ-finite measures (w , q) on the
same measurable space (Y,Y), LRQs F∧

ℓ

(
·
∣∣w
q

)
and F∨

ℓ

(
·
∣∣w
q

)
,

defined in (37), are non-decreasing functions on R satisfying

limτ↑ε F
−1
ℓ

(
τ
∣∣w
q

)
=F∧

ℓ

(
ε
∣∣w
q

)
∀ε∈R, (44a)

limτ↓ε F
−1
ℓ

(
τ
∣∣w
q

)
=F∨

ℓ

(
ε
∣∣w
q

)
∀ε∈R, (44b)

w∼
(
ℓw ,q ≤F∧

ℓ

(
ε
∣∣w
q

))
≥ε ∀ε ≤ ∥w∼∥, (44c)

w
(
ℓw ,q<F

∨
ℓ

(
ε
∣∣w
q

))
≤ε ∀ε ≥ 0, (44d)

F∨
ℓ

(
ε
∣∣w
q

)
= F∧

ℓ

(
ε
∣∣w
q

)
∀ε∈R\D, (44e)[

F∧
ℓ

(
ε
∣∣w
q

)
, F∨

ℓ

(
ε
∣∣w
q

)]
⊂(0,∞) ∀ε∈(0, ∥w∼∥), (44f)

for some countable set D ⊂ [0, ∥w∼∥], where F−1
ℓ

(
·
∣∣w
q

)
in

(44a) and (44b) can be either F∧
ℓ

(
·
∣∣w
q

)
or F∨

ℓ

(
·
∣∣w
q

)
.

Proof of Lemma 1 is presented in Appendix A. Let us
proceed with elaborating on some of the implications of
Lemma 1, briefly. If F∧

ℓ

(
ε
∣∣w
q

)
̸= F∨

ℓ

(
ε
∣∣w
q

)
for an ε ∈ R, then

[F∧
ℓ

(
ε
∣∣w
q

)
, F∨

ℓ

(
ε
∣∣w
q

)
) ̸= ∅ by (39). Furthermore, additivity of w

implies

w
(
ℓw ,q ≤F∧

ℓ

(
ε
∣∣w
q

))
≤ Fℓ

(
γ
∣∣w
q

)
≤ w

(
ℓw ,q<F

∨
ℓ

(
ε
∣∣w
q

))
for all γ in [F∧

ℓ

(
ε
∣∣w
q

)
, F∨

ℓ

(
ε
∣∣w
q

)
). Then (44c) and (44d) imply

Fℓ

(
γ
∣∣w
q

)
=ε ∀ε∈ [0, ∥w∼∥], γ∈ [F∧

ℓ

(
ε
∣∣w
q

)
, F∨

ℓ

(
ε
∣∣w
q

)
). (45)

The behavior of F∧
ℓ

(
·
∣∣w
q

)
and F∨

ℓ

(
·
∣∣w
q

)
are interesting only on

[0, ∥w∼∥]. What happens outside that range is determined by

11We call A∧
ℓ

(
ε
∣∣w
q

)
and A∨

ℓ

(
ε
∣∣w
q

)
halflines with the understanding that ∅

and R are halflines, as well.

(39), (44a), (44b), and the values of F∧
ℓ

(
·
∣∣w
q

)
and F∨

ℓ

(
·
∣∣w
q

)
on

the boundary

F∧
ℓ

(
0
∣∣w
q

)
=−∞, (46a)

F∨
ℓ

(
0
∣∣w
q

)
=ess infw∼ ℓw ,q , (46b)

F∧
ℓ

(
∥w∼∥

∣∣w
q

)
=ess supw∼

ℓw ,q , (46c)

F∨
ℓ

(
∥w∼∥

∣∣w
q

)
=∞. (46d)

The effect of certain elementary modifications of w and q on
the likelihood ratio distribution was described (33) and (36).
Lemma 2, in the following, describes the effect of the very
same modifications on the LRQs. For the case when w and q
are probability measures, (47c) follows from similar identities
reported before see [24, Lemma 3] and [25, Lemma 2.2].

Lemma 2. For any pair of σ-finite measures (w , q) on the
same measurable space (Y,Y) the LRQs defined in (37) satisfy

F−1
ℓ

(
·
∣∣λw
q

)
=λF−1

ℓ

( ·
λ

∣∣w
q

)
∀λ∈(0,∞), (47a)

F−1
ℓ

(
·
∣∣w
λq

)
= 1

λF
−1
ℓ

(
·
∣∣w
q

)
∀λ∈(0,∞), (47b)

F−1
ℓ

(
·
∣∣w
µ

)
≥F−1

ℓ

(
·
∣∣w
q

)
∀µ : dµ

dq ≤1 q∼-a.e, (47c)

where q∼ is the w -absolutely component of q .

Each relation in Lemma 2 follows from the corresponding
relation in (33) or (36), as an immediate consequence of the
definition of LRQs in (37).

D. The Primitive Entropy Spectrum

Recall that for any pair of σ-finite measures (w , q) on
the same measurable space, say (Y,Y), the primitive entropy
spectrum of w with respect to q is defined in (9) as

ℏ
(
γ
∣∣w
q

)
=

∫ (
dw∼
dq ∧ γ

)
dq ∀γ∈ [0,∞). (48a)

Thus for all σ-finite measures w and q , we have

ℏ
(
γ
∣∣w
q

)
= infE∈Y w(E)+γq(Y\E) ∀γ∈ [0,∞), (48b)

ℏ
(
0
∣∣w
q

)
=0, (48c)

ℏ
(
γ
∣∣w
q

)
= ℏ

(
γ
∣∣w∼
q∼

)
∀γ∈ [0,∞), (48d)

ℏ
(
γ
∣∣w
q

)
=w(ℓw ,q ≤γ)+γq(ℓw ,q>γ) ∀γ∈(0,∞), (48e)

ℏ
(
γ
∣∣w
q

)
=γℏ(1/γ|qw) ∀γ∈(0,∞), (48f)

Note that ℏ
(
γ
∣∣w
q

)
is non-decreasing in γ. Thus (48f) implies

(1∨γ)ℏ
(
1
∣∣w
q

)
≥ℏ

(
γ
∣∣w
q

)
≥(1∧γ)ℏ

(
1
∣∣w
q

)
∀γ∈(0,∞). (49)

Thus for any γ∈(0,∞), we have

ℏ
(
1
∣∣w
q

)
= 0 ⇐⇒ ℏ

(
γ
∣∣w
q

)
= 0, (50a)

ℏ
(
1
∣∣w
q

)
∈(0,∞) ⇐⇒ ℏ

(
γ
∣∣w
q

)
∈(0,∞), (50b)

ℏ
(
1
∣∣w
q

)
= ∞ ⇐⇒ ℏ

(
γ
∣∣w
q

)
= ∞. (50c)

We deem the case when ℏ
(
γ
∣∣w
q

)
=∞ for all γ∈ (0,∞) to be

the void case for primitive entropy spectrum ℏ
(
·
∣∣w
q

)
. Thus a

necessary and sufficient condition for the non-void cases for
ℏ
(
·
∣∣w
q

)
is (7), i.e., ℏ

(
1
∣∣w
q

)
<∞. On the other hand the singular

case w ⊥ q corresponds to ℏ
(
1
∣∣w
q

)
=0 case. More generally in

the trivial case the entropy spectrum has the following simple
expression ℏ

(
γ
∣∣w
q

)
=∥w∼∥∧(γ∥q∼∥) for all γ∈(0,∞).
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Using the level set integration formula given in (11), we
can express ℏ

(
γ
∣∣w
q

)
as Riemann integrals in terms of likelihood

ratio distributions. To see why let us first express w(ℓw ,q ≤ γ)
as such an integral.

w(ℓw ,q ≤ γ)
(a)
=

∫
1{ℓw,q≤γ}ℓw ,qdq ,

(b)
=

∫ ∞

0

q
(
1{ℓw,q≤γ}ℓw ,q>τ

)
dτ,

(c)
=

∫ γ

0

q
(
1{ℓw,q≤γ}ℓw ,q>τ

)
dτ,

=

∫ γ

0

q(γ ≥ ℓw ,q > τ)dτ,

where (a) follows from (32); (b) follows from (11); (c) holds
because q

(
1{ℓw,q≤γ}ℓw ,q>τ

)
= 0 for τ ≥ γ. Then (48e)

implies

ℏ
(
γ
∣∣w
q

)
=

∫ γ

0

q(ℓw ,q>τ)dτ ∀γ∈(0,∞). (51a)

Then (48f) implies

ℏ
(
γ
∣∣w
q

)
= γ

∫ 1/γ

0

w(ℓq,w >s)ds ∀γ∈(0,∞).

Then applying the change of variable s = τ/γ, we get

ℏ
(
γ
∣∣w
q

)
=

∫ 1

0

w
(
ℓq,w >

τ
γ

)
dτ ∀γ∈(0,∞). (51b)

Note that integrands q(ℓw ,q>τ) and w(ℓq,w > τ/γ) in (51a)
and (51b) can be replaced by q(ℓw ,q ≥τ) and w(ℓq,w ≥ τ/γ)
because monotonic functions have at most countably many
discontinuities by [86, Theorem 4.30] and any countable set
has zero Lebesgue measure. Thus using (32) and (34), we get

ℏ
(
γ
∣∣w
q

)
=

∫ γ

0

Fℓ

(
1
τ

∣∣q
w

)
dτ ∀γ∈(0,∞), (51c)

ℏ
(
γ
∣∣w
q

)
=

∫ 1

0

Fℓ

(
γ
τ

∣∣w
q

)
dτ ∀γ∈(0,∞). (51d)

Lemma 3. If a pair of σ-finite measures (w , q) satisfies (7),
i.e., ℏ

(
1
∣∣w
q

)
<∞, then the primitive entropy spectrum ℏ

(
·
∣∣w
q

)
satisfies

limγ↓0 ℏ
(
γ
∣∣w
q

)
= ℏ

(
0
∣∣w
q

)
, (52a)

limγ↑∞ ℏ
(
γ
∣∣w
q

)
= ∥w∼∥, (52b)

D−ℏ
(
γ
∣∣w
q

)
= q(ℓw ,q ≥γ) ∀γ∈(0,∞), (52c)

D+ℏ
(
γ
∣∣w
q

)
= q(ℓw ,q>γ) ∀γ∈ [0,∞), (52d)

where D−ℏ
(
γ
∣∣w
q

)
and D+ℏ

(
γ
∣∣w
q

)
are left and right derivatives

of ℏ
(
·
∣∣w
q

)
at γ. Hence, either ℏ

(
·
∣∣w
q

)
=0, or ℏ

(
·
∣∣w
q

)
is a non-

decreasing, finite valued, continuous, and concave function,
which is monotonically increasing on γ ∈ [0, ess supw∼

ℓw ,q ].

Lemma 4. Let w0, w1, q0, q1 be σ-finite measures with a
common σ-finite reference measure ν and γ0, γ1 be non-
negative real numbers. If both dw0

dν ≤ dw1

dν and γ0 dq0
dν ≤ γ1

dq1
dν

holds ν-a.e. then

ℏ
(
γ0
∣∣w0
q0

)
≤ ℏ

(
γ1
∣∣w1
q1

)
. (53a)

If γα = αγ1 + (1 − α)γ0, wα = αw1 + (1 − α)w0, and
qα = αγ1

γα
q1 +

(1−α)γ0

γα
q0, for some α ∈ [0, 1], then

αℏ
(
γ1
∣∣w1
q1

)
+ (1− α)ℏ

(
γ0
∣∣w0
q0

)
≤ ℏ

(
γα

∣∣wα
qα

)
. (53b)

Hence ℏ
(
γ
∣∣w
q

)
is non-decreasing and concave in the pair

(w , γq). Furthermore, for any positive real λ, i.e., λ∈(0,∞),

ℏ
(
γ
∣∣λw
q

)
=λℏ

(
γ
λ

∣∣w
q

)
∀γ∈ [0,∞), (53c)

ℏ
(
γ
∣∣w
λq

)
=ℏ

(
λγ

∣∣w
q

)
∀γ∈ [0,∞). (53d)

Proof of Lemmas 3 and 4 is presented in Appendix B.

III. THE SPECTRAL REPRESENTATIONS AND A MEASURE
CHANGE LEMMA FOR SIMPLE HYPOTHESIS TESTING

Our primary goal in this section is to establishing a spectral
Neyman–Pearson lemma relating β(·|qw) to ℏ(·|qw), F∧

ℓ

(
·
∣∣w
q

)
,

and F∨
ℓ

(
·
∣∣w
q

)
, see Theorem 1, and a measure change lemma

for the simple hypothesis testing problem expressing β(·|qw) in
terms of a β(·|qv) for a σ-finite measure v satisfying certain
conditions, see Theorem 2. To that end let us first point out
certain elementary facts about rNP-function β(·|qw) and dNP-
function β(·∥qw) defined in (6). Note that

β(·|qw) ≤ β(·∥qw) ∀w , q , (54)

because any deterministic detector is also randomized detector,
i.e., T d(Y)⊂T (Y). Definitions in (6) follow the framework
of [6] and [7], allowing q’s that are not probability measures
and parameterizing β(·|qw) with ε rather than 1−ε, unlike the
majority of the recent work on the subject [19]–[25], i.e.,
β(ε|qw) = β1−ε(w∥q). Extension to the case when w is a
finite measure rather than a probability measures were already
mentioned explicitly in [6] and q being a σ-finite measure is
implicitly allowed in both [6] and [7].

Allowing both w and q to be σ-finite measures, however,
introduces a nuance one needs to handle; that is for certain w
and q choices β(ε|qw) is infinite for all finite ε values, as we
have mention in §I. We deem this case to be the void case for
β(·|qw). Recall that we have called the case when ℏ

(
1
∣∣w
q

)
=∞

to be the void case for ℏ
(
·
∣∣w
q

)
because in that case ℏ

(
γ
∣∣w
q

)
=∞

for all positive γ. On the other hand, definitions of β(·|qw) and
ℏ
(
·
∣∣w
q

)
in (6) and (9) imply

β(ε|qw) + ε ≥ ℏ
(
1
∣∣w
q

)
∀ε ≥ 0. (55)

Thus whenever the condition in (7) is violated, i.e., whenever
ℏ
(
1
∣∣w
q

)
=∞, we are in the void case for β(·|qw), as well. When

(7) holds, i.e., ℏ
(
1
∣∣w
q

)
< ∞, the function β(·|qw) is finite on

(0,∞), as we will see in Theorem 1.
Note that β

(
·
∣∣q∼
w∼

)
≤ β(·|qw) because

∫
Tdw∼ ≤

∫
Tdw and∫

(1−T)dq∼ ≤
∫
(1−T)dq for all T ∈ T (Y). On the other

hand, β(·|qw) ≤ β
(
·
∣∣q∼
w∼

)
because we can set T= 0 whenever

ℓw ,q =∞ to ensure
∫
Tdw∼ =

∫
Tdw and T = 1 whenever

ℓw ,q =0, to ensure
∫
(1−T)dq∼=

∫
(1−T)dq , without changing

the values of
∫
Tdw∼ and

∫
(1−T)dq∼. Same argument applies

to β(·∥qw), as well. Thus

β(·|qw)=β
(
·
∣∣q∼
w∼

)
, (56a)

β(·∥qw)=β
(
·
∥∥q∼
w∼

)
. (56b)
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Consequently, behavior of β(·∥qw) and β(·|qw) are interesting
only on [0, ∥w∼∥]. What happens outside that range is deter-
mined by the monotonicity of β(·∥qw) and β(·|qw) and the values
on the boundary:

β(ε∥qw) = β(ε|qw)=∞ ∀ε < 0, (56c)
β(0∥qw) = β(0|qw)=∥q∼∥, (56d)
β(ε∥qw) = β(ε|qw)= 0 ∀ε≥∥w∼∥, (56e)

where ∥q∼∥ can be infinite for the case when q is a σ-finite
measure. When q is a finite measure both β(·∥qw) and β(·|qw)
have a discontinuity at zero, because ∥q∼∥ ≤ ∥q∥.

Furthermore, the effect of certain elementary modifications
of w and q on β(·|qw) and β(·∥qw) given below follow from
definitions in (6) and evident pointwise relation that are valid
for all T∈T (Y).

Lemma 5. For any pair of σ-finite measures (w , q) on the
same measurable space (Y,Y), β(·|qw) defined in (6b) satisfies

β
(
·
∣∣λq
w

)
=λβ(·|qw) ∀λ∈(0,∞), (57a)

β(·|qλw)=β
( ·
λ

∣∣q
w

)
∀λ∈(0,∞), (57b)

β(·|µw)≤β(·|qw) ∀µ : dµ
dq ≤1 q∼-a.e, (57c)

β
(
·
∣∣q
µ

)
≥β(·|qw) ∀µ : dw∼

dµ ≤ 1 µ-a.e, (57d)

where w∼ is the q-absolutely component of w and q∼ is the
w -absolutely component of q . Furthermore, (57) hold as is if
β(·|··)’s are replaced by β(·∥··)’s.

In the singular case, i.e., when w ⊥ q , NP-functions satisfy
β(ε∥qw) = β(ε|qw) = 0 for all ε ≥ 0. Note that a trivial-non-
singular case can simultaneously be a void case. In the trivial-
non-singular-non-void case, rNP-function has the following
closed form expression

β(ε|qw) = ∥q∼∥
∣∣∣1− ε

∥w∼∥

∣∣∣+ ∀ε≥0. (58)

In the following, we will primarily focus on rNP-function
β(·|qw), nevertheless it is worth mentioning certain intuitive
but subtle observations about dNP-function β(·∥qw) and rNP-
function β(·|qw). If w∼ (and hence q∼) does not have any
atoms12 then β(·∥qw) = β(·|qw). If the likelihood-ratio distri-
bution Fℓ

(
·
∣∣w
q

)
has a discontinuity at a value of ℓw ,q and if

there are only finitely many outputs y taking that value, i.e.,
there exists a γ satisfying both

limτ↑γ Fℓ

(
τ
∣∣w
q

)
̸= Fℓ

(
γ
∣∣w
q

)
and

∣∣B(
γ|wq

)∣∣ <∞,

where B
(
γ|wq

)
= {y ∈ Y : ℓw ,q = γ}. Then the inequality in

(54) is strict for some ε. If B
(
γ|wq

)
is not a finite set, then the

issue is more nuanced, e.g., (54) can be satisfied as an equality
even for the discrete case. Let both w and q be the geometric
probability mass function with parameter 1/2 supported on
positive integers. Then β(ε|qw)=β(ε∥qw)= |1−ε|+ for all ε≥0.
See Remark 2, for a worst-case bound on β(ε∥qw)−β(ε|qw).

12An event E∈Y is an atom of w∼ iff E satisfies both w∼(E)>0 and the
condition w∼(E ∩ S)∈{0,w∼(E)} for all S ∈ Y .

