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Abstract—The minimum Type II error probability (or volume)
of simple hypothesis tests with randomized detectors is expressed
as a Riemann integral of the (cumulative) distribution function of
the likelihood ratio for all non-negative Type I error probability
(or volume) values: B(e) = [ |F(!/x) —¢|*dr for all £ > 0.
The derivation relies on convex conjugation (the Legendre
transform) and level set integration, and is sufficiently general
to extend to tests between o-finite measures. Measure change
identities relating the 3(-) functions of different hypothesis testing
problems are established. Approximations for Type II and Type
I volumes are derived under two different hypotheses concerning
the Kolmogorov distance to normality for the log-likelihood
ratio distributions. In both the Central Limit Theorem and the
large deviations regimes, the resulting non-asymptotic expressions
recover and extend state-of-the-art characterizations of optimal
performance in the memoryless case, and improve and generalize
them in the Markovian case. Finally, The distinction between the
implications of the Central Limit Theorem and the Berry-Esseen

8 Theorem for the asymptotic simple hypothesis testing problem is
_~ clarified.
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I. INTRODUCTION

The following elementary decision problem illustrates our
principal novelty regarding the Neyman—Pearson lemma. Let
Y be a zero mean unit variance Gaussian random variable.
What is the infimum of the lengths of Borel sets € satisfying
P(Y¢€&) < e, i.e, what is the value of () defined in the
following?

ﬂ(z«:):—inf{/sdy : &€ B and /R\ggo(y)dy<5} Veel0, 1],

where B is the set of all Borel subsets of R and ¢() is the
Gaussian probability density function:

1 e*y2/2

<P(Z/)5:ﬁ Vy € R.

D

The answer is intuitively obvious: we first determine the
threshold ¢(e) for ¢(-) such that P(p(Y)<¢(e)) = ¢, then
B(e) is the length of the set of all y’s satisfying ¢(y) > ¢(e).
The threshold ¢(¢) is the e-quantile for the random variable

p(Y), ie., ¢(e)=F_{e).
F;&)(g)::inf{T : Forvy(T) > €}
=¢(@7'(3)) &

where! F,yy(-) is the cumulative distribution function of
the random variable (Y) and Q~1(-) is the inverse of the
Gaussian @-function defined as

= | " o)y

Vee(0,1),
Vee(0,1),

V1 e R. 3)

Note that '}

(V) (0,1) = (0,1/v2r) is the inverse of the function F,(v).
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Thus {y : [y <@ '(s/2)} is the set of all y’s satisfying the
condition ¢(y)>¢(e), and consequently

Be)=2Q7' (/)

What we have observed until now, is implied by Neyman—
Pearson lemma and there is nothing new conceptually. The
expressions in (2) and (4) for Fg&)() and §(-) allows us to
establish alternative characterizations for 3(-) and to relate
Fo () and B(-).

0
First note that 2 Q(7)=

vee (0,1). 4)

—@(7), (2), and (4) imply
o)
= —1 Vee(0,1).

Fon(®)
=18

1
1
g)=| ——=d
Ble) /E F L@
On the other hand, §(-) is convex because 3(-) is increasing.
Furthermore, (3(-) can be described as the convex conjugate

of its convex conjugate on (0,1). Consequently, it has the
following dual characterization

(5a)
Then using B(1 )d7 and B(1) =0, we get

Vee(0,1).  (5b)

Ble) = Sup,>g h(7y) — e Vee (0, 1), (5¢)

= h(7e) — et Vee(0,1), (5d)

where h(7y) = E[l/o(Y)Av] and 7. = ——1—. Recall that the
Fo(©)

expected value of any non-negative random variable X equals
to the integral of its complementary distribution function, i.e.,
fo (X>7)d, by [1, (1.30)], [2, p.247]. Thus,

h(v):/oooP([w(lw /\7} >7')d7‘
:/:P((fo(l\()>7')d7

Hence, (5d), the fact that P((1/x(Y))>7) is non-increasing in
7, and P(1/o(v)>~.)=¢, imply

B(s):/O%{P(W(lY) >7) —E}d’]’
/ ’P(w(Y )—5’+d7

where |z|" =max{0, z}.

The above problem is a simple hypothesis testing problem
with deterministic detectors between the standard Gaussian
measure on R and the Lebesgue measure on R; and ¢(y) is the
likelihood-ratio of the outcome y. Then f(¢) is the infimum
type II error volume (length) when type I error probability is
less than or equal to e.

We call the infimum of type II error volume (i.e., missed
detection volume, power) as a function of type I error volume
(i.e., false alarm volume, significance level) the deterministic-
detector Neyman—Pearson function (dNP-function) and denote
it by 5(||9) when the measures associated with the alternative
and null hypotheses are ¢ and w, respectively. If the random-
ized detectors are permitted then we call it the randomized-
detector Neyman—Pearson function (rNP-function) and denote

Vy >0,

Vv > 0.

vee(0,1), (5e)

Vee(0,1), (5

it by 5(+|2). That is for any pair of o-finite measures (w, ¢) on
the measurable space (Y, ), dNP-function 3(-||2) : R+ [0, oc]
and rNP-function £(:|2): R+ [0, oo] are defined as

B(e]|):= /(1—T)dq VeeR, (6a)

TeT( y) dew<a

q).— 3 _

B(e|d): TGT(JJ;?fdew<E/(1 T)dg VeeR, (6b)
where T4()) is the set of all }-measurable deterministic tests
on Y (i.e., Y-measurable functions of the form T:Y+{0,1}),
and 7 () is the set of all Y-measurable randomized tests on
Y (i.e., Y-measurable functions of the form T :Y +— [0, 1]).
Then S(-) = B(-||%) on [0,00) for the case when ¢ is the
Lebesgues measure and w is the standard Gaussian measure
on R by definition. Furthermore, 3(-) = (/%) on [0,00) by
(4) because B(-|9) is the convex envelope of B(-||%) and 3(-)
is convex.

The extension of definitions of A(-|%) and B(:||9) from
the customary setting in which both w and ¢ are probability
measures, to the case when both w and ¢ are o-finite measures
results in a subtlety: for some o-finite measures w and g, both

B(e]2) and B(g]|2) are infinite for all finite € values. We deem
those cases to be void cases. We will see that non-void cases
are those cases satisfying the following condition:

w(421) + (4= >1) <o, )

where q., is the w-absolutely continuous component of ¢ and
w.~, is the g-absolutely continuous component of w, [4, §31].
If w and ¢ are o-finite measures, then

5(s|g)/om‘w(<§iq;>7)5]+d7
),5‘4—(17—

To the best of our knowledge, the characterization of [3(-|%)
given in (8) has not been reported before, even for probability
measures w and q satisfying w=w., and ¢ = ¢... Furthermore,
all of the identities given in (5) for §(:|%), hold with appro-
priate modifications in all non-void cases, i.e., when w and ¢
satisfy (7), see (61) of Theorem 1. We provide an account of
related prior results in §I-A.

Evidently, neither (2) nor (4) is true for arbitrary o-finite
measures —or for arbitrary probability measures— w and
g. In fact, B(:|2) is not differentiable for some e values
for certain w and ¢. However, §(:|2) is convex and finite
on (0