A. Likelihood-Ratio Tests

Lemma 6. For any pair of σ-finite measures (w , q) satisfying
(7), ε∈(0, ∥w∼∥), and γ∈

[
1/F∨

ℓ

(
ε
∣∣∣wq), 1/F∧

ℓ

(
ε
∣∣∣wq)

]
, let Tq,w

ε,γ be

Tq,w
ε,γ :=


1 if ℓq,w >γ,
ε−w(ℓq,w>γ)
w(ℓq,w=γ) if ℓq,w =γ and w(ℓq,w =γ)>0,

0 otherwise.

(59)

Then Tq,w
ε,γ is a randomized likelihood-ratio test, Tq,w

ε,γ ∈T (Y).
Furthermore, Tq,w

ε,γ satisfies∫
Tq,w
ε,γ dw=ε, (60a)∫

(1−Tq,w
ε,γ )dq=ℏ(γ|qw)− γε. (60b)

Proof. If w ⊥ q , then ∥w∼∥ = 0 and the lemma is void. If
w ̸⊥ q then and ε ∈ (0, ∥w∼∥), then

[
F∧
ℓ

(
ε
∣∣w
q

)
, F∨

ℓ

(
ε
∣∣w
q

)]
is a

non-empty subset of (0,∞) by Lemma 1. Thus (44c), (44d),
and (44f) imply

w(ℓw ,q<1/γ)≤ε≤w(ℓw ,q ≤1/γ).

Thus using (34) and
[
F∧
ℓ

(
ε
∣∣w
q

)
, F∨

ℓ

(
ε
∣∣w
q

)]
⊂ (0,∞) we get

0≤ε− w(ℓq,w >γ)≤w(ℓq,w =γ).

Then Tq,w
ε,γ ∈ [0, 1] and Tq,w

ε,γ ∈T (Y). Furthermore,∫
Tq,w
ε,γ dw

(a)
=(ε− w(ℓq,w > γ))+

∫
1{ℓq,w>γ}dw ,

=ε.∫
(1−Tq,w

ε,γ )dq
(b)
=(w(ℓq,w ≥ γ)− ε)γ+

∫
1{ℓq,w<γ}dq ,

(c)
=ℏ(γ|qw)− γε,

where (a) and (b) follow the definitions from (32) and (59);
(c) follows (48e), with the roles of w and q interchanged.

B. A Spectral Neyman–Pearson Lemma

Theorem 1. If a pair of σ-finite measures (w , q) satisfies (7),
i.e., ℏ

(
1
∣∣w
q

)
<∞, then the restriction of β(·|qw) to [0,∞) is a

non-increasing, convex, and continuous function satisfying

β(ε|qw) = supγ≥0 ℏ(γ|qw)− γε ∀ε∈R, (61a)

= ℏ(γε|qw)− γεε ∀ε>0, (61b)

=

∫ γε

0

[
w
(

dq∼
dw >τ

)
−ε

]
dτ ∀ε≥0, (61c)

=

∫ ∞

0

∣∣∣w(
dq∼
dw >τ

)
−ε

∣∣∣+dτ ∀ε∈R, (61d)

D−β(ε|qw)= −1

F∧
ℓ (ε|wq)

∀ε>0, (61e)

D+β(ε|qw)= −1

F∨
ℓ (ε|wq)

∀ε≥0, (61f)

for any γε ∈
[

1

F∨
ℓ (ε|wq)

, 1

(F∧
ℓ (ε|wq)∨0)

]
. Furthermore, the restric-

tion of β(·|qw) to (0, ∥w∼∥) is an invertible function with the
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image (0, ∥q∼∥) and there exists a Tε∈T (Y) satisfying both∫
Tεdw=ε and

∫
(1−Tε)dq=β(ε|qw) for all ε∈ [0, ∥w∼∥].

β(ε|qw) =
∫ ∥w∼∥

ε

g(τ)dτ ∀ε∈ [0, ∥w∼∥], (61g)

∂β(ε|qw)⊂(−∞, 0) ∀ε∈(0, ∥w∼∥), (61h)

for any g : (0, ∥w∼∥) 7→ (0,∞) s.t. 1

F∨
ℓ (·|wq)

≤ g(·)≤ 1

F∧
ℓ (·|wq)

. If

q∼ is a finite measure, i.e.,∥q∼∥ <∞, then

β(ε|qw) = ∥q∼∥ −
∫ ε

0

g(τ)dτ ∀ε≥0. (61j)

Furthermore, (61a) and (61d) hold even when (7) is violated,
i.e., when ℏ

(
1
∣∣w
q

)
=∞.

In (61c) and (61d), the ‘>’ signs can be replaced by ‘≥’
signs because monotonic functions have at most countably
many discontinuities by [86, Theorem 4.30] and any countable
set has zero Lebesgue measure. Hence (32) and (34) imply

β(ε|qw)=
∫ γε

0

[
Fℓ

(
1
τ

∣∣w
q

)
−ε

]
dτ ∀ε≥0, (62a)

=

∫ ∞

0

∣∣Fℓ

(
1
τ

∣∣w
q

)
−ε

∣∣+dτ ∀ε∈R. (62b)

As an immediate consequence of Theorem 1, we can express
the convex conjugate β∗(·|qw) of β(·|qw), as defined in (29), in
terms of the primitive entropy spectrum, as follows

β∗(λ|qw) =

{
−ℏ(−λ|qw) if λ ≤ 0,

∞ if λ > 0.
(63)

On the other hand, the lower semicontinuous inverse β∧(·|qw)
is defined via (31b), because β(·|qw) is non-increasing. β∧(·|qw)
can be determined using injectivity of β(·|qw) on [0, ∥w∼∥] and
(56), to be13

β∧(·|qw) = β
(
·
∣∣w
q

)
, (64)

where β
(
·
∣∣w
q

)
is defined via (6b), as well. Thus14

β
(
β(ε|qw)

∣∣w
q

)
= ε ∀ε ∈ (0, ∥w∼∥), (65a)

β
(
β
(
τ
∣∣w
q

)∣∣q
w

)
= τ ∀τ ∈ (0, ∥q∼∥). (65b)

That is the rNP-function β(·|qw) : (0, ∥w∼∥) 7→ (0, ∥q∼∥) and
the rNP-functionβ

(
·
∣∣w
q

)
: (0, ∥q∼∥) 7→ (0, ∥w∼∥) are inverses

of one another.
If the likelihood-ratio distribution Fℓ

(
·
∣∣w
q

)
is constant on

a subinterval of (F∨
ℓ

(
0
∣∣w
q

)
, F∧

ℓ

(
∥w∼∥

∣∣w
q

)
), then the restriction

of Fℓ

(
·
∣∣w
q

)
to (F∨

ℓ

(
0
∣∣w
q

)
, F∧

ℓ

(
∥w∼∥

∣∣w
q

)
) is not invertible and

the left and right derivatives of β(·|qw) differ at some point in
(0, ∥w∼∥), as a result of (61e) and (61f). On the other hand,
any discontinuities of Fℓ

(
·
∣∣w
q

)
in (F∨

ℓ

(
0
∣∣w
q

)
, F∧

ℓ

(
∥w∼∥

∣∣w
q

)
),

corresponds to a subinterval of (0, ∥w∼∥) on which F∧
ℓ

(
·
∣∣w
q

)
and F∨

ℓ

(
·
∣∣w
q

)
are equal to the same constant and β(·|qw) is an

affine function on the said interval by (61e) and (61f).

13One can define upper semicontinuous inverse of β
(
·
∣∣q
w

)
using (31a), as

well. The value of semicontinuous inverses may differ only at zero: the upper-
semicontinuous inverse will have the value ∞, and the lower-semicontinuous
will have the value ∥w∼∥ at zero.

14If ∥w∼∥<∞, then ∥w∼∥ in (65a) and 0 in (65b) can be included in the
intervals. If ∥q∼∥<∞, then 0 in (65a) and ∥q∼∥ in (65b) can be included
in the intervals.

Proof Theorem 1. Let us first prove a lower bound on β(·|qw)

β(ε|qw)
(a)
=infT∈T (Y) supγ≥0

∫
(1−T)dq + γ

(∫
Tdw−ε

)
,

(b)

≥supγ≥0 infT∈T (Y)

∫
(1−T)dq + γ

(∫
Tdw−ε

)
,

(c)

≥supγ≥0 −γε+infT∈T (Y)

∫ [
(1−T)dq∼dw +γT

]
dw ,

(d)
=supγ≥0 −γε+

∫ (
dq∼
dw ∧ γ

)
dw ,

=supγ≥0 ℏ(γ|qw)− γε. (66)

where (a) follows from (6b); (b) follows from max-min
inequality; (c) holds because both T ≤ 1 and dq∼

dq ≤ 1 hold
q-a.e.; (d) follows from the fact that T : Y 7→ [0, 1] for tests
in T (Y).

If ε ∈ (0, ∥w∼∥), then (61a) and (61b) follow from (60) of
Lemma 6 and (66). Then (61c) follows from (51a) with the
roles of w and q interchanged and (61b). Furthermore, (61d)
follow from (61a) and (61c) because the integrand in (61c)
is non-negative for all τ < 1/F∧

ℓ

(
ε
∣∣∣wq) by (34) and (44c); and

non-positive for all τ >1/F∨
ℓ

(
ε
∣∣∣wq) by (34) and (44d).

If ε ≥ ∥w∼∥, then (61a) and (61b), follow from (56e) and
(66) because ℏ(0|qw) = 0 by (52a). Furthermore, (61d) follows
from w

(
dq∼
dw ≥0

)
≤ ∥w∼∥. For ε=∥w∼∥ case (61c) follows

from (32), (34), (46c) and (46d). For ε > ∥w∼∥ case, (61c)
holds because F∧

ℓ

(
ε
∣∣w
q

)
=F∨

ℓ

(
ε
∣∣w
q

)
=∞.

For ε=0 case (61a) and (61d) follow from applying (51a)
and (52b) of Lemma 3, to ℏ(γ|qw) rather than ℏ

(
γ
∣∣w
q

)
. For ε=0

case (61c) follows from (32), (34), (46a), and (46b).
β(·|qw) is convex, non-increasing, and lower-semicontinous

because it is the supremum of such functions by (61a).
Then limε↓0 β(ε|qw) = β(0|qw) by the lower-semicontinuity
and monotonicity of β(·|qw). Furthermore, β(·|qw) is continuous
on (0,∞) because any convex function is continuous on the
interior of the region that it is finite by [87, Theorem 6.3.4].
and β(ε|qw) <∞ for all ε > 0 by Lemma 6 and (49).

One can prove the remaining assertions of the theorem, via
measure theoretic arguments using (61c). We, however, we
will rely on the conjugacy relation implied by (61a) to prove
those assertions. Let f (·) : R 7→ (−∞,∞] be

f (x ):=

{
−ℏ(−x |qw) if x ≤ 0,

∞ if x > 0.
(67)

Then f ∗(·) = β(·|qw), i.e., β(·|qw) is the convex conjugate of
f (·), as a result of (61a) and the definition convex conjugation
given in (29). Furthermore, f (·) is a closed convex function
(i.e., lower semicontinuous and convex function not identically
equal to ∞) by Lemma 3. Then β(·|qw) is a closed convex
function by [77, Theorem E.1.1.2] and convex conjugate of
β(·|qw) is f (·), i.e., β∗(·|qw) = f (·) by [77, Theorem E.1.3.5].
Furthermore, as a result of [77, Corollary E.1.4.4], [78, Propo-
sition I.6.1.2].

x ∈∂β(ε|qw) ⇐⇒ ε∈∂f (x ).

Thus as result of (67) for all ε > 0 we have

−λ∈∂β(ε|qw) ⇐⇒ ε∈ [D+ℏ(λ|qw),D−ℏ(λ|qw)].
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Thus as result of Lemma 3 for all ε > 0 we have

−λ∈∂β(ε|qw) ⇐⇒ ε∈
[
w
(

dq∼
dw >λ

)
,w

(
dq∼
dw ≥λ

)]
.

Then for ε>0 (61e) and (61f) follow from (34) and Lemma 1
and for ε=0 (61f) follows from (44b) and because D+β(·|qw)
is continuous from the right by [78, Theorem I.4.2.1].

(61h) follows from (44f), (61e), and (61f). Furthermore,
(61g) and (61j) follow from (27), (56), (61e), and (61f).
Note that (61e), (61f), (61g), and (61h) imply that β(·|qw) is
decreasing and injective on [0, ∥w∼∥].

(61a) continues to hold when (7) is violated because
ℏ
(
ε
∣∣w
q

)
=∞ for all ε ≥ 0 and β(γ|qw) =∞ for all γ > 0 in

that case. Then (61d) holds as result of (51a) and (50c).

The state-of-the-art bound relating F∨
ℓ

(
·
∣∣w
q

)
and β(·|qw) for

arbitrary probability measures w and q , i.e., (15), can be
improved slightly and extended to the case when w and q
are σ-finite measures using Theorem 1. Since F∨

ℓ

(
·
∣∣w
q

)
is non-

decreasing by Lemma 1, (61g) implies

|∥w∼∥−ε|+
F∨

ℓ (ε|wq)
≥ β(ε|qw) ∀ε > 0. (68)

On the other hand, since β
(
·
∣∣w
q

)
is convex its supporting line

any point and hence at ε+δ lies below β
(
·
∣∣w
q

)
itself. Thus for

any γ in
[
1/F∨

ℓ

(
ε + δ

∣∣∣wq), 1/F∧
ℓ

(
ε + δ

∣∣∣wq)
]
, (61e), and (61f) imply

β(ε|qw)≥δγ+β
(
ε+ δ

∣∣w
q

)
∀δ∈(0, ∥w∼∥−ε). (69)

Remark 2. Theorem 1 characterizes β(·|qw) rather than β(·∥qw).
Nevertheless, we can bound β(·∥qw) in terms of β(·|qw) using
Lemma 6, deterministic likelihood ratio tests, (44d), and (54):

β(ε|qw)≤β(ε∥qw)≤β(ε|qw)+ζ(ε) ∀ε∈(0, ∥w∼∥), (70a)
ζ(ε):= infA∈B maxE∈A q(E) ∀ε∈(0, ∥w∼∥), (70b)

where B is the set of all Y-measurable finite partitions of
the set {y ∈ Y : dw∼

dq (y) = F∨
ℓ

(
ε
∣∣w
q

)
}. If w∼ does not have

any atoms then ζ(ε) = 0 for all ε ∈ (0, ∥w∼∥). If Y is
a countably separated σ-algebra, then all singletons are in
Y by [5, Theorem 6.5.7]. If in addition all atoms of w∼
are singletons, then ζ(ε) has the following less daunting
expression

ζ(ε)=max
{
q({y}) : dw∼

dq (y)=F∨
ℓ

(
ε
∣∣w
q

)}
∀ε∈(0, ∥w∼∥).

The use of max is justified because we are actually taking a
supremum over countable set for which supremum is achieved
even for the case when there are uncountably many y’s in Y

satisfying dw∼
dq (y)=F∨

ℓ

(
ε
∣∣w
q

)
by [86, Theorem 4.30]. Note that

(70) was already pointed by Strassen, see [6, (2.7)] and the
following unnumbered equation in [6]. It is wort mentioning
that the upper bound in (70) is not tight even for deterministic
likelihood ratio tests: if w and q are geometric probability
mass functions with parameter 1/2 supported on positive and
non-negative integers, respectively, then dw

dq (y) = 2 hold w -

a.e. and β(ε|qw)=β(ε∥qw)=
∣∣ 1−ε

2

∣∣+ for all ε≥0; yet ζ(ε)=1/2
for all ε∈(0, 1). Many of these observations, as well as some
more advanced ideas going beyond likelihood ratio tests are
discussed in [19, Appendix B].

C. Measure Change Identities

Assumption 2. w , q , and v are σ-finite measures satisfying
both ℏ

(
1
∣∣w
q

)
∈ (0,∞) and v ∼ w∼, and there exist a function

f of the form f : (0,∞) 7→(0,∞) satisfying

dv
dq = f

(
dw∼
dq

)
w∼-a.e., (71a)

where w∼ is the q-absolutely continuous component of w .
Furthermore, κ(ε, v) and κ(ε, v) are defined in terms of v

and Tq,w
ε,γ defined in (59) for any γ∈

[
1/F∨

ℓ

(
ε
∣∣∣wq), 1/F∧

ℓ

(
ε
∣∣∣wq)

]
as

κ(ε, v):=
∫
Tq,w
ε,γ dv ∀ε∈(0, ∥w∼∥), (71b)

κ(ε, v):=
∫ (

1−Tq,w
ε,γ

)
dv ∀ε∈(0, ∥w∼∥). (71c)

Note that (71b) and (71c) imply

κ(ε, v) + κ(ε, v) = ∥v∥ ∀ε∈(0, ∥w∼∥). (72)

The Csiszar-dual f̃ : (0,∞) 7→R of a function f of the form
f : (0,∞) 7→R is defined as, see [35, (2)], [88, (29)].

f̃ (x ):=xf
(
1
x

)
∀x ∈(0,∞). (73)

Theorem 2. Let measures w , q , v and function f (·) satisfy
Assumption 2. Then the Csiszar-dual f̃ defined in (73) satisfies

dv
dw = f̃

(
dq∼
dw

)
q∼-a.e. (74a)

If f (·) is increasing and bijective and ℏ
(
1
∣∣v
q

)
<∞, then

β(ε|qw)=β(κ(ε, v)|qv) ∀ε∈(0, ∥w∼∥). (74b)

If f (·) is decreasing and bijective and ∥q∼∥<∞, then

β(ε|qw)=∥q∼∥−β(κ(ε, v)|qv) ∀ε∈(0, ∥w∼∥). (74c)

If f̃ (·) is increasing and bijective and ℏ(1|vw)<∞, then

ε=β(κ(ε, v)|wv ) ∀ε∈(0, ∥w∼∥). (74d)

If f̃ (·) is decreasing and bijective, and ∥w∼∥<∞, then

ε=∥w∼∥−β(κ(ε, v)|wv ) ∀ε∈(0, ∥w∼∥). (74e)

Proof of Theorem 2. First note that,
dv
dw = dq∼

dw
dv
dq∼

v -a.e.,
1

dq∼
dw

= dw∼
dq v -a.e..

Then (74a) follows from (71a) and (73). On the other hand,
Lemma 6 and Theorem 1 imply∫

(1−Tq,w
ε,γ )dq=β(ε|qw) ∀ε∈(0, ∥w∼∥), (75)∫

Tq,w
ε,γ dw=ε ∀ε∈(0, ∥w∼∥). (76)

Furthermore, γ ∈ (0,∞) for all ε ∈ (0, ∥w∼∥) by (44f) and
Lemma 6.

When f (·) is increasing and bijective (59), (71a), and (71b)
imply 1/f (1/γ) ∈

[
1/F∨

ℓ

(
κ(ε, v)

∣∣∣vq), 1/F∧
ℓ

(
κ(ε, v)

∣∣∣vq)
]

and

Tq,w
ε,γ = Tq,v

κ(ε,v),1/f (1/γ)
q-a.e..



14

Then (74b) follows from (75), Lemma 6, and Theorem 1
whenever ℏ

(
1
∣∣v
q

)
is finite.

When f (·) is decreasing and bijective (59), (71a), and (71c)
imply 1/f (1/γ) ∈

[
1/F∨

ℓ

(
κ(ε, v)

∣∣∣vq), 1/F∧
ℓ

(
κ(ε, v)

∣∣∣vq)
]

and

1− Tq,w
ε,γ = Tq,v

κ(ε,v),1/f (1/γ)
q-a.e..

Then (74c) follows from (75), Lemma 6, and Theorem 1
whenever ∥q∼∥ is finite.

When f̃ (·) is increasing and bijective (59), (71c), and (74a)
imply 1/̃f (γ) ∈ [1/F∨

ℓ (κ(ε, v)|vw), 1/F
∧
ℓ (κ(ε, v)|vw)] and

1− Tq,w
ε,γ = Tw ,v

κ(ε,v),1/̃f (γ)
w -a.e..

Then (74d) follows from (76), Lemma 6, and Theorem 1
whenever ℏ(1|vw) is finite.

When f̃ (·) is decreasing and bijective (59), (71b), and (74a)
imply 1/̃f (γ) ∈ [1/F∨

ℓ (κ(ε, v)|vw), 1/F
∧
ℓ (κ(ε, v)|vw)] and

Tq,w
ε,γ = Tw ,v

κ(ε,v),1/̃f (γ)
w -a.e..

Then (74e) follows from (76), Lemma 6, and Theorem 1
whenever ∥w∼∥ is finite.

Remark 3. There is a somewhat longer and indirect way to
prove (74b), (74c), (74d), and (74e), which is easier to confirm.
Here is the proof of (74b) in this alternative way.

ℏ
(

1
f (1/γ)

∣∣∣qv)(a)
= q

(
dv
dq > f (1/γ)

)
+ 1

f (1/γ)v
(

dv
dq ≤ f (1/γ)

)
(b)
= q

(
dw∼
dq > 1

γ

)
+ 1

f (1/γ)v
(

dw∼
dq ≤ 1

γ

)
(c)
= β(ε|qw) + 1

f (1/γ)κ(ε, v),

where (a) follows from the definition of primitive entropy
spectrum in (9), (b) follows from (71a) because f (·) is
increasing and invertible, (c) follows from (59), (71b), and
(75). Thus β(κ(ε, v)|qv) ≥ β(ε|qw) by (61a). On the other
hand β(κ(ε, v)|qv)≤ β(ε|qw) by (6b), (71b), and (75) because
Tq,w
ε,γ ∈ T (Y), i.e., Tq,w

ε,γ is a randomized test, by Lemma 6.
Thus (74b) holds for all ε∈(0, ∥w∼∥).

The tilted measures vw ,q
α , defined in the following, satisfy

the monotonicity assumptions of Theorem 2 on f (·) and f̃ (·)
at the same time for all α∈R\{0, 1}. Usually, we will also
assume ∥vα∥ to be finite to ensure finite primitive entropy
hypotheses of Theorem 2.

Definition 4. For any pair of σ-finite measures (w , q)
satisfying w ̸⊥ q and real number α, the tilted measure vw ,q

α

is defined as the following w∼-equivalent measure
dvw,q

α

dq :=(dw∼
dq )α q-a.e.. (77a)

Domain of the tilted measure’s finiteness Iwq is defined as

Iwq :={α ∈ R : ∥vw ,q
α ∥ <∞}. (77b)

Note that the tilted measure vw ,q
α also satisfies

dvw,q
α

dw = (dq∼dw )1−α w -a.e.. (78)

Furthermore, ln∥vw ,q
α ∥ is a convex function as a result of

Hölder’s inequality [5, Theorem 2.11.1]. Thus Iwq is an interval

and Iwq is non-empty iff ln∥vw ,q
α ∥ as a function of α satisfies

Assumption 1. In the following, we will denote vw ,q
α simply

by vα, whenever w and q are clear from the context.

Remark 4. In the trivial-non-singular case dw∼
dq =ζ holds w∼-

a.e. for some ζ ∈ (0,∞). Thus vα = ζα−1w∼ = ζαq∼ holds
∀α∈R. Furthermore, trivial-non-singular case is non-void iff
∥q∼∥ ∈ (0,∞), which is equivalent to ∥w∼∥ ∈ (0,∞) for the
trivial-non-singular case. In the trivial-non-singular-non-void
case ζ = ∥w∼∥/∥q∼∥, and κ(ε, vα) = εζα−1 for all α∈R and
ε∈(0, ∥w∼∥).

Note that vα ∼ q∼ holds by definition and vα satisfies
Assumption 2 at least for all α ∈ Iwq . Furthermore,
(a) If α<0, then f (·) is bijective and decreasing.
(b) If α>0, then f (·) is bijective and increasing.
(c) If α<1, then f̃ (·) is bijective and increasing.
(d) If α>1, then f̃ (·) is bijective and decreasing.
Thus if σ-finite measure w and q satisfy ℏ

(
1
∣∣w
q

)
∈ (0,∞) and

α ∈ Iwq , then Theorem 2 implies for all ε ∈ (0, ∥w∼∥), that

β(ε|qw)=


∥q∼∥−β

(
κ(ε, vα)

∣∣q
vα

)
if α<0,

κ(ε, vα) if α=0,
β
(
κ(ε, vα)

∣∣q
vα

)
if α>0,

(79a)

ε=


β
(
κ(ε, vα)

∣∣w
vα

)
if α<1,

κ(ε, vα) if α=1,
∥w∼∥−β

(
κ(ε, vα)

∣∣w
vα

)
if α>1.

(79b)

Furthermore, invoking (65), we can express the function
κ(·, vα) : (0, ∥w∼∥) 7→ (0, ∥vα∥) in two distinct ways:

κ(ε, vα)=


∥vα∥ − β

(
∥q∼∥−β(ε|qw)

∣∣vα
q

)
if α<0,

∥vα∥ − β(ε|qw) if α=0,
β
(
β(ε|qw)

∣∣vα
q

)
if α>0,

(79c)

κ(ε, vα)=


∥vα∥ − β(ε|vαw ) if α<1,
ε if α=1,
β(∥w∼∥−ε|vαw ) if α>1.

(79d)

Theorem 2 and Definition 4 are inspired by the information
theorists approach to large deviations analysis that can be
traced back to [13]–[17]. Customarily the tilted measure is
defined as a probability measure of the form vα/∥vα∥, e.g.,
[13, Theorem 5 and (3.27)] considering orders in (0, 1). The
primary advantage of avoiding the scaling is that not only
memorylessness but also Markovian structure (and probably
other structural assumption on w and q) are inherited by the
tilted measure when there is no scaling, see §V-A and §V-B.

IV. APPROXIMATIONS FOR RANDOMIZED-NP-FUNCTION

In this section, we approximate the rNP-function β(·|qw)
under hypotheses on the likelihood-ratio distribution that are
implied by the Berry–Esseen type bounds non-asymptotically
and Central Limit Theorem asymptotically. Since likelihood-
ratios typically follow a multiplicative rather than additive
structure (e.g., memoryless and Markovian models) these
assumptions are more naturally formulated and interpreted
using the distribution of the log-likelihood ratio rather than
the likelihood ratio.
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In §IV-A, we first define the log-likelihood ratio and its
distribution, and then express β(·|qw) in terms of the log-
likelihood ratio distribution FL

(
·
∣∣w
q

)
using Theorem 1. In

§IV-B, we define Gaussian Mills ratio and review certain
well-known bounds on it that will be helpful both in our
analysis and in interpreting our results. Finally, in §IV-C
we first approximate β(·|qw) assuming FL

(
·
∣∣w
q

)
is close to a

Gaussian distribution in Kolmogorov distance and then bound
β
(
·
∣∣w
q

)
assuming FL(·|γvαw ) is close to a Gaussian distribution

in Kolmogorov distance.

A. The Log-Likelihood-Ratio

Definition 5. For any pair of σ-finite measures (w , q) on the
same measurable space, say (Y,Y), the log-likelihood-ratio
Lw ,q(·) and the log-likelihood-ratio distribution FL

(
·
∣∣w
q

)
are

defined as

Lw ,q :=

{
∞ if dq

d(w+q) =0,

ln dw∼
dq if dq

d(w+q)>0,
(80a)

FL

(
τ
∣∣w
q

)
:=

∫
1{Lw,q≤τ}dw ∀τ ∈R, (80b)

where w∼ isthe q-absolutely continuous component of w .

Note that definitions in (32) and (80) imply

Lw ,q = ln ℓw ,q (w+q)-a.e., (81)

FL

(
τ
∣∣w
q

)
= Fℓ

(
eτ
∣∣w
q

)
∀τ ∈R. (82)

Thus identities (34) and (35) imply

Lw ,q = −Lq,w (w+q)-a.e. (83)

FL

(
τ
∣∣w
q

)
= FL

(
τ
∣∣w∼
q∼

)
∀τ ∈R. (84)

Remark 5. F∧
L

(
·
∣∣w
q

)
:R 7→R and F∨

L

(
·
∣∣w
q

)
:R 7→R, i.e., the log-

likelihood ratio quantiles, can be defined using the definition of
the likelihood ratio quantiles by replacing Fℓ

(
·
∣∣w
q

)
with FL

(
·
∣∣w
q

)
in (37). Then F∧

L

(
·
∣∣w
q

)
=lnF∧

ℓ

(
·
∣∣w
q

)
and F∨

L

(
·
∣∣w
q

)
=lnF∨

ℓ

(
·
∣∣w
q

)
,

with the understanding that ln(−∞), ln 0, and ln∞ stand for
−∞, −∞, and ∞, respectively. Then (61g) implies

β(ε|qw) =
∫ ∥w∼∥

ε

e−f (τ)dτ ∀ε∈ [0, ∥w∼∥], (85)

for any f : (0, ∥w∼∥) 7→R s.t. F∧
L

(
·
∣∣w
q

)
≤ f (·)≤F∨

L

(
·
∣∣w
q

)
.

For any pair of σ-finite measures w and q —not necessarily
satisfying (7)— first invoking (62b), i.e., (8), and then applying
the change of variable τ=e−t , we get

β(ε|qw) =
∫ ∞

−∞
e−t

∣∣FL

(
t
∣∣w
q

)
− ε

∣∣+dt ∀ε ≥0. (86)

For example, if w is a probability measure with a finite
Ew

[
L2w ,q

]
, then the Chebychev-Cantelli inequality and (86)

lead to the following non-asymptotic Stein’s lemma, which
improves similar results reported before in [19, Lemma 15],
[20, Lemma 59], [89, (12)]. Proof of Lemma 7, which is
elementary, is presented in Appendix C for completeness.

Lemma 7. Let w be a probability measure and q be a σ-finite
measure satisfying Ew

[
(Lw ,q)

2
]
<∞, then Ew[Lw ,q ]∈R and

ln ∆
1+∆−σ

√
ε+∆
1−ε ≤ ln

β(ε|qw)
1−ε +Ew[Lw ,q ]≤σ

√
1−ε
ε (87a)

for all ε∈(0, 1), ∆>0, where σ:=
√
Ew

[
(Lw ,q−Ew[Lw ,q ])

2
]
.

Remark 6. ln 1−ε
β(ε|qw) is called ε-hypothesis testing divergence

and denoted by Dε
h(w∥q), see [24, p. 7044], [25, (2.6)]. Note

that for any probability measure w , monotonicity of divided
differences for convex functions and convexity of β(·|qw) imply
that Dε

h(w∥q) is decreasing in ε and Dε
h(w∥q) ≥ − ln∥q∼∥.

Note that inequality holds as an equality for all ε ∈ (0, 1) in
the trivial case provided that w≺q .

B. Gaussian Mills Ratio
The Gaussian Mills ratio is defined as the ratio of Gassian

Q-function and Gaussian probability density:

Ψ(τ):=Q(τ)
φ(τ) ∀τ ∈R. (88)

Then Ψ(·) : R 7→ (0,∞) is a decreasing strictly convex and
invertible function because lnΨ(·) :R 7→R is such a function
by [90]. Strikingly its multiplicative inverse 1/Ψ(·) is a convex
functions as well, see [91].

Note that lnΨ(τ+δ) > lnΨ(τ)+ Ψ ′(τ)
Ψ(τ) δ for all τ ∈ R and

δ ̸=0 where Ψ ′(τ)= d
dτ Ψ(τ) because lnΨ(·) is strictly convex.

Since lnΨ(·) is strictly decreasing as well, we have

Ψ(τ)>Ψ(τ+δ)>Ψ(τ)e
Ψ′(τ)
Ψ(τ)

δ ∀τ ∈ R, δ > 0, (89)

On the other hand Ψ ′(τ)/Ψ(τ) is non-decreasing because lnΨ(·)
is convex. Then using the identity Ψ ′(τ) = τΨ(τ)− 1 we get

Ψ(τ)>Ψ(τ+δ)>Ψ(τ)e(x−
1

Ψ(x)
)δ ∀τ≥x , δ>0, x ∈R. (90)

On that other hand 1/Ψ(−1.3) ≤ 0.19. Hence

1.5δ≥ ln Ψ(τ)
Ψ(τ+δ) ≥0 ∀τ ≥ −1.3, δ ≥ 0. (91)

Furthermore,
2

τ+
√
τ2+4

≤Ψ(τ)≤ 2

τ+
√

τ2+8/π
∀τ ≥ 0, (92)

by [92, (10), (11), (12)] and [93, 7.1.13]. Let the function
g(·, ·) : R× (0, 1) 7→ (0,∞) be

g(x , ε):=e
x2

2 Q
(
x −Q−1(ε)

)
, (93)

=
Q(x−Q−1(ε))

φ(x)
√
2π

, (94)

= Ψ
(
x−Q−1(ε)

)
φ
(
Q−1(ε)

)
exQ

−1(ε) (95)

Then
∂
∂εg(x , ε) = −exQ

−1(ε)

= −g(x ,ε)
Ψ(x−Q−1(ε))

1
φ(Q−1(ε)) . (96)

We denote the Gaussian cumulative distribution function by
Φ(·), i.e.,

Φ(x ):=

∫ x

−∞
φ(τ)dτ ∀x ∈ R. (97)

Note that (3) and the fact that φ(τ)=φ(−τ) for τ ∈R imply

Φ(x ) = Q(−x ) ∀x ∈R. (98)
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C. Kolmogorov Distance to Normality

Theorem 3. If w and q are σ-finite measures satisfying

supx∈R
∣∣FL

(
ξ+σx

∣∣w
q

)
− Φ(x )

∣∣ ≤ δ, (99a)

for a ξ∈R, a σ>0, and a δ∈(0, 1), then

β(ε|qw)≤e−ξ+σ2

2 Q
(
σ−Q−1(ε−δ)

)
∀ε∈(δ, 1 + δ), (99b)

β(ε|qw)≥e−ξ+σ2

2 Q
(
σ−Q−1(ε+δ)

)
∀ε∈(0, 1−δ), (99c)

Furthermore, if ε∈(δ, 1−δ−Q(σ)), then

β(ε|qw)=e−ξ+στΨ(σ−τ)φ(τ)∆, (99d)

where τ=Q−1(ε), and ∆ satisfies |ln∆| ≤ δ(σ+0.5)
√
2π

(1−ε−δ)∧(ε−δ) .

Proof of Theorem 3. Note that ∥w∼∥ ∈ [1−δ, 1+δ] by (99a)
because ∥w∼∥ = limx↑∞ FL

(
x
∣∣w
q

)
. Thus w and q satisfy (7).

β(ε|qw)
(a)
= σ

∫ ∞

−∞
e−(ξ+σx)

∣∣FL

(
ξ+σx

∣∣w
q

)
−ε

∣∣+dx ,
(b)

≤ e−ξσ

∫ ∞

−∞
e−σx |Φ(x )+δ−ε|+dx ,

(c)
= e−ξσ

∫ ∞

Φ−1(ε−δ)

e−σx (Φ(x )+δ−ε)dx ,

where (a) follows from (86) for t= ξ+σx , (b) follows from
the hypothesis in (99a), (c) holds because Φ(·) :R 7→ (0, 1) is
an invertible and increasing function. Then (99b) follows from
(100) established below for λ=Φ−1(ε−δ).∫ ∞

λ

e−σx (Φ(x )−Φ(λ))dx =

∫ ∞

λ

e−σx

∫ x

λ

φ(τ)dτdx ,

=

∫ ∞

λ

φ(τ)

∫ ∞

τ

e−σxdxdτ,

= 1
σ

∫ ∞

λ

φ(τ)e−στdτ

= 1
σ

∫ ∞

λ

e
σ2

2 φ(τ + σ)dτ,

= 1
σ e

σ2

2 Q(σ + λ). (100)

(99c) is established using the lower bound on FL

(
ξ−σx

∣∣w
q

)
in

(99a) by following a similar analysis. It is worth mentioning
that that both (99b) and (99c) can be derived using (85) instead
of (86).

To establish (99d), first note that ϕ∈(ε−δ, ε+δ) such that
β(ε|qw) = e−ξg(σ, ϕ) as a result of intermediate value theorem
and the definition of g(·, ·) in (93), by (99b) and (99c). Since
ln g(·, ·) is continuously differentiable in its second argument,
as a result of Taylor’s theorem there exists a ϕ0 between ϕ
and ε such that

ln g(σ, ϕ) = ln g(σ, ε) + (ϕ− ε)
g′
ε(σ,ϕ0)
g(σ,ϕ0)

. (101)

On the other hand using (96) we get∣∣∣ g′
ε(σ,ϕ0)
g(σ,ϕ0)

∣∣∣ = 1
Ψ(σ−Q−1(ϕ0))

Ψ(|Q−1(ϕ0)|)
(1−ϕ0)∧ϕ0

(a)

≤ 1
Ψ(σ−Q−1(ϕ0))

√
π/2

(1−ϕ0)∧ϕ0
,

(b)

≤ 1
Ψ(σ−Q−1(ε+δ))

√
π/2

(1−ϕ0)∧ϕ0
,

(c)

≤ 1
Ψ(2σ)

√
π/2

(1−ϕ0)∧ϕ0
,

(d)

≤ (σ +
√
σ2 + 1)

√
π/2

(1−ϕ0)∧ϕ0
,

(e)

≤(σ + 0.5)
√
2π

(1−ϕ0)∧ϕ0
, (102)

where (a) holds because Ψ(τ)≤
√

π/2 for all τ >0 by (92), (b)
holds because Ψ(·) and Q−1(·) are both decreasing functions
and ϕ0∈ (ε−δ, ε+δ), (c) holds because Ψ(·) and Q−1(·) are
both decreasing functions, ε+δ≤1−Q(σ) by hypothesis, and
Q−1(1−x ) = −Q−1(x ) for all x ∈ (0, 1), (d) follows from
(92), (e) follows from

√
σ2+1 ≤ σ+1. Thus (99d) follows

from (101), (102), and ϕ0∈(ε−δ, ε+δ).

Theorem 3 assumes the cumulative distribution function of
the log-likelihood ratio Lw ,q in the measure space (Y,Y,w)
is close to that of a normal (Gaussian) distribution to bound
β(·|qw). One can bound β(·|qw) or β

(
·
∣∣w
q

)
using Theorem 2 by

first bounding β(·|qv) and β(·|wv ) using Theorem 3, provided
that the cumulative distribution function of both ln f

(
eLw,q

)
and ln f̃

(
e−Lw,q

)
in the measure space (Y,Y, v) are close to

normal distributions. If v = γvα for a positive constant γ and
tilted measure vα for an α ∈R\{0, 1} then these conditions
are one and the same; that is the main idea behind Theorem
4 given in the following.

Theorem 4. Let w and q be σ-finite measures satisfying
ℏ
(
1
∣∣w
q

)
∈(0,∞) and assume that an α∈Iwq ∩ (0,∞) satisfies

supx∈R |FL(ξ+σx |γvαw )− Φ(x )| ≤ δ, (103a)

for a γ > 0, a ξ ∈ R, a σ > 0, and a δ∈(0, 1/8). Let η(·) be

η(ϵ):=e
αξ−ln γ

1−α + α2σ2

2(1−α)2 Q
(

ασ
|1−α|−Q−1(ϵ)

)
(103b)

for all ϵ∈(0, 1) for ξ and σ of (103a).
If α ∈ (0, 1), then for all ϵ ∈ (3δ, 1− 3δ) there exists a

ϕ∈(ϵ−3δ, ϵ+3δ) such that

β
(
η(ϵ)

∣∣w
q

)
=e−ξ+σ2

2 Q
(
σ−Q−1(1− ϕ)

)
. (103c)

If α ∈ (1,∞), then for all ϵ ∈ (2δ, 1−2δ) there exists a
ϕ∈(ϵ−2δ, ϵ+2δ) such that

β
(
η(ϵ)

∣∣w
q

)
=∥w∼∥−e−ξ+σ2

2 Q
(
σ−Q−1(ϕ)

)
. (103d)

Furthermore, if δ ≤ 1/10 and η̃ ∈ [η(3/5), η(2/5)], then ∃∆
satisfying both |ln∆|≤ 0.43

1∧α+(σ+2.3)15
√
2πδ and

β
(
η̃
∣∣w
q

)
=

{
θ(α, σ)η̃

α−1
α γ−

1
α∆ if α∈(0, 1),

∥w∼∥−θ(α, σ)η̃
α−1
α γ−

1
α∆ if α>1,

(103e)

where θ(α, σ)=(1/2π)
1
2α (Ψ(ασ/|α − 1|))

1−α
α Ψ(σ).
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Remark 7. Note that for all α∈(0,∞) as σ increases θ(α, σ)
is bounded above and below tightly by bounds on the Gaussian
Mills ratio given in (92): θ∼ α

|1−α|
(
σ
√
2π

)−1/α
as σ → ∞.

Proof of Theorem 4. Let us first establish (103c) and (103d).
To that end we will first invoke Theorem 3 to bound β

(
·
∣∣w
γvα

)
and β

(
·
∣∣q
γvα

)
, and then employ Theorem 2.

Note that (103a) ensures that the hypothesis of Theorem 3
is satisfied for β

(
·
∣∣w
γvα

)
. Thus Theorem 3 and the intermediate

value theorem imply that for all ϵ ∈ (δ, 1−δ) there exists a
ϕ∈(ϵ−δ, ϵ+δ) satisfying

β
(
ϵ
∣∣w
γvα

)
=e−ξ+σ2

2 Q
(
σ−Q−1(ϕ)

)
= e−ξg(σ, ϕ). (104)

In order to apply Theorem 3 to bound β
(
·
∣∣q
γvα

)
, we need to

first ensure that the hypothesis of Theorem 3 is satisfied for
β
(
·
∣∣q
γvα

)
. To that end first note that (77a) and (78) imply

Lγvα,w = ln γ + (α− 1)Lw ,q vα-a.e.,
Lγvα,q = ln γ + αLw ,q vα-a.e..

Thus

Lγvα,q = α
α−1Lγvα,w+ 1

1−α ln γ vα-a.e..

Then (103a) implies15

supx∈R

∣∣∣FL

(
ln γ−αξ
1−α + ασ

|α−1|x
∣∣∣γvαw

)
−Φ(x )

∣∣∣≤δ.
Thus Theorem 3 and the intermediate value theorem imply that
for all κ∈(δ, 1−δ) there exists a ϵ∈(κ−δ,κ+δ) satisfying

β
(
κ
∣∣q
γvα

)
=η(ϵ). (105)

Note that η(·) defined in (103b) is invertible, decreasing, and
continuous on (0, 1). On the other hand γ∥vα∥∈(1−δ, 1+δ) by
(103a) and β

(
·
∣∣q
γvα

)
is invertible, decreasing, and continuous

on (0, γ∥vα∥). Thus (105) defines an invertible increasing and
continuous function, i.e., ζ(·):=η−1

(
β
(
·
∣∣q
γvα

))
, on (δ, 1 − δ)

satisfying |ζ(κ)−κ| ≤ δ for all κ in (δ, 1 − δ). Then ζ−1(·)
is increasing on its domain and (2δ, 1− 2δ) is a subset of the
domain of ζ−1(·). Hence

β
(
ζ−1(ϵ)

∣∣q
γvα

)
=η(ϵ) ∀ϵ∈(2δ, 1−2δ), (106)∣∣ϵ− ζ−1(ϵ)
∣∣ ≤ δ ∀ϵ∈(2δ, 1−2δ). (107)

Furthermore, (65) and (106) imply

ζ−1(ϵ) = β
(
η(ϵ)

∣∣γvα
q

)
∀ϵ∈(2δ, 1−2δ). (108)

On the other hand, η(ϵ) ∈ (0, ∥q∼∥) for all ϵ ∈ (2δ, 1−2δ),
thus β

(
η(ϵ)

∣∣w
q

)
∈ (0, ∥w∼∥) for all ϵ in (2δ, 1−2δ). Applying

(74b) of Theorem 2 for f (x ) = γxα for ε = β
(
η(ϵ)

∣∣w
q

)
and

invoking (65), we get

η(ϵ)=β
(
κ
(
β
(
η(ϵ)

∣∣w
q

)
, γvα

)∣∣q
γvα

)
∀ϵ∈(2δ, 1−2δ).

15Note that Kolmogorov distance between a continuous function f and a
monotonic function does not change if the monotonic function is replaces
by its upper-semicontinuous or lower-semicontinuous variants. Thus for any
continuous function f (·) we have

supx∈R
∣∣FL

(
x
∣∣v
q

)
− f (x)

∣∣ = supx∈R
∣∣limτ↑x FL

(
τ
∣∣v
q

)
− f (x)

∣∣

Invoking (65) again, this time for β
(
·
∣∣q
γvα

)
, we get

β
(
η(ϵ)

∣∣γvα
q

)
=κ

(
β
(
η(ϵ)

∣∣w
q

)
, γvα

)
∀ϵ∈(2δ, 1−2δ).

Thus (107) and (108) imply∣∣ϵ− κ
(
β
(
η(ϵ)

∣∣w
q

)
, γvα

)∣∣ ≤ δ ∀ϵ∈(2δ, 1−2δ). (109)

Since γ∥vα∥∈(1−δ, 1+δ) by (103a), using triangle inequality
together with (72), we get∣∣1− ϵ− κ

(
β
(
η(ϵ)

∣∣w
q

)
, γvα

)∣∣ ≤ 2δ ∀ϵ∈(2δ, 1−2δ). (110)

(65), (74d) of Theorem 2 for f (x ) = γxα, (104), and (110)
imply (103c); and (65), (74e) of Theorem 2 for f (x )= γxα,
(104), and (109) imply (103d).

We will establish (103e) by invoking (103c) and (103d)
together with Taylor’s theorem. Note that (103b), (103c), and
(103d) can be expressed in terms of g(·, ·) defined in (93) as

η(ϵ) = e
αξ−ln γ

1−α g
(

ασ
|1−α| , ϵ

)
, (111a)

β
(
η(ϵ)

∣∣w
q

)
=e−ξg(σ, 1− ϕ), (111b)

β
(
η(ϵ)

∣∣w
q

)
=∥w∼∥−e−ξg(σ, ϕ). (111c)

Let ϵ be the unique solution of η̃=η(ϵ) in [2/5, 3/5] and ϕ be
the corresponding number in (ϵ−3δ, ϵ+3δ) satisfying (103c)
if α ∈ (0, 1) and (103d) if α ∈ (1,∞). Since ln g(·, ·) is
continuously differentiable in its second argument, there exists
ϵ0 between ϵ and ϕ satisfying

ln g(σ, 1−ϕ)=ln g(σ, 1−ϵ)+ g′
ε(σ,1−ϵ0)
g(σ,1−ϵ0) (ϵ−ϕ) (112a)

if α∈(0, 1) and satisfying

ln g(σ, ϕ)=ln g(σ, ϵ)+
g′
ε(σ,ϵ0)
g(σ,ϵ0)

(ϕ−ϵ), (112b)

for α∈(1,∞). Note that ϵ0∈(1/10, 9/10) in either case. Let us
proceed with bounding g ′ε(σ, ϵ0) for an ϵ0∈(1/10, 9/10):∣∣∣ g′

ε(σ,ϵ0)
g(σ,ϵ0)

∣∣∣ = 1
Ψ(σ−Q−1(ϵ0))

Ψ(|Q−1(ϵ0)|)
(1−ϵ0)∧ϵ0

(a)

≤ 1
Ψ(σ+Q−1(ϵ0))

√
π/2

(1−ϵ0)∧ϵ0
,

(b)

≤ 5
√
2π

Ψ(σ+Q−1(1/10)) ,

(c)

≤ 5
√
2π

Ψ(σ+1.3) ,

(d)

≤ (σ+1.3+
√
(σ+1.3)2+4)2.5

√
2π,

(e)

≤(σ + 2.3)5
√
2π, (113)

where (a) holds because Ψ(τ)≤
√

π/2 for all τ >0 by (92),(b)
holds because Ψ(·) and Q−1(·) are both decreasing functions
and ϵ0∈ (0.1, 0.9), (c) follows from Q−1(1/10)<1.3 and the
monotonicity of Ψ(·), (d) follows from (92), (e) follows from√
τ2+4≤τ+2 for τ ≥ 0.
On the other hand, using (91), (95), and invoking worst case

assumptions via Q−1(2/5) ≤ 0.26, we get∣∣∣ 1−α
α ln g

(
ασ

|1−α| , ϵ
)
+ln g(σ,1−ϵ)

θ(α,σ)

∣∣∣≤ 0.43
α if α<1, (114a)∣∣∣ 1−α

α ln g
(

ασ
|1−α| , ϵ

)
+ln g(σ,ϵ)

θ(α,σ)

∣∣∣≤0.43 if α>1. (114b)

(103e) follows from (111), (112), (113), and (114).
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V. APPLICATIONS

Under appropriate structural assumptions on w and q , the
hypotheses of Theorems 3 and 4 follow from Berry–Essen
theorems non-asymptotically and from Central Limit Theorem
asymptotically. We will explore these implications for possibly
non-stationary (i.e., time-inhomogeneous) memorlyless case
in §V-A and for time-homogeneous discrete (i.e., countable
state-space) Markov case in §V-B. Then, we will describe the
asymptotic simple hypothesis testing problem and show that
the Central Limit Theorem and Theorem 3 imply a second
order Stein’s lemma in §V-C.

A. Memoryless Case

In the memoryless case, w and q are assumed to be product
measures. Since both the normalized tilted measure and the
likelihood ratio inherit the product structure, the finite length
implications of Theorems 3 and 4 are immediate even in the
non-stationary case, provided that appropriate moment condi-
tions hold. In models with memory, relating tilting operation to
the structural assumptions of the model is the main technical
challenge, as we will see for the Markov case in §V-B.

The product measure is determined by the measure of the
product events, see [5, Theorem 3.3.1]. The product of two
σ-finite measures is a σ-finite measure because Cartesian
product of two countable sets is also countable. A more detail
discussion products of measures can be found in [5, §3.3].

Assumption 3. w and q are σ-finite product measures of the
form w = ⊗n

t=1wt and q = ⊗n
t=1qt for some positive integer

n , where wt and qt are σ-finite measures on the measurable
space (Yt ,Yt), for each t ∈{1, . . . ,n}.

The memorylessness assumption implies the additivity log-
likelihood ratios: if w and q satisfy Assumption 3, then

Lw ,q =
∑n

t=1
Lwt ,qt w∼-a.e.. (115)

If wt ’s are probability measures, then (115) and Fubini’s
theorem [5, Theorem 3.4.4] imply the additivity of D(w∥q)
and ln∥vw ,q

α ∥ privided that corresponding summands, i.e.,
D(wt∥qt)’s or ln∥vwt ,qt

α ∥’s, are finite.16

Corollary 1. Let (w , q) be a pair of measures satisfying
Assumption 3, for which wt is a probability measure satisfying
|D(wt∥qt)|<∞ for all t , and let ξ, σ, T , and δ be

ξ=D(w∥q) (116a)

σ2=

∫
(Lw ,q−D(w∥q))2dw (116b)

T =
∑n

t=1

∫
|Lwt ,qt −D(wt∥qt)|3dw , (116c)

δ=0.56T/σ3. (116d)

If σ > 0 and δ ∈ (0, 1/2), then (99b), (99c), and (99d) of
Theorem 3 hold for ξ, σ, and δ defined above.

Remark 8. If (w , q) satisfies Assumption 3, wt is a proba-
bility measure satisfying |D(wt∥qt)|<∞ for all t , and σ=0,

16The additivity of ln
∥∥vw,q

α

∥∥ holds even when wt ’s are not necessarily
probability measures.

then we are in the trivial-non-singular case, Lw ,q = D(w∥q)
holds w -a.s., D(w∥q)=− ln∥q∼∥, and (58) imply

β(ε|qw) = e−D(w∥q)|1− ε|+ ∀ε ≥ 0.

Hence (99b), (99c), and (99d) of Theorem 3 hold for δ=0.

Proof of Corollary 1. Note that wt≺qt because |D(wt∥qt)| is
finite. Thus Lwt ,qt = ln dwt

dqt
holds w -a.s. Furhtmore, we can

calculate the first moment and the variance of Lw ,q under w
using (115) and Fubini’s theorem [5, Theorem 3.4.4]:

D(w∥q)=
∑n

t=1
D(wt∥qt)

σ2=
∑n

t=1

∫ (
ln dwt

dqt
−D(wt∥qt)

)2

dwt .

Furthermore (99a) holds for ξ, σ, and δ defined in (116) as a
result of Berry–Esseen Theorem [94]–[96].

Implications of (99d) for β(·|qw) on closed subintervals
of (0, 1) becomes more apparent when considered for the
stationary memoryless case, i.e., when wt =w1 and qt =q1 for
all t for some w1 and q1. Note that D(w∥q) = nD(w1∥q1),
σ = σ1

√
n , and δ = δ1/

√
n for some σ1 and δ1 in the stationary

case. Thus17 for all n ≥ (σ1δ1+1/
√

2π

ϵ1σ1
)2 the following equality

holds for all ε ∈ [ϵ1, 1−ϵ1]

β(ε|qw)=
∆(ε)√

2π
e−nD(w1∥q1)+

√
nσ1τ+

τ2

2 Ψ
(√

nσ1−τ
)
, (117)

where τ = Q−1(ε), |ln∆(ε)| ≤ (σ1
√
n+0.5)δ1

√
2π

ϵ1
√
n−δ1

and the
Gaussian Mills ratio Ψ(

√
nσ1−τ) is bounded tightly by (92)

because n ≥ (σ1δ1+1/
√

2π

ϵ1σ1
)2 ensures

√
nσ1≥Q−1(ϵ1)≥τ .

Corollary 2. Let (w , q) be a pair of measures satisfying
Assumption 3 for (wt , qt) pairs satisfying ∥vwt ,qt

α ∥< (0,∞)
for all t for some α∈(0,∞)\{1}, and let ξ, σ, T , and δ be

γ=1/
∥∥vw,q

α

∥∥ (118a)
ξ=D(v∥w) (118b)

σ2=(α−1)2
∫
(Lw ,q−Ev[Lw ,q ])

2
dv , (118c)

T = |α−1|3
∑n

t=1

∫
|Lwt ,qt −Ev[Lwt ,qt ]|

3
dv , (118d)

δ=0.56T/σ3, (118e)

where v = γvw ,q
α . If |ξ| < ∞, σ > 0, and δ ∈ (0, 1/8) then

(103c), (103d), and (103e) of Theorem 4 hold for γ, ξ, σ, δ
defined above.

If the hypotheses of Corollary 2 hold, then

D(v∥w)=(α−1)Ev[Lw ,q ]+ln γ, (119a)
D(v∥q)=αEv[Lw ,q ]+ln γ, (119b)

= αξ−ln γ
α−1 (119c)

for v = γvw ,q
α . The identities in (119) are present in [13,

Theorem 5] for the case when Y is a finite set and w and
q are probability measures. Note that the expression on the
right hand side of (119c) shows up in (103b) defining η(·).

17To convert the hypothesis of (99d) to a lower bound on
√
n , we employ

the fact that Q(x) ≤ 1
x
√
2π

for all x ≥ 0 .
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Remark 9. If (w , q) satisfies Assumption 3 for pairs (wt , qt)
satisfying ∥vwt ,qt

α ∥∈(0,∞) for all t for some α∈(0,∞), and
|ξ|<∞, σ = 0, then we are in the trivial-non-singular case,
Lw ,q = ln∥w∼∥− ln∥q∼∥ holds w -a.s., D(v∥w) =− ln∥w∼∥,
D(v∥q)=− ln∥q∼∥, and (58) imply

β
(
τ
∣∣w
q

)
= e−D(v∥w)

∣∣∣1− τeD(v∥q)
∣∣∣+ ∀τ ≥ 0. (120)

Hence, (103c) (103d), and (103e) of Theorem 4 holds for δ=0.

Proof of Corollary 2. Since ∥vwt ,qt
α ∥<(0,∞) for all t , (115)

and Fubini’s theorem [5, Theorem 3.4.4] imply

∥vw ,q
α ∥=

∏n

t=1
∥vwt ,qt

α ∥,

Lv ,w =
∑n

t=1
[(α− 1)Lwt ,qt − ln∥vwt ,qt

α ∥] v -a.s..

Consequently, v inherits the product structure of w and q , i.e.,

v=
⊗n

t=1

vwt ,qt
α

∥vwt ,qt
α ∥ .

Thus Lv ,w is a sum of random variables that are independent
under v . Hence (103a) holds for γ, ξ, σ, δ defined in (118)
as a result of Berry–Esseen Theorem [94]–[96].

Implications of (103e) for β(·|qw) in the memoryless case
becomes more apparent when considered for the stationary
case: If wt = w1 and qt = q1 for all t for some w1 and
q1 satisfying ∥vw1,q1

α ∥ < (0,∞) for some α ∈ (0,∞)\{1},
then ln∥vw ,q

α ∥ = n ln∥vw1,q1
α ∥, D(v∥w) = nD(v1∥w1) for

v1=vw1,q1
α /∥vw1,q1

α ∥, σ=σ1
√
n and δ= δ1/

√
n. Let τ(·) be

τ(ϵ):= α2σ2

2(1−α)2 + lnQ
(

ασ
|1−α|−Q−1(ϵ)

)
.

For all n ≥ (10δ1)
2 and τ1 ∈ [τ(3/5), τ(2/5)], then ∃∆

satisfying both |ln∆|≤ 0.43
1∧α+(σ1+(2.3/n))15

√
2πδ1

β
(
eτ1−nD(v1∥q1)

∣∣∣wq)
=

{
∆θne

α−1
α τ1−nD(v1∥w1), if α∈(0, 1),

∥w1,∼∥n−∆θne
α−1
α τ1−nD(v1∥w1) if α>1,

where θn = (1/2π)
1
2α (Ψ(ασ1

√
n/|α − 1|))

1−α
α Ψ(σ1

√
n). As a

result of (92): θ∼ α
|1−α|

(
σ1

√
2πn

)−1/α
as n → ∞.

B. Discrete Markov Case

Tests between time-homogeneous σ-finite Markov measures
provide a relatively simple model with memory for the simple
hypothesis testing problem. To investigate the problem for
Markov measures at a level of generality commensurate with
our framework thus far, we must —at the very least— consider
σ-bounded transition measures. We defer this generalization to
§V-C and consider only the discrete models, i.e., models with
a countable state-space, which are rich enough to illustrate
some of the most important subtleties of the problem and of
ensuring the hypotheses of Theorems 3 and 4.

Let us recall standard notational conventions about discrete
Markov measures, first. For countable sets X and Y, a discrete
transition measure W from X into Y, is a function of the from
W :X×2Y 7→ [0,∞], satisfying W (x ;E) =

∑
y∈E W (x ;{y})

for all x ∈X and E⊂Y. With customary abuse of notation, we

use W (x ;y), rather than W (x ;{y}) for singletons and employ
W to denote both the transition measure described above and
the corresponding countably infinite dimensional matrix with
non-negative entries whose rows and columns correspond to
elements of X and Y, respectively. With this interpretation, we
define the support SW of the discrete transition measure W
as the set of (x , y) pairs for which W (x ;y) is positive:

SW :={(x , y)∈X×Y : W (x ;y)>0}. (121)

A discrete transition measure W is called
• σ-finite iff W (x ;y)<∞ ∀x ∈X, y∈Y,
• σ-bounded iff supx∈X,y∈Y W (x ;y)<∞,
• bounded iff supx∈X

∑
y W (x ;y)<∞,

• a transition probability iff
∑

yW (x ;y)=1 ∀x ∈X.
For any discrete σ-finite transition measure W from Y into Y

and n∈Z+ , discrete σ-finite transition measure W⊗n from Y

into Yn
1 and discrete transition measure W n from Y into Y are

defined via their values for singletons as

W⊗n(y0;y
n
1 ):=

∏n

ȷ=1
W (yȷ−1;yȷ) ∀yn

0 ∈Yn
0 , (122a)

W n(y0;yn):=
∑

yn−1
1 ∈Yn−1

1

W⊗n(y0;y
n
1 ) ∀y0, yn ∈Y.(122b)

For σ-bounded W ’s, W n’s are not necessarily, even, σ-finite.
If W is bounded, then W n is also bounded and it is the nth

power of W as a countably infinite dimensional matrix. If
W is a transition probability, then W⊗n(y0;·) and W n(y0;·)
specify the probabilities of n-step trajectories (i.e., paths) and
n-step transitions, respectively, for the corresponding discrete
Markov chain for the initial state y0.

The equivalence classes and related concepts about discrete
Markov chains, e.g., [1, §4.2], [3, §8.4], extend naturally to
σ-finite discrete transition measures, [68]–[70], because they
are in essence determined by the support of the transition
probabilities as defined (121). Let W be a σ-finite discrete
transition measure from Y to Y and SW be its support. Then
a y ∈Y is accessible from an x ∈Y, i.e., x → y , iff ∃n ∈Z+

such that (x , y) ∈ SW n . States x and y are equivalent, i.e.
x↔y , iff both x→y , and y→x hold. SW partitions the set
of states Y into disjoint equivalence classes. Each equivalence
class S is either a singleton of the form {x} satisfying ∄y ∈ Y

such that x ↔ y , or it is a set satisfying for each of its
elements x the following condition: y ∈ S iff x ↔ y . An
equivalence class S is closed (i.e., essential according to [70])
iff (x , y) /∈ SW for all x ∈S and y /∈S. An equivalence class
S is periodic iff ∃n0≥2 such that (x , x ) /∈ SW n for all x ∈S

unless n is an intiger multiple of n0. An equivalence class S

is aperiodic iff it is not periodic. A discrete transition measure
W is said to be irreducible if it has a unique equivalence class
and indecomposable if it has a unique closed equivalence class.

Both for the simple hypothesis testing problem and loss-
less source coding problem Markov transition measures of
interest have typically been the ones associated with a time-
homogeneous irreducible aperiodic Markov chains on a finite
state-space. Such Markov chains have a unique stationary
distributions and the convergence of n-step transition prob-
abilities to the stationary distribution is geometric [1, Theo-
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rem 4.3.5]. For Markov chains with countably infinite state-
spaces the convergence of n-step transition probabilities to
the stationary distribution is ensured for all initial states for
positive-recurrent irreducible aperiodic Markov chains, see [1,
6.26], [3, Theorem 3, §8.6]. Even then, the convergence to the
stationary distribution is neither necessarily uniform over the
states [1, §6.3.3], nor geometric. For transition probabilities
both Dobrushin–Doeblin condition and Doeblin’s minorization
condition are necessary-and-sufficient conditions for the uni-
form geometric convergence of n-step transition probabilities
to the stationary distribution of the Markov chain in total
variation distance over the initial states, see [66]–[68]; we state
these conditions for the discrete case. Dobrushin–Doeblin con-
dition immediately leads to specific convergence parameters.
Doeblin’s minorization condition, on the other hand, can be
extended without modification to transition measures that are
not transition probabilities.

A discrete transition probability W from Y to Y satisfies
Dobrushin–Doeblin condition for (k0, δ0) iff constants k0∈Z+

and δ0∈(0, 1) satisfy, see [66, (1.1)–(1.4)],∥∥W k0(x ;·)−W k0(y ;·)
∥∥≤2δ0 ∀x , y∈Y. (123)

If Dobrushin–Doeblin condition is satisfied, then there exist
constants γ∈(0,∞) and ρ∈(0, 1) satisfying

∥pW (·)−W n(y ;·)∥<2γρn ∀y∈Y,n∈Z+ , (124)

where pW (·) is the stationary distribution of W , e.g., (124)
holds for γ = 1/δ0 and ρ = δ

1/k0

0 , see [67, (0.2)].
A discrete transition measure W from Y to Y satisfies

Doeblin’s minorization condition for (m, γ, ν) iff m ∈ Z+ ,
γ∈(0,∞), and ν is a probability measure on Y satisfying, see
[68, Theorem 6.15, Remarks 6.1],

Wm(x ;y) ≥ γν(y) ∀x , y ∈ Y. (125)

Evidently, (125) holds iff the following condition holds

ℏ
(
γ
∣∣∣Wm(x ;·)
ν

)
= γ ∀x ∈ Y. (126)

For any discrete transition measure W from X to Y and σ-
finite measure p on X, the measure p⊗W on X×Y is defined
via its value on singletons as

p⊗W ({(x , y)})=p(x )W (x ;y) ∀x ∈X, y∈Y. (127)

Evidently, if p is σ-finite and W is σ-bounded, then p⊗W is
σ-finite. If p is a probability measure and W is a transition
probability, then p⊗W is a probability measure.

The functional Berry–Esseen Theorem of Nagaev in [67]
implies the following lemma through a standard state-space
enlargement argument and Jensen’s inequality.

Lemma 8. Let W be a discrete transition probability satis-
fying (123) with the stationary distribution pW and Q be a
σ-finite discrete transition measure satisfying m4 <∞, where

mk=supx
∑

y

∣∣∣ln W (x ;y)
Q(x ;y)

∣∣∣kW (x ;y) ∀k∈Z+ . (128a)

For all positive integers n , let the random vector Yn+1
0 be

distributed as pW ⊗W⊗n+1. Then the following expectations

and limit, defining ξ and σ, exist and are finite and Sn is
defined as

ξ=E
[
ln W (Y0;Y1)

Q(Y0;Y1)

]
, (128b)

σ2= lim
n→∞

E

[
1
n

(
ln

W⊗n(Y0;Y
n
1 )

Q⊗n(Y0;Yn
1)

− nξ

)2
]
, (128c)

Sn =
1

σ
√
n

[
ln

W⊗n+1(Y0;Y
n+1
1 )

Q⊗n+1(Y0;Y
n+1
1 )

− (n+1)ξ

]
. (128d)

If σ > 0, then Sn satisfies

|P(Sn ≤τ |Y0=y)−Φ(τ)|≤δ ∀τ ∈R, y ∈ Y, (128e)

where δ is defined in terms of ρ=(δ0)
1

1+k0 , M (ρ), c(ρ), as

M (ρ)=3 3k0 (1+k0)(2+4ρ)+1
1−ρ , (128f)

c(ρ)=136(M (ρ))3 + 32
3 (M (ρ))2 + 1, (128g)

δ=c1
m3c(ρ)
σ3

√
n
+c2

m1

σ
√
n
+c3(

1+2ρ
3 )n(1+m1

σ ), (128h)

for universal constants c1, c2, c3 that do not depend on W or
Q . Furthermore, ∃(n0,A) determined by (k0, δ0) such that

δ ≤ A√
n

(
1 + m1

σ + m3

σ3

)
∀n ≥ n0. (128i)

Constants c1, c2, c3 are universal, but Lemma 8 is not
universal because the coefficients of the ratios of the moments
depend on W via δ0 and k0.

Proof of Lemma 8. Note that m1, m2, and m3 are finite as a
result of Jensen’s inequality and the convexity of |·|α for α ≥ 1
because m4 is finite by assumption. To establish the lemma,
we cannot invoke [67, Theorem 1] to the Markov chain of
Yt ’s because summands of Sn are ln W (Yt−1;Yt )

Q(Yt−1;Yt )
hence not of

the the form f (Yt). We will invoke [67, Theorem 1] to the
Markov chain of (Yt−1,Yt) pairs.

Let U be a discrete transition measure from Y×Y into Y×Y,
defined as U ((x1, x2);(y1, y2))=1{x2=y1}W (x2;y2). Then

U⊗n(z0;z
n
1 ) = 1{zn−1

0,2 =zn
1,1}

W⊗n
(
z0,2;z

n
1,2

)
,

U n(z0;zn) = W n−1(z0,2;zn,1)W (zn,1;zn,2).

Thus pU =pW ⊗W . Furthermore, if W satisfies Dobrushin–
Doeblin condition for (k0, δ0), then U satisfies Dobrushin–
Doeblin condition for (k0 +1, δ0). If Zn

1 ∼ p ⊗U n−1 for
p = 1{y=·} ⊗W , and Yt = Zt,2, then Yn

1 ∼ W⊗n(y ;·).
Then for m11 defined below, rather than m1, Lemma 8
follows from [67, (0.4) and Theorem 1] for initial distribu-
tion p(z ) = 1{y=y1}W (y ;y2), transition probability U , and
function f (z )=lnW (y1;y2)

Q(y1;y2)
, where z = (y1, y2).

m11=E
[∣∣∣ln W (Y0;Y1)

Q(Y0;Y1)

∣∣∣∣∣∣Y0=y
]
.

Lemma 8 holds for m1 because m11 ≤ m1 by definition.

The conditional Kullaback-Leibler divergence is defined as

D(W ∥Q |p):=D(p ⊗W ∥p ⊗Q). (129)

Thus ξ defined in (128b) is equal to D(W ∥Q |pW ).

Assumption 4. w and q are σ-finite measures on Yn+1
0

satisfying w = w0 ⊗W⊗n+1 and q = q0 ⊗Q⊗n+1 for some
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countable set Y, σ-finite measures w0 and q0 on Y, and σ-finite
transition measures W and Q from Y to Y.

Remark 10. Note that any k-step discrete transition measure
W from Yk

1 to Y can be described via 1-step discrete transition
measure U from Yk

1 to Yk
1 of form

U
(
ak
1 ;b

k
1

)
= 1{ak

2 =bk−1
1 }W (ak;bk)

Thus, we only consider one-step discrete transition measures
in Corollaries 3 and 4 without loss of generality.

Corollary 3. Let (w , q) be a pair of measures satisfying
Assumption 4, for a probability measure w0 and transition
probability W satisfying (123), for which m4, defined in

(128a), and Ew0

[(
ln dw0

dq0

)2
]

are finite. Let ξ, σ, and δ be

ξ=(n + 1)D(W ∥Q |pW ) +D(w0∥q0), (130a)

σ=σ
√
n, (130b)

δ=δ + 1
σ2n

√
8πe

Ew0

[
ln2 dw0

dq0

]
, (130c)

for σ and δ are defined (128c) and (128h). Then (99b), (99c),
and (99d) of Theorem 3 hold for ξ, σ, and δ defined above
whenever σ>0 and δ∈(0, 1/2).

If w0 = q0, then Corollary 3 follows from Lemma 8 and
Theorem 3. To prove Corollary 1 for w0 ̸= q0 case without
assuming |lnw0(y)− ln q0(y)| to be w0-a.s. bounded, we
invoke the following lemma.

Lemma 9. Let X and Z be a random variable satisfying

supτ |P(Z ≤ τ |X)− Φ(τ/σ)| ≤ δ a.s..

Let f be a function such that E[f (X)]=0. Then

supτ |P(Z+f (X)≤τ)− Φ(τ/σ)| ≤ δ + 1
σ2

√
8πe

E
[
(f (X))2

]
.

Proof of Lemma 9 is presented in Appendix D.

Proof of Corollary 3. If Yn+1
0 ∼ w , then by Lemma 8, the

hypothesis of Lemma 9 holds for X = Y0, δ defined in (128h),
σ = σ

√
n , f (x ) = ln w0(x)

q0(x)
−D(w0∥q0), and

Z = ln
W⊗n+1(Y0;Y

n+1
1 )

Q⊗n+1(Y0;Y
n+1
1 )

−(n+1)D(W ∥Q |pW ).

Then the hypothesis of Theorem 3 follows from Lemma 9 for
ξ, σ, and δ defined in (130a), (130b), and (130c), respectively,
because

Lw ,q = Z+ f (Y0) +D(w0∥q0).

Then Corollary 3 follows from Theorem 3.

For the simple hypothesis testing problem, Markov struc-
ture —like memorylessness— is hereditary under the tilting
operation in the sense that if (w , q) satisfies Assumption 4,
then both (vα, q) and (vα,w) satisfy Assumption 4 for the
same integer n . To demonstrate this property more explicitly,
let us introduce the concept of tilted transition measure. Let
W and Q be σ-finite discrete transition measures from X to

Y. Then for any α ∈ R the order α tilted transition measure
VW,Q

α from X to Y is defined as

SVW,Q
α

:=SW ∩SQ , (131a)

VW,Q
α (x ;y):=W (x ;y)

α
Q(x ;y)

1−α ∀(x , y)∈SVW,Q
α
. (131b)

Then for any (w , q) pair satisfying Assumption 4, the tilted
measure vw ,q

α defined in (77a) satisfies

vw ,q
α =vw0,q0

α ⊗VW,Q,⊗(n+1)
α . (132)

Unlike memorylessness, however, the Markov structure is not
preserved with the scaling of vw ,q

α with ∥vw ,q
α ∥. Nevertheless,

one can construct a probability measure with the Markov
structure using Doob’s h-transform.

Let V be a σ-finite discrete transition measure from Y to
Y and h :Y 7→ (0,∞) be an eigenfunction of V for a positive
eigenvalue λ satisfying Vh = λh . Then Doob’s h-transform
of V , denoted by Vh , is defined pointwise as

Vh(x ;y):=
V (x ;y)h(y)

λh(x) ∀x , y∈Y. (133)

Note that Vh is a discrete transition probability from Y to Y

by construction. Furthermore, corresponding probabilities of
n-step trajectories (i.e., paths) and n-step transitions satisfy

V⊗n
h (y0;y

n
1 ):=

V⊗n(y0;y
n
1 )h(yn)

λnh(y0)
∀yn

0 ∈Yn
0 ,n∈Z+, (134a)

V n
h (y0;yn):=

V n(y0;yn)h(yn)
λnh(y0)

∀y0, yn ∈Y,n∈Z+. (134b)

In the following, we will invoke (122a), (132), and (134) to
express vw ,q

α for a (w , q) pair satisfying Assumption 4 in terms
of V⊗n+1

h for the case when V =VW,Q
α . Thus the existence

of Doob’s h-transform —at least for the approriate closed
equivalence class of VW,Q

α — is necessary for our analysis to
go through.

If V is irreducible, aperiodic, and finite and Y is a finite
set, then there exists a unique h , of the form h :Y 7→ (0,∞),
satisfying Vh = λh for the maximum modulus eigen value
λ by Perron-Frobenius theorem, [97, Theorem 8.4.4], as
previously noted in [71], [73]–[75], [98]. If V is irreducible,
aperiodic, and σ-finite and Y is a countably infinite set, then
a more nuanced picture emerges. For the case when V n is
σ-finite for all positive integers n , e.g., when V is bounded,
R-recurrence of V , as defined in [69], implies the existence of
a unique h , of the form h :Y 7→(0,∞), satisfying Vh = λh by
[69, Theorem 4.1]. Let us summarize some of the fundamental
findings of the spectral theory of infinite non-negative matrices
from [69], [70].

Lemma 10. For any irreducible aperiodic bounded discrete
transition measure V from Y to Y there exists a λ ∈ (0,∞)
satisfying

limn→∞
n
√
V n(x ;y) = λ ∀x , y ∈ Y. (135)

Either
∑∞

n=1(
1/λ)nV n(x ;y)<∞ for all x and y in Y and V

is said to be R-transient, or
∑∞

n=1(
1/λ)nV n(x ;y) = ∞ for

all x and y in Y and V is said to be R-recurrent. Similarly,
for an R-recurrent V , either limn→∞(1/λ)nV n(x ;y) = 0
for all x and y in Y and V is said to be R-null, or
limn→∞(1/λ)nV n(x ;y) > 0 for all x and y in Y and V is
said to be R-positive. Furthermore, if V is R-recurrent, then
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there exists a unique (upto a scaling) R-invariant function
h : Y 7→ (0,∞) satisfying Vh = λh and a unique (upto
a scaling) R-invariant measure π : Y 7→ (0,∞) satisfying
πV =λπ.

Proof of Lemma 10. There exists a non-negative λ satisfying
(135) by18 [69, Theorem A]. λ is positive because SV n =Y×Y
for all n large enough and Vm+n(x ;x )≥Vm(x ;x )V n(x ;x )
for all m,n ∈Z+ and x ∈Y. Furthermore, λ is finite because
boundedness of V implies the existence of a real number M
satisfying V 1 ≤ 1M ; hence satisfying V n1 ≤ 1Mn for all
positive integers n . Dichotomies about

∑∞
n=1(

1/λ)nV n(x ;y)
and limn→∞(1/λ)nV n(x ;y) are established in [69, Theorem
B]. The existence of a unique invariant function h and measure
π for R-recurrent V are established in [69, Theorem 4.1].

Evidently, if Vh is the Doob’s h-transform of V for the
λ in (135), then V is R-transient/R-null/R-positive iff Vh

is transient/null-recurrent/positive-recurrent as characterized in
[1, Ch. 6], [3, §8.5 Theorem 5]. Since we are building on
[67], via Lemma 8, we will only discuss the case when Vh

satisfies the Doeblin’s minorization condition. Lemma 11 in
the following, presents the characterization of R-positivity in
terms of R-invariant measure and R-invariant function of [68]–
[70], recalled in Lemma 10, and investigates implications of
this characterization for Doeblin’s minorization condition.

Lemma 11. Let V be an irreducible aperiodic bounded dis-
crete transition measure from Y to Y, then V is R-positive and
(135) holds iff there exist h :Y 7→(0,∞) and π :Y 7→(0,∞) sat-
isfying Vh=λh , πV =λπ, πh=

∑
x π(x )h(x )<∞ for some

λ∈(0,∞). Furthermore, let V be R-positive, then V satisfies
Doeblin’s minorization condition and supy h(y) <∞ iff Vh

satisfies Doeblin’s minorization condition and infy h(y)>0.

Proof of Lemma 11. The characterization of R-positivity is
established in [69, Criterion III], see19 also [70, Theorem 6.4].

For any R-positive V , the R-invariant function h satisfies
h=λ−mVmh for any m ∈Z+ . Then Doeblin’s minorization
condition for V implies h≥(νh)λ−mγ1. Thus infy h(y)>0.
If supy h(y) < ∞, then Vh satisfies Doeblin’s minorization
condition as a result of (122b) and (134).

For any R-positive V , let us define g : Y 7→ (0,∞) to be
the pointwise multiplicative inverse of h , i.e., g(y) = 1/h(y)
for all y ∈ Y. Then the Doeblin’s minorization condition for
Vh and (134) implies g(y0)V

m(y0;ym) ≥ λmγν(ym)g(ym)
for all y0, ym in Y. On the other hand, V 1<M1 and hence
Vm1 < Mm1 hold for a finite M because V is bounded.
Thus infy g(y) ≥ (νg)(λ/M)mγ > 0. Hence supy h(y) <∞.
If we also have infy h(y) > 0, then V satisfies Doeblin’s
minorization condition as a result of (122b) and (134).

Remark 11. Common limit value λ in (135) is 1 for any recur-
rent transition probability V . Thus R-positivity of V does not
imply Doeblin’s minorization condition for V , because there
are positive-recurrent transition probabilities that do not satisfy

18The existence of positive, possibly infinite, λ satisfying (135) also follows
from [70, Theorem 6.1] and Hadamard formula, [99, Lemma 1.1.8].

19The same characterization extends to the general transition measures for
πh=

∫
hdπ, as well, see [68, Definition 5.3] and [68, Proposition 5.8].

Doeblin’s minorization, e.g., birth–death Markov chains [1,
§6.4]. One might be tempted to think that Doeblin’s minoriza-
tion condition for V implies the R-positivity of V , because
Doeblin’s minorization condition for transition probabilities
implies positive-recurrence. This, however, is not true there
are R-transient20 and R-null21 discrete transition measures
satisfying Doeblin’s minorization condition. A set of sufficient
conditions for R-positivity of discrete substochatic transition
measures is presented in [100, Theorem 1]; corresponding
conditions for bounded discrete transition measures can be
obtained using that fact that any bounded transition measure
V satisfies V =γU for a substochastic transition measure U
and γ∈ [1,∞).

Doeblin–Dobbrushin condition assumed for Corollary 3
implies the uniqueness of the closed equivalence class, i.e.,
indecomposablity, for the Markov chain. The tilting operation
described in (131) can, in principle, change the equivalence
classes, i.e., the equivalence classes of VW ,Q

α and W may
be different. One can refrain from coping with the subtleties
arising from this issue explicitly and ensure that supports of
VW ,Q

α and W are the same, i.e., SVW ,Q
α

=SW , by assuming
either SW =SQ , see [54], [71], [101], or SW =SQ =Y×Y,
see [73], [74]. Evidently, this issue does not show up in
the lossless source coding problem considered in [75], [76]
because SQ = Y×Y. One can, however, avoid making such
assumptions in the simple hypothesis testing problem as well
by considering the restrictions of the transition measures.

For any discrete transition measure V from Y to Y and
S ⊂ Y, the restriction V|S of V to S is a discrete transition
measure from S to S defined pointwise as

V|S(x ;y) = V (x ;y) ∀x , y ∈ S. (136)

If either S or its complement Y\S is closed, i.e., (x , y) /∈ SV

either for all x ∈S and y /∈S or for all x /∈S and y∈S, then

V n(x ;y) = V n
|S (x ;y) ∀x , y ∈ S. (137)

Thus if either S or its complement is closed then the restriction
of V n to S is equal to the n th power of V|S, i.e., V n

|S = V n
|S .

Corollary 4. Let (w , q) be a pair of measures satisfying
Assumption 4, S be a closed equivalence class of SW ∩SQ

satisfying w0(y)q0(y)=0 for all y /∈S and ∥vw0,q0
α ∥∈ (0,∞)

for some α∈ (0,∞)\{1}. If the restriction of VW ,Q
α to S is

a bounded R-positive transition measure satisfying Doeblin’s
minorization condition with a bounded R-invariant function
h : S 7→ (0,∞), i.e., supy∈S h(y)<∞, then infy∈S h(y)> 0,
and there exist λ∈(0,∞), k0∈Z+ , δ0∈(0, 1) satisfying

limn→∞
n

√
VW ,Q,n

α (x ;y) = λ ∀x , y∈S, (138a)∥∥∥V k0

h (x ;·)−V k0

h (y ;·)
∥∥∥≤2δ0 ∀x , y∈S, (138b)

20The transition measure V (x ;y) = 1
8
1{y=1}+

x2+2x
2(x+2)2

1{y=x+1} from
Z+ to Z+ satisfies Vh =(1/2)h for h(x)= (x+1)2 and V is R-transient
because Vh(x ;y)=

1
(x+1)2

1{y=1}+
x2+2x
(x+1)2

1{y=x+1} is transient.
21The transition measure V (x ;y) = 1

4
1{y=1} +

x
2(x+2)

1{y=x+1} from
Z+ to Z+ satisfies Vh=(1/2)h for h(x)=x+1 and V is R-null because
Vh (x ;y)=

1
x+1

1{y=1}+
x

x+1
1{y=x+1} is null-recurrent.
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where Vh is a transition probability from S to S defined as

Vh(x ;y) =
h(y)
λh(x)V

W ,Q
α (x ;y) ∀x , y∈S, (138c)

ς =
(
supx ,y∈S

h(y)
h(x)

) 1
|1−α|

. (138d)

If m4, defined below in (138e), is finite, then the expectations
and limit, defining ξ and σ exist and are finite

mk=sup
x∈S

∑
y∈S

∣∣∣ln Vh(x ;y)
W (x ;y)

∣∣∣kVh(x ;y) ∀k∈Z+ , (138e)

ξ=E
[
ln Vh(Y0;Y1)

W (Y0;Y1)

]
, (138f)

σ2= lim
n→∞

E

[
1
n

(
ln

V⊗n
h (Y0;Y

n
1 )

W⊗n(Y0;Yn
1)

−nξ

)2
]
, (138g)

where Yn+1
0 is distributed as pVh

⊗V⊗n+1
h for all n . If σ>0

Ev0

[
ln2 dv0

dw0

]
<∞ for v0 =

vw0,q0
α

∥vw0,q0
α ∥ , and

√
n ≥ |1−α|ς

αQ−1(0.4)σ

then (103e) of Theorem 4 hold for all η̃ ∈ [ςη(3/5), η(2/5)/ς]
for a ∆ satisfying |ln∆| ≤ 0.43

1∧α+(σ+2.3)15
√
2πδ+ς for γ,

ξ, σ, δ defined in the following whenever δ∈(0, 1/10):

γ=1/(λn+1∥∥vw0,q0
α

∥∥) (138h)
ξ=(n + 1)D(Vh∥W |pVh

) +D(v0∥w0), (138i)
σ=σ

√
n, (138j)

δ=δ+ 1
σ2n

√
8πe

Ev0

[
ln2 dv0

dw0

]
, (138k)

where δ is given in (128h) for mk in (138e), M (ρ) in (128f),
c(ρ) in (128g), and ρ=(δ0)

1
1+k0 for δ0 and k0 in (138b).

It is worth mentioning that if closed equivalence class S

of Corollary 4 is a finite subset of Y, then the restriction
of VW ,Q

α to S is always an R-positive, bounded transi-
tion measure satisfying Doeblin’s minorization condition and
Ev0

[
(ln v0−lnw0)

2
]

is always finite.

Proof of Corollary 4. Note that S is a closed equivalence class
of the order α tilted transition measure VW ,Q

α , as well. As a
result VW ,Q

α|S , i.e., the restriction of VW ,Q
α to S, is irreducible.

The restriction is also aperiodic because it satisfies Doeblin’s
minorization condition. Since the equivalence class S is closed,

VW ,Q,n
α|S (x ;y) = VW ,Q,n

α (x ;y) ∀x , y ∈ S,n∈Z+ .

Then (138a) holds for a λ ∈ (0,∞) by Lemma 10, and Vh

defined in (138c) is transition measure satisfying Doeblin’s
minorization condition and R-invariant function h satisfies
infy∈S h(y)>0 by Lemma 11. Then Vh satisfies Dobrushin–
Doeblin condition and there exist k0 ∈ Z+ and δ0 ∈ (0, 1)
satisfying (138b) because these two conditions are equivalent
for transition probabilities.

Note that w∼
(
Yn+1
0 \Sn+1

0

)
=0. Let the measure s≺w∼ be

s
(
yn+1
0

)
=q

(
yn+1
0

)(h(yn+1)
h(y0)

) 1
1−α ∀yn+1

0 ∈ Sn+1
0 .

Then

s/ς ≤ q ≤ ςs w∼-a.e.. (139)

Note that γvw ,s
α = v0V

⊗(n+1)
h . If Yn+1

0 ∼ γvw ,s
α , then by

Lemma 8, the hypothesis of Lemma 9 holds for X = Y0, δ

defined in (128h), σ = σ
√
n , f (x ) = ln v0(x)

w0(x)
− D(v0∥w0),

and

Z = ln
V⊗n+1
h (Y0;Y

n+1
1 )

W⊗n+1(Y0;Y
n+1
1 )

−(n+1)D(Vh∥W |pVh
).

Then for (w , s) the hypothesis of Theorem 4 follows from
Lemma 9 for γ, ξ, σ, and δ defined in (138h), (138i), (138j),
and (138k), respectively, because

Lγvw,s
α ,w = Z+ f (Y0) +D(v0∥w0).

Thus (103c), (103d), and (103e) of Theorem 4 hold for β(·|ws ),
rather than β

(
·
∣∣w
q

)
. On the other hand as result of (57b), (57d),

of Lemma 5 and (139), we have

β
(

·
1/ς

∣∣∣ws) = β
(
·
∣∣∣ws/ς)≤β(·∣∣wq)≤β(·∣∣wςs) = β

( ·
ς

∣∣w
s

)
.

Then (103e) of Theorem 4 hold for all η̃ ∈ [ςη(3/5), η(2/5)/ς]
for a ∆ satisfying |ln∆|≤ 0.43

1∧α+(σ+2.3)15
√
2πδ+ς as a result

of (103e) of Theorem 4 for β(·|ws ). Note that
√
n≥ |1−α| ln ς

αQ−1(0.4)σ

ensures η(2/5)/ς ≥ ςη(3/5) because

ln η(2/5)
ς2η(3/5) =

2ασQ−1(0.4)
|1−α| − 2 ln ς + ln

Ψ( ασ
|1−α|−Q−1(2/5))

Ψ( ασ
|1−α|+Q−1(2/5))

≥ 2αQ−1(0.4)
|1−α|

[
σ
√
n − |1−α| ln ς

αQ−1(0.4)

]
.

C. Asymptotic Case

To pose the asymptotic simple hypothesis testing problem
and describe the asymptotic bounds in a generality that is
commensurate with the framework we have employed thus
far, let us first define the transition measures (i.e., the measure
kernels), [5, §10.7], [102, §I.6].

Definition 6. Let (X,X ) and (Y,Y) be measurable spaces and
W be a mapping from X× Y to [0,∞]. Then W is called a
transition measure from (X,X ) into (Y,Y) iff the following
two conditions hold:

(i) For every x ∈X, the function W (x ;·) is a measure on Y.
(ii) For every E∈Y , the function W (·;E) is X -measurable.

If W (x ;·) is a probability measure for all x ∈X, then W is
called a transition probability (probability kernel).

A transition measure W from (X,X ) into (Y,Y) is said to
be finite if W (x ;Y)<∞ for all x ∈X and σ-finite if W (x ;·)
is σ-finite for all x ∈X. Similarly, W is said to be bounded if
W (·;Y) is a bounded function and σ-bounded if there exists
a (countable) Y-measurable partition {En}n∈Z of Y such that
W (·;En) is a bounded22 function for each n .

Lemma 12. Let W be a σ-bounded transition measure from
(X,X ) into (Y,Y) and ν be a σ-finite measure on X . Then
there exists a unique σ-finite measure µ on X ⊗ Y with

µ(Ex×Ey)=

∫
Ex

W (x ;Ey)ν(dx ) ∀Ex ∈X ,Ey ∈Y. (140)

22We refrain from introducing concepts of Σ-boundedness and Σ-finiteness
introduced in [102, §I.6] for conceptual parsimony. Note that every σ-finite
transition measure is also a Σ-finite transition measure and every σ-bounded
transition measure is also a Σ-bounded transition measure for the definitions
employed in in [102, §I.6].
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In addition for any non-negative X ⊗Y-measurable function f
the mapping x 7→

∫
Y
f (x , y)W (x ;dy) defines a X -measurable

non-negative function satisfying∫
X×Y

f (x , y)µ(d(x , y))=

∫
X

∫
Y

f (x , y)W (x ;dy)ν(dx ). (141)

Lemma 12 is a generalization of [5, Theorem 10.7.2] for
probability measures to σ-finite measures, which follows from
[102, Proposition 6.9 and Theorem 6.11].

Remark 12. With the construction given in Assumption 4,
w and q are guaranteed to be σ-finite for σ-finite discrete
transition measures W and Q because Y is countable. When
we apply the same construction to transitions measures of the
form described in Definition 6, we rely on [102, Theorem 6.11]
to ensure that w and q are σ-finite; hence we will assume W
and Q to be σ-bounded rather merely σ-finite.

Invoking the sign based decomposition f = f +−f −, we see
that (141) holds for any µ-integrable function f . Furthermore,
the mapping x 7→

∫
Y
f (x , y)W (x ;dy) defines a X -measurable

function that is finite ν-a.e. for any µ-integrable function f .
We invoke these assertions about µ-integrable functions only
for the case of when W is a transition probability and ν is
probability measure, which is covered by [5, Theorem 10.7.2].

We adopt the notation similar to [102, (6.23)] and denote
µ(·) defined in (140) by ν ⊗W . Now we are ready to pose
the asymptotic simple hypothesis testing problem.

For all positive integers n , let (Yn ,Yn) be a measurable
space, and let Yn

1 and Yn
1 be corresponding (ordered) Cartesian

product set and (ordered) product σ-algebra,

Yn
1 = Yn−1

1 × Yn ∀n∈{2, 3, . . .}, (142a)

Yn
1 = Yn−1

1 ⊗ Yn ∀n∈{2, 3, . . .}. (142b)

Let w1 and q1 be σ-finite measures on Y1 and for each n in
{2, 3, . . .}, let Wn and Qn be σ-bounded transition measures
from (Yn−1

1 ,Yn−1
1 ) into (Yn ,Yn), then wn

1 and qn1 are σ-finite
measures on Yn

1 defined as

wn
1 = wn−1

1 ⊗Wn ∀n∈{2, 3, . . .}, (142c)

qn1 = qn−1
1 ⊗Qn ∀n∈{2, 3, . . .}. (142d)

The asymptotic simple hypothesis testing problem is the study
of the asymptotic behavior of β

(
·
∣∣∣qn

1
wn

1

)
as n tends to infinity,

under various structural assumptions on {(wn
1 , q

n
1 )}n∈Z+ .

Definition 7. Asymptotic simple hypothesis testing problem
for {(wn

1 , q
n
1 )}n∈Z+ described in (142) is called standard iff

w1 is a probability measure and Wn is a transition probability
for all n∈{2, 3, . . .}.

In the following, we will only be interested in the standard
case, for which probability measures {wn

1 }n∈Z+ uniquely
extend to a probability measure on Y∞

1 , as demonstrated by
Ionescu Tulcea, see [5, Theorem 10.7.4]. We denote the re-
sulting probability measure and corresponding expectation by
Pw (·) and Ew[·], respectively.23 Furthermore, {Yn

1 }n∈Z+ form

23We do not need the existence of the unique extension Pw (·), either to
define D and σ, or to obtain the results discussed in the following. However,
Pw (·) makes the connection to classical limit theorems for sums of random
variables more apparent than it would be otherwise.

a filtration in Y∞
1 and {(Lwn

1 ,q
n
1
,Yn

1 )}n∈Z+ form stochastic
sequence in Y∞

1 by construction, see [3, §7.1]. Thus

Ew

[
Lwn

1 ,q
n
1

]
= D(wn

1 ∥qn1 ) ∀n ∈ Z+ ,

whenever the expectation exists. For a standard asymptotic
simple hypothesis testing problem, when the defining limit
exists, we define D as

D:= limn→∞
1
nEw

[
Lwn

1 ,q
n
1

]
. (143)

The log-likelihood-ratio of a standard asymptotic simple hy-
pothesis testing problem is said to satisfy the weak law of
large numbers iff24 D ∈ R, and

lim
n→∞

Pw

(∣∣ 1
n Lwn

1 ,q
n
1
−D

∣∣ > ς
)
=0 ∀ς >0. (144)

Lemma 13 (The First Order Asymptotic Stein’s Lemma). If
the log-likelihood-ratio of a standard asymptotic simple hy-
pothesis testing problem satisfies weak law of large numbers,
i.e. (144), then

limn→∞
1
n lnβ

(
ε
∣∣∣qn

1
wn

1

)
=−D ∀ε∈(0, 1). (145)

Lemma 13 follows from (86), i.e., (8), see Appendix C for
a proof.

The log-likelihood-ratio of a standard asymptotic simple
hypothesis testing problem is said to satisfy the central limit
theorem iff D ∈ R, and there exist a σ > 0 satisfying

lim
n→∞

Pw

(
Lwn

1 ,qn1
−nD

√
n

≤σx
)
=1−Q(x ) ∀x ∈R. (146)

Theorem 5 (The Second Order Asymptotic Stein’s Lemma).
If the log-likelihood-ratio of a standard asymptotic simple
hypothesis testing problem satisfies Central Limit Theorem,
i.e., (146), then

lim
n→∞

1
σ
√
n

(
lnβ

(
ε
∣∣∣qn

1
wn

1

)
+nD

)
=Q−1(ε) ∀ε∈(0, 1). (147)

Proof of Theorem 5. First note that (146) is nothing but the
convergence of distribution functions of the sequence random
variables

{
1

σ
√
n
(Lwn

1 ,q
n
1
−nD)

}
n∈Z+

to standard Gaussian

cumulative distribution function, see [2, Definition 1, §3.1].
This is equivalent to the weak convergence of corresponding
sequence of probability measures to the standard Gaussian
measure on R by [2, Theorem 2]. On the other hand the weak
convergence convergence to the Gaussian measure is metrized
by the Kolmogorov distance by [103, Theorem 6] because
Gaussian measure is absolutely continuous in the Lebesgue
measure. Thus (146) implies that for all δ>0 there exists an
n0 such that

supx∈R

∣∣∣∣Pw

(
Lwn

1 ,qn1
−nD

σ
√
n

>x

)
−Q(x )

∣∣∣∣≤δ ∀n≥n0.

Consequently, for all δ > 0 there exists an n0 such that for
all n ≥ n0, probability measure wn

1 and σ-finite measure qn1

24Note that D∈R excludes both D=∞ and D=−∞. Since
∥∥qn1 ∥∥ can

be infinite, not only D, but also D
(
wn
1

∥∥qn1 )’s can be −∞, in principle.
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satisfies (99a) for ξ = nD, σ = σ
√
n , and δ. Then for all

ε∈(0, 1), δ ∈ (0, ε ∧ (1−ε)), Theorem 3 and (92) imply

lim sup
n→∞

1
σ
√
n

(
lnβ

(
ε
∣∣∣qn

1
wn

1

)
+nD

)
≤Q−1(ε)+ δ

√
2π

(1−δ−ε)∧(ε−δ) ,

lim inf
n→∞

1
σ
√
n

(
lnβ

(
ε
∣∣∣qn

1
wn

1

)
+nD

)
≥Q−1(ε)− δ

√
2π

(1−δ−ε)∧(ε−δ) .

Thus lim inf expression is greater than or equal to Q−1(ε),
and lim sup expression less than or equal to Q−1(ε). Hence
(147) holds for all ε∈(0, 1).

It is worth mentioning that Theorem 5 is instructive even in
the stationary and memoryless case because the absolute third
moment of a random variable can be divergent even when Lin-
denberg condition’s are satisfied and Central Limit Theorem
holds. Likewise in the time-homogeneous Markovian case and
non-stationary memoryless case there are incidences in which
hypotheses of Corollaries 1 and 3 fail but the hypothesis of
Theorem 5 holds. Theorem 5 demonstrates that Central Limit
Theorem implies a second order asymptotic Stein’s lemma.
Using Theorem 3 one can also establish third order order
asymptotic Stein’s lemma tying the rate of convergence to
normal distribution in the Central Limit Theorem to the third
order term in asymptotic Stein’s lemma.

VI. DISCUSSION

Non-asymptotic formulations of information transmission
problems enjoyed a considerable attention in the recent past
[18]–[28]. One-shot bounds, such as those in (13), (14), (17),
and (18), were previously interpreted merely as preliminary
results for the ultimate asymptotic results. With the surge of
interest in non-asymptotic formulations, one-shot bounds have
become ends in themselves, heavily studied and cataloged
as part of recent efforts to obtain non-asymptotic bounds.
However, the one-shot quantities appearing in these bounds
—such as β(·|qw), ℏ(·|qw), Fℓ

(
·
∣∣w
q

)
, F∧

ℓ

(
·
∣∣w
q

)
, and F∨

ℓ

(
·
∣∣w
q

)
—

are rarely interpreted explicitly as functions of their real
parameters; instead, they are customarily studied as functions
of the measures w and q for a fixed value of the real parameter.
Analyzing these quantities as functions of their real parameters
is the paradigm shift that led to Theorems 1 and 2. Studying
these one-shot quantities as functions of their real parameters
is significantly more tractable than one might initially assume.
The convexity of β(·|qw), which is well-known, proves to be
the key tool in relating β(·|qw), ℏ(·|qw), Fℓ

(
·
∣∣w
q

)
, F∧

ℓ

(
·
∣∣w
q

)
, and

F∨
ℓ

(
·
∣∣w
q

)
to one another as functions.

Theorems 1 and 2 can be interpreted as non-asymptotic
information spectrum results that establish relationships be-
tween one-shot information spectrum quantities for the simple
hypothesis testing problem. These relationships have imme-
diate consequences for known one-shot bounds, such as the
meta-converse in (13), the maximum-code-theorem in (14),
and dependence testing bounds in (17) and (18). More impor-
tantly, we believe similar characterizations can be established
for other information transmission problems using the non-
asymptotic information spectrum method. Following the initial
arXiv submission of this work [45] and its subsequent confer-
ence appearances [46], [47], the authors of [44] proposed a

pairwise error probability framework for one-shot information
theory in three arXiv submissions [104]–[106].

Exact characterizations of optimal performance for an in-
formation transmission problem are of limited use if they are
difficult to compute. Theorems 3, 4, and 5 establish tractable
and tight approximations by assuming the Kolmogorov dis-
tance to normality for the log-likelihood ratio distribution is
bounded by δ. This approach allows us not only to derive
the non-asymptotic approximations presented in the corollaries
for the non-stationary memoryless and the time-homogeneous
Markov cases, but also to demonstrate the distinction between
the implications of the Central Limit Theorem and the Berry–
Esseen Theorem for the simple hypothesis testing problem.

Bounded Kolmogorov distance hypothesis for the log-
likelihood ratio distributions naturally complements the char-
acterization given in (86). Furthermore, the approximating
distribution need not be Gaussian, as pointed out in [44,
§III A]. One can obtain o(1) approximations for lnβ(·|qw),
such as those in [6, Theorem 1.1], [22, Theorem 18], [54],
by using more accurate approximations for FL

(
·
∣∣w
q

)
in (86).

Applying these more accurate approximation with tilting, the
corresponding improvements for the large deviations regime
in [7], [56] can also be recovered.

Han’s Information Spectrum Method [11] is a powerful, ro-
bust, and unifying approach for studying information transmis-
sion problems. Its primary drawback is that it is an asymptotic
method by design (e.g., compare the present manuscript with
[107]). Non-asymptotic applications of information spectrum
ideas have proliferated following the surge of non-asymptotic
formulations sparked by [18]–[20]. By interpreting one-shot
quantities as functions of their real parameters, we are able
to demonstrate previously unknown relations and significantly
streamline known ones. We believe these results are not iso-
lated. A non-asymptotic variant of the Information Spectrum
Method may prove more analytically tractable than previously
assumed.

The broader implications of one-shot spectral representa-
tions remain largely unexplored. We conclude by outlining
several specific research problems raised by this work. Al-
though we confined our analysis to discrete Markov chains in
§V-B, our results can be readily extended to Markov chains
with abstract state-spaces. The results from [69], [70] that we
employed have already been established for general transition
measures in [68], and the Dobrushin–Doeblin condition was
originally proposed for Markov chains on measurable spaces
without the discreteness assumption [66, (1.1)], [67, (0.1)].
Such a generalization would remove some of the superficial
assumptions employed in [72].

An arguably more interesting generalization of the results
in §V-B is the removal of Doeblin’s minorization condition.
While a straightforward proof relying on Lemma 5 and (139)
would not be possible in that case, similar results could likely
be obtained using Bolthausen’s functional Berry–Esseen The-
orem [108]. Extending this to a time-inhomogeneous Markov
framework is also of interest, though likely more challenging.

Our primary focus in this work was β(·|qw). When β(·∥qw)
and β(·|qw) differ due to a probability mass in w∼ (and hence
in q∼), the analysis of β(·∥qw) becomes far more nuanced
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and likelihood-ratio tests are not necessarily optimal for all
ε values for β(·∥qw). Unlike, likelihood-ratio tests, general
detectors lack an inherent total order and are only partially
ordered, see [19, Appendix B]. Semicontinuous inverses of
monotonic functions appear to be the appropriate mathematical
tool to analyze β(·∥qw) in this setting. However, it remains
unclear to what extent the results in [19, Appendix B] can be
improved.
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APPENDIX

A. Proofs Of The Lemmas About LRQs

Proof of Lemma 1. First, note that A∧
ℓ

(
·
∣∣w
q

)
and A∨

ℓ

(
·
∣∣w
q

)
,

defined in (40), are both non-increasing in ε by (41), i.e.,

A−1
ℓ

(
ε
∣∣w
q

)
⊂ A−1

ℓ

(
τ
∣∣w
q

)
∀ε, τ ∈ R : ε > τ.

In (37), as ε increases the set that we are taking the infimum
over, i.e., A−1

ℓ

(
ε
∣∣w
q

)
, can only become smaller or stay the

same. Thus both F∧
ℓ

(
·
∣∣w
q

)
and F∨

ℓ

(
·
∣∣w
q

)
are non-decreasing on

R.
Furthermore, as an immediate consequence of (40) and (41),

A∧
ℓ

(
ε
∣∣w
q

)
=

⋂
τ :τ<ε

A−1
ℓ

(
τ
∣∣w
q

)
, (148a)

A∨
ℓ

(
ε
∣∣w
q

)
=

⋃
τ :τ>ε

A−1
ℓ

(
τ
∣∣w
q

)
, (148b)

where A−1
ℓ

(
·
∣∣w
q

)
in (148) can either be25 A∨

ℓ

(
·
∣∣w
q

)
or A∧

ℓ

(
·
∣∣w
q

)
.

F∧
ℓ

(
ε
∣∣w
q

) (a)
= sup[0,∞) \

(⋂
τ :τ<ε

A−1
ℓ

(
τ
∣∣w
q

))
,

(b)
= sup

⋃
τ :τ<ε

(
[0,∞) \A−1

ℓ

(
τ
∣∣w
q

))
,

(c)
= supτ :τ<ε sup

(
[0,∞) \A−1

ℓ

(
τ
∣∣w
q

))
,

(d)
= supτ :τ<ε F

−1
ℓ

(
τ
∣∣w
q

)
where (a) follows from (32), (37a), (40a), (42a), and
(148a); (b) follows from De Morgan’s law; (c) holds be-
cause sup

(⋃
τ∈T Bτ

)
= supτ∈T(supBτ ) for any collection

25Note that {A−1
ℓ

(
εn

∣∣w
q

)
}n∈Z+

is a non-decreasing sequence of set
whenever εn ↓ ε and {A−1

ℓ

(
εn

∣∣w
q

)
}n∈Z+

is a non-increasing sequence of
set whenever εn ↑ε, by (41). Thus A−1

ℓ

(
εn

∣∣w
q

)
↑ A∨

ℓ

(
ε
∣∣w
q

)
whenever εn ↓ε

and A−1
ℓ

(
εn

∣∣w
q

)
↓ A∧

ℓ

(
ε
∣∣w
q

)
whenever εn ↑ε.

{Bτ}τ∈T of sets of the real numbers; (d) follows from (37),
(40), and (42). Then (44a) holds because both F∨

ℓ

(
τ
∣∣w
q

)
and

F∧
ℓ

(
τ
∣∣w
q

)
non-decreasing in τ .

F∨
ℓ

(
ε
∣∣w
q

) (a)
= inf

⋃
τ :τ>ε

A−1
ℓ

(
τ
∣∣w
q

)
,

(b)
= infτ :τ>ε inf A

−1
ℓ

(
τ
∣∣w
q

)
,

(c)
= infτ :τ>ε F

−1
ℓ

(
τ
∣∣w
q

)
,

where (a) follows from (32), (37b), (40b), and (148b); (b)
holds because inf

(⋃
τ∈T Bτ

)
= infτ∈T(inf Bτ ) for any col-

lection {Bτ}τ∈T of sets of the real numbers; (c) follows from
(37) and (40). Then (44b) holds because both F∨

ℓ

(
·
∣∣w
q

)
and

F∧
ℓ

(
·
∣∣w
q

)
are non-decreasing.

We are left with confirming (44c), (44d), (44e), and (44f).
Note that (44d) for ε > ∥w∼∥1 and (44c) for ε < 0
follow from the definition of ℓw ,q in (32). Thus we need
to establish (44c) and (44d) only for ε ∈ [0, ∥w∼∥1]. Let
us consider (44c), first. If F∧

ℓ

(
ε
∣∣w
q

)
= ∞, then (44c) fol-

lows from w∼(ℓw ,q ≤∞) = ∥w∼∥1. If F∧
ℓ

(
ε
∣∣w
q

)
< ∞ and

w∼
(
ℓw ,q ≤F∧

ℓ

(
ε
∣∣w
q

))
=∞, then (44c) holds trivially. If both

F∧
ℓ

(
ε
∣∣w
q

)
< ∞ and w∼

(
ℓw ,q ≤F∧

ℓ

(
ε
∣∣w
q

))
< ∞ hold, then

∃{γn}n∈Z+ ⊂ (0,∞) satisfying γn ↓ F∧
ℓ

(
ε
∣∣w
q

)
and the con-

tinuity of w∼ from above (i.e., at ∅), implies

w∼
(
ℓw ,q ≤F∧

ℓ

(
ε
∣∣w
q

))
=limn→∞ w∼(ℓw ,q ≤γn),
≥ε,

where the inequality holds because w∼(ℓw ,q ≤γ)≥ε for all γ
in (F∧

ℓ

(
ε
∣∣w
q

)
,∞) by (37a). Thus (44c) holds for the case when

both F∧
ℓ

(
ε
∣∣w
q

)
and w∼

(
ℓw ,q ≤F∧

ℓ

(
ε
∣∣w
q

))
are finite, as well.

Let us proceed with establishing (44d). If F∨
ℓ

(
ε
∣∣w
q

)
=−∞,

then w
(
ℓw ,q<F

∨
ℓ

(
ε
∣∣w
q

))
= 0 and (44d) holds trivially. If

F∨
ℓ

(
ε
∣∣w
q

)
>−∞, then ∃{γn}n∈Z+ ⊂R satisfying γn ↑F∨

ℓ

(
ε
∣∣w
q

)
and the continuity of w from below (i.e., σ-additivity) implies

w
(
ℓw ,q<F

∧
ℓ

(
ε
∣∣w
q

))
=limn→∞ w(ℓw ,q ≤γn),
≤ε,

where the inequality holds because w(ℓw ,q ≤γ)≤ ε for all γ
in (−∞, F∨

ℓ

(
ε
∣∣w
q

)
) by (43b). Thus (44d) holds for F∨

ℓ

(
ε
∣∣w
q

)
>

−∞ case, as well.
F∧
ℓ

(
·
∣∣w
q

)
and F∨

ℓ

(
·
∣∣w
q

)
are the right and left limits of F∧

ℓ

(
·
∣∣w
q

)
by (44a) and (44b). Those left and right limits are equal and
F∧
ℓ

(
·
∣∣w
q

)
is continuous everywhere except for a countable set

because monotonic functions have at most countably many
discontinuities by [86, Theorem 4.30] and F∧

ℓ

(
·
∣∣w
q

)
is a non-

decreasing function. The points of discontinuity should lie
between zero and ∥w∼∥1 because F∧

ℓ

(
ε
∣∣w
q

)
=F∨

ℓ

(
ε
∣∣w
q

)
=−∞

for all ε< 0 and F∧
ℓ

(
ε
∣∣w
q

)
=F∨

ℓ

(
ε
∣∣w
q

)
=∞ for all ε> ∥w∼∥1.

Thus (44e) holds for some countable subset D of the closed
interval [0, ∥w∼∥1].

(44f) is void for w ⊥ q case because w ⊥ q iff ∥w∼∥1=0.
If w ̸⊥q , i.e., ∥w∼∥1>0, then:

• F∧
ℓ

(
ε
∣∣w
q

)
—and hence F∨

ℓ

(
ε
∣∣w
q

)
— is positive for any ε in

(0, ∥w∼∥1) by (44c), because w∼(ℓw ,q ≤0) = 0.
• F∨

ℓ

(
ε
∣∣w
q

)
—and hence F∧

ℓ

(
ε
∣∣w
q

)
— is finite for any ε in

(0, ∥w∼∥1) by (44d), because w(ℓw ,q<∞) = ∥w∼∥1.
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B. Proofs Of The Lemmas About PES

Proof of Lemma 3. Both ℓw ,q∧γ→0 as γ ↓ 0 and ℓw ,q∧γ≤
ℓw ,q∧1 hold q-a.e. for γ ∈ (0, 1) and

∫
(ℓw ,q∧1)dq <∞, i.e.,

ℏ
(
1
∣∣w
q

)
is finite, by hypothesis. Then (52a) follows from the

dominated convergence theorem [5, Corollary 2.8.6]. On the
other hand w(ℓw ,q ≤γ)≤ ℏ

(
γ
∣∣w
q

)
≤ ∥w∼∥1 for all γ ∈ (0,∞)

by (9) and limγ↑∞ w(ℓw ,q ≤γ) = ∥w∼∥1 by the countable
additivity, i.e., the continuity from below, of w .

Let us proceed with establishing (52c). First using (32),
(51a), and the definition of left derivative; then invoking the
additivity of the measure q for disjoint events {y : ℓw ,q ≥γ}
and {y : γ>ℓw ,q>τ} for τ ∈(0, γ), we get

D−ℏ
(
γ
∣∣w
q

)
= limδ↓0

1
δ

∫ γ

γ−δ

q(ℓw ,q > τ)dτ,

= q(ℓw ,q ≥γ)+limδ↓0

∫ γ

γ−δ

q(γ>ℓw,q>τ)
δ dτ. (149)

On the other hand for all δ ∈ [0, γ) and τ ∈ [γ−δ, γ] we have

0≤q(γ>ℓw ,q>τ)≤q(γ>ℓw ,q>γ − δ). (150)

The continuity of w from above (i.e., at ∅) imply

limδ↓0 q(γ>ℓw ,q>γ − δ) = 0. (151)

(52c) follows from (32), (149), (150), and (151).
Let us proceed with establishing (52d). First using (32),

(51a), and the definition of right derivative; then invoking the
additivity of the measure q for disjoint events {y : ℓw ,q >τ}
and {y : τ≥ℓw ,q>γ} for τ ∈(γ,∞), we get

D+ℏ
(
γ
∣∣w
q

)
= limδ↓0

1
δ

∫ γ+δ

γ

q(ℓw ,q > τ)dτ,

= q(ℓw ,q>γ)−lim
δ↓0

∫ γ+δ

γ

q(τ≥ℓw,q>γ)
δ dτ. (152)

On the other hand for all δ∈ [0,∞) and τ ∈ [γ, γ+δ] we have

0≤q(τ≥ℓw ,q>γ)≤q(γ + δ≥ℓw ,q>γ). (153)

The continuity of w from above (i.e., at ∅) imply

limδ↓0 q(γ + δ≥ℓw ,q>γ) = 0. (154)

(52c) follows from (32), (152), (153), and (154).

Proof of Lemma 4. ℏ
(
γ
∣∣w
q

)
is non-decreasing and concave in

the pair (w , γq) because the expression in side the infimum in
(48b) is a non-decreasing and linear (hence concave) function
in the pair (w , γq) for all E∈Y . Then both (53a) and (53b)
hold because pointwise infimum of non-decreasing functions
is nondecreasing and pointwise infimum of concave functions
is concave. (53c) and (53d) follow from the definition of
primitive entropy spectrum in (9).

C. Proofs of First-Order Stein Lemmas

Proof of Lemma 7. First note that Ew[|Lw ,q |] is finite because
Ew

[
(Lw ,q)

2
]

is finite and E[|X|]2 ≤ E
[
X2

]
for any extended

real valued random variable X. Then Ew[Lw ,q ], and hence
D(w∥q) exists and it is a real number.

Chebyshev-Cantelli inequality implies

FL

(
τ
∣∣w
q

)
≤ σ2

σ2+(D(w∥q)−τ)2 ∀τ≤D(w∥q).

Then FL

(
τ
∣∣w
q

)
≤ ε for all τ ≤ D(w∥q) − σ

√
1−ε
ε . Thus as a

result of (86)

β(ε|qw)=
∫ ∞

D(w∥q)−σ
√

1−ε
ε

e−τ
∣∣FL

(
τ
∣∣w
q

)
−ε

∣∣+dτ.
Then the upper bound in (87a) follows from FL

(
τ
∣∣w
q

)
≤1. Note

that Chebyshev-Cantelli inequality also implies

1− FL

(
τ
∣∣w
q

)
≤ σ2

σ2+(τ−D(w∥q))2 ∀τ≥D(w∥q).

Thus 1−FL

(
τ
∣∣w
q

)
≤ 1−ε

1+∆ for all τ ≥ D(w∥q)+σ
√

ε+∆
1−ε . Thus

as a result of (86)

β(ε|qw)≥
∫ ∞

D(w∥q)+σ
√

ε+∆
1−ε

e−τ
∣∣FL

(
τ
∣∣w
q

)
−ε

∣∣+dτ
≥
∫ ∞

D(w∥q)+σ
√

ε+∆
1−ε

e−τ
∣∣∣1− 1−ε

1+∆−ε
∣∣∣+dτ

=e
−D(w∥q)−σ

√
ε+∆
1−ε ∆(1−ε)

1+∆ .

Proof of Lemma 13. As a result of (144) for any ς > 0 and
δ > 0 there exists a n0(ς, δ) such that

Pw

(
Lwn

1 ,q
n
1
≤(D−ς)n

)
≤δ ∀n≥n0(ς, δ).

Thus as a result of (86) for any n≥n0(ς, ε) have

β
(
ε
∣∣∣qn

1
wn

1

)
=

∫ ∞

(D−ς)n

e−t
∣∣Pw

(
Lwn

1 ,q
n
1
≤ t

)
−ε

∣∣+dt ,
≤(1−ε)e−(D−ς)n .

Thus

lim supn→∞
1
n lnβ

(
ε
∣∣∣qn

1
wn

1

)
≤−D+ς ∀ς >0. (155)

As a result of (144) for any ς > 0 and δ > 0 there exists a
n1(ς, δ) such that

Pw

(
Lwn

1 ,q
n
1
>(D+ς)n

)
≤δ ∀n≥n1(ς, δ).

Thus as a result of (86) for any n≥n1(ς,
1−ε
2 ) have

β
(
ε
∣∣∣qn

1
wn

1

)
=

∫ ∞

−∞
e−t

∣∣1−ε−Pw

(
Lwn

1 ,q
n
1
> t

)∣∣+dt ,
≥
∫ ∞

−(D+ς)n

e−t
∣∣1−ε−Pw

(
Lwn

1 ,q
n
1
> t

)∣∣+dt ,
≥ 1−ε

2 e−(D+ς)n .

Thus

lim infn→∞
1
n lnβ

(
ε
∣∣∣qn

1
wn

1

)
≥−D−ς ∀ς >0. (156)

(145) follows from (155) and (156).
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D. Proof of Lemma 9

Proof of Lemma 9. Let us denote the random variable f (X)
by V. For any random variable Y, the triangle inequality for
Kolmogorov distance imply

d
(
FV+Z(·),Φ

( ·
σ

))
≤d(FV+Z(·),FV+Y(·))+d

(
FV+Y(·),Φ

( ·
σ

))
.

Let Y be a zero-mean Gaussian random variable with variance
σ2 independent of X, and hence V. Then

FV+Y(τ)=E
[
Φ
(
τ−V
σ

)]
.

On the other hand, the law of iterated expectations asserts

FV+Z(τ) = E
[
E
[
1{Z+V≤τ}

∣∣X]].
Thus using first the triangle inequality for expectations, and
then the hypothesis of the lemma we get

|FV+Y(τ)−FV+Z(τ)| ≤ E
[∣∣Φ(

τ−V
σ

)
−E

[
1{Z+V≤τ}

∣∣X]∣∣]
≤ δ ∀τ.

Thus d(FV+Z(·), FV+Y(·)) ≤ δ.
On the other hand a result of Taylor’s theorem, for all x ∈ R,

there exists a ξx between 0 and x satisfying

Φ
(
τ−x
σ

)
= Φ

(
τ
σ

)
− x

σφ
(
τ
σ

)
− x2

2σ2 (tφ(t))|
t=

τ−ξx
σ

.

On the other hand supt |tφ(t)| = 1√
2πe

. Thus using E[V] = 0,
we get

E
[
Φ
(
τ−V
σ

)]
= Φ

(
τ
σ

)
± 1

2σ2
√
2πe

E
[
V2

]
Thus d

(
FV+Y(·),Φ

( ·
σ

))
≤ E[V2]

2σ2
√
2πe

and lemma follows.
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[65] H.-C. Cheng and B. Nakiboğlu, “Refined strong converse for the
constant composition codes,” in 2020 IEEE International Sympo-
sium on Information Theory (ISIT), June 2020, pp. 2149–2154,
(arXiv:2002.11414 [cs.IT]).

[66] S. V. Nagaev, “Some limit theorems for stationary Markov chains,”
Theory of Probability & Its Applications, vol. 2, no. 4, pp. 378–406,
1957. [Online]. Available: https://doi.org/10.1137/1102029

[67] ——, “More exact statement of limit theorems for homogeneous
Markov chains,” Theory of Probability & Its Applications, vol. 6, no. 1,
pp. 62–81, 1961.

[68] E. Nummelin, General Irreducible Markov Chains and Non-Negative
Operators, ser. Cambridge Tracts in Mathematics (83). Cambridge
University Press, 1984.

[69] D. Vere-Jones, “Ergodic properties of nonnegative matrices. I.” Pacific
Journal of Mathematics, vol. 22, no. 2, pp. 361–386, 1967.

[70] S. E., Non-negative Matrices and Markov Chains, 2nd ed., ser. Springer
Series in Statistics. New York, NY, USA: Springer, 2006.

[71] S. Watanabe and M. Hayashi, “Finite-length analysis on tail probability
for Markov chain and application to simple hypothesis testing,” The
Annals of Applied Probability, vol. 27, no. 2, pp. 811–845, 2017.
[Online]. Available: https://doi.org/10.1214/16-AAP1216

[72] L. H. Koopmans, “Asymptotic Rate of Discrimination for Markov
Processes,” The Annals of Mathematical Statistics, vol. 31, no. 4, pp.
982 – 994, 1960. [Online]. Available: https://doi.org/10.1214/aoms/
1177705671

[73] K. Nakagawa and F. Kanaya, “On the converse theorem in statistical
hypothesis testing for Markov chains,” IEEE Transactions on Informa-
tion Theory, vol. 39, no. 2, pp. 629–633, 1993.

[74] S. Natarajan, “Large deviations, hypotheses testing, and source coding
for finite Markov chains,” IEEE Transactions on Information Theory,
vol. 31, no. 3, pp. 360–365, 1985.

[75] K. Vas̆ek, “On the error exponent for ergodic Markov source,” Kyber-
netika, vol. 16, no. 4, pp. 318–329, 1980.

[76] L. Davisson, G. Longo, and A. Sgarro, “The error exponent for the
noiseless encoding of finite ergodic Markov sources,” IEEE Transac-
tions on Information Theory, vol. 27, no. 4, pp. 431–438, 1981.

[77] J.-B. Hiriart-Urruty and C. Lemaréchal, Fundamentals of Convex
Analysis, 1st ed., ser. Grundlehren Text Editions. Heidelberg: Springer-
Verlag Berlin, 2001.

[78] ——, Convex Analysis and Minimization Algorithms I: Fundamentals,
1st ed., ser. Grundlehren der mathematischen Wissenschaften. Hei-
delberg: Springer-Verlag Berlin, 2013.

[79] E. P. Klement, R. Mesiar, and E. Pap, “Quasi- and pseudo-inverses
of monotone functions, and the construction of t-norms,” Fuzzy Sets
and Systems, vol. 104, no. 1, pp. 3–13, 1999. [Online]. Available:
https://www.sciencedirect.com/science/article/pii/S0165011498002528

[80] P. Viceník, “A note to a construction of t-norms based on
pseudo-inverses of monotone functions,” Fuzzy Sets and Systems,
vol. 104, no. 1, pp. 15–18, 1999. [Online]. Available: https:
//www.sciencedirect.com/science/article/pii/S016501149800253X

[81] C. Feng, W. H., X. Tu, and J. Kowalski, “A note on generalized
inverses of distribution function and quantile transformation,” pplied
Mathematics, no. 3, pp. 2098–2100, 2012. [Online]. Available:
http://dx.doi.org/10.4236/am.2012.312A289

[82] N. Falkner and G. Teschl, “On the substitution rule
for lebesgue–stieltjes integrals,” Expositiones Mathematicae,
vol. 30, no. 4, pp. 412–418, 2012. [Online]. Available:
https://www.sciencedirect.com/science/article/pii/S0723086912000588

[83] P. Embrechts and M. Hofert, “A note on generalized inverses,”
Mathematical Methods of Operations Research, vol. 77, no. 3,
pp. 4230–432, 2013. [Online]. Available: https://doi.org/10.1007/
s00186-013-0436-7

[84] A. de La Fortelle, “Generalized inverses of increasing functions
and lebesgue decomposition,” Markov Processes And Related Fields,
Aug 2020. [Online]. Available: https://minesparis-psl.hal.science/
hal-03113748

https://arxiv.org/abs/arXiv:2602.07999v4
http://arxiv.org/abs/2602.07999v4
https://doi.org/10.48550/arXiv.1204.0711
https://doi.org/10.1063/1.4768252
http://arxiv.org/abs/1601.06810v1
https://arxiv.org/abs/2601.09564v1
http://arxiv.org/abs/2601.09564v1
http://www.aparat.com/v/sefhpq9
http://www.aparat.com/v/sefhpq9
https://arxiv.org/abs/2606.06246v1
http://arxiv.org/abs/2606.06246v1
https://arxiv.org/abs/2610.39784v1
http://arxiv.org/abs/2610.39784v1
https://www.aimspress.com/article/doi/10.3934/math.20241668
https://www.aimspress.com/article/doi/10.3934/math.20241668
https://www.aimspress.com/article/doi/10.3934/math.2025429
https://www.aimspress.com/article/doi/10.3934/math.2025429
https://doi.org/10.1515/156939203322733282
http://arxiv.org/abs/1904.12780
http://arxiv.org/abs/2404.09605v2
http://arxiv.org/abs/2501.10103v4
https://doi.org/10.1214/aop/1176989136
https://doi.org/10.1214/aop/1176989136
http://arxiv.org/abs/2002.11414
https://doi.org/10.1137/1102029
https://doi.org/10.1214/16-AAP1216
https://doi.org/10.1214/aoms/1177705671
https://doi.org/10.1214/aoms/1177705671
https://www.sciencedirect.com/science/article/pii/S0165011498002528
https://www.sciencedirect.com/science/article/pii/S016501149800253X
https://www.sciencedirect.com/science/article/pii/S016501149800253X
http://dx.doi.org/10.4236/am.2012.312A289
https://www.sciencedirect.com/science/article/pii/S0723086912000588
https://doi.org/10.1007/s00186-013-0436-7
https://doi.org/10.1007/s00186-013-0436-7
https://minesparis-psl.hal.science/hal-03113748
https://minesparis-psl.hal.science/hal-03113748


30

[85] P. Wacker, “Please, not another note about generalized inverses,”
arXiv:2306.06989v1 [math.CA], 2023. [Online]. Available: https:
//arxiv.org/abs/2306.06989v1

[86] W. Rudin, Principles of Mathematical Analysis. New York, NY:
McGraw-Hill, 1976.

[87] R. M. Dudley, Real analysis and probability. New York, NY:
Cambridge University Press, 2002, vol. 74.

[88] F. Topsøe, “Entropy and equilibrium via games of complexity,”
Physica A: Statistical Mechanics and its Applications, vol. 340,
no. 1, pp. 11–31, 2004, news and Expectations in Thermostatistics.
[Online]. Available: https://www.sciencedirect.com/science/article/pii/
S0378437104003930

[89] M. V. Burnashev, “On stein’s lemma in hypotheses testing in general
non-asymptotic case,” Statistical Inference for Stochastic Processes,
vol. 26, no. 1, pp. 89–97, 2023.

[90] A. Baricz, “Mills’ ratio: Monotonicity patterns and functional
inequalities,” Journal of Mathematical Analysis and Applications,
vol. 340, no. 2, pp. 1362–1370, 2008. [Online]. Available: https:
//www.sciencedirect.com/science/article/pii/S0022247X07011730

[91] A. Gasull and F. Utzet, “Approximating mills ratio,” Journal of
Mathematical Analysis and Applications, vol. 420, no. 2, pp.
1832–1853, 2014. [Online]. Available: https://www.sciencedirect.com/
science/article/pii/S0022247X14004764

[92] P. Borjesson and C.-E. Sundberg, “Simple approximations of the error
function q(x) for communications applications,” IEEE Transactions on
Communications, vol. 27, no. 3, pp. 639–643, 1979.

[93] M. Abramowitz and I. A. Stegun, Handbook of Mathematical Functions
with Formulas, Graphs, and Mathematical Tables, 10th ed. Washing-
ton, DC, USA: U.S. Government Printing Office, 1972.

[94] A. C. Berry, “The accuracy of the Gaussian approximation to the sum
of independent variates,” Transactions of the American Mathematical
Society, vol. 49, no. 1, pp. 122–136, 1941.

[95] C. G. Esseen, “On the Liapunoff limit of error in the theory of
probability,” Arkiv för Matematik, Astronomi Och Fysik, vol. A28, pp.
1–19, 1942.

[96] I. G. Shevtsova, “An improvement of convergence rate estimates in the
Lyapunov theorem,” Doklady Mathematics, vol. 82, no. 3, pp. 862–864,
2010.

[97] R. A. Horn and C. R. Johnson, Matrix Analysis, 2nd ed. New York,
NY: Cambridge University Press, 2013.

[98] G. Wolfer and S. Watanabe, “Information geometry of
Markov kernels: a survey,” Frontiers in Physics, vol. 11-2023,
2023. [Online]. Available: https://www.frontiersin.org/journals/physics/
articles/10.3389/fphy.2023.1195562

[99] S. Krantz and H. Parks, A Primer of Real Analytic Functions. Boston:
Birkhäuser, 2002.

[100] P. A. Ferrari, H. Kesten, and S. Martínez, “R-positivity, quasi-
stationary distributions and ratio limit theorems for a class
of probabilistic automata,” The Annals of Applied Probability,
vol. 6, no. 2, pp. 577–616, 1996. [Online]. Available: https:
//doi.org/10.1214/aoap/1034968146

[101] A. V. Nagaev, “Limit theorems and testing hypotheses on Markov
chains,” Discrete Mathematics and Applications, vol. 13, no. 6,
pp. 569–599, 2003. [Online]. Available: https://doi.org/10.1515/
156939203322733282

[102] E. Çınlar, Probability and Stochastics. New York, NY: Springer, 2011.
[103] A. L. Gibbs and F. E. Su, “On choosing and bounding probability

metrics,” International Statistical Review / Revue Internationale de
Statistique, vol. 70, no. 3, pp. 419–435, 2002. [Online]. Available:
http://www.jstor.org/stable/1403865

[104] N. Elkayam and M. Feder, “A pairwise-error-probability framework for
one-shot information theory,” arXiv:2608.06577v1 [cs.IT], 2026.

[105] ——, “One-shot information theory via the pairwise error proba-
bility: Lossy, joint source-channel, erasure, and multiuser coding,”
arXiv:2608.15169v1 [cs.IT], 2026.

[106] ——, “Universal decoding via the pairwise error probability,”
arXiv:2609.27887v1 [cs.IT], 2026.

[107] T. S. Han, “Hypothesis testing with the general source,” IEEE Trans-
actions on Information Theory, vol. 46, no. 7, pp. 2415–2427, 2000.

[108] E. Bolthausen, “The Berry–Esseen theorem for functionals of discrete
Markov chains,” Zeitschrift für Wahrscheinlichkeitstheorie und Ver-
wandte Gebiete, vol. 54, no. 1, pp. 59–73, 1980.

https://arxiv.org/abs/2306.06989
https://arxiv.org/abs/2306.06989v1
https://arxiv.org/abs/2306.06989v1
https://www.sciencedirect.com/science/article/pii/S0378437104003930
https://www.sciencedirect.com/science/article/pii/S0378437104003930
https://www.sciencedirect.com/science/article/pii/S0022247X07011730
https://www.sciencedirect.com/science/article/pii/S0022247X07011730
https://www.sciencedirect.com/science/article/pii/S0022247X14004764
https://www.sciencedirect.com/science/article/pii/S0022247X14004764
https://www.frontiersin.org/journals/physics/articles/10.3389/fphy.2023.1195562
https://www.frontiersin.org/journals/physics/articles/10.3389/fphy.2023.1195562
https://doi.org/10.1214/aoap/1034968146
https://doi.org/10.1214/aoap/1034968146
https://doi.org/10.1515/156939203322733282
https://doi.org/10.1515/156939203322733282
http://www.jstor.org/stable/1403865
http://arxiv.org/abs/2608.06577v1
http://arxiv.org/abs/2608.15169v1
http://arxiv.org/abs/2609.27887v1

	Introduction
	Prior Work On qw, []wq, and qw
	Prior Work On Approximations
	Main Contributions
	Outline

	Preliminaries
	Convex Functions on the Real Line
	The Semicontinuous Inverses
	The Likelihood-Ratio Quantiles
	The Primitive Entropy Spectrum

	Spectral Representations and Measure Change
	Likelihood-Ratio Tests
	A Spectral Neyman–Pearson Lemma
	Measure Change Identities

	Approximations for randomized-NP-function
	The Log-Likelihood-Ratio
	Gaussian Mills Ratio
	Kolmogorov Distance to Normality

	Applications
	Memoryless Case
	Discrete Markov Case
	Asymptotic Case

	Discussion
	Appendix
	Proofs Of The Lemmas About LRQs
	Proofs Of The Lemmas About PES
	Proofs Of 1st-Order Stein Lemmas
	Proof of Lemma 9

	References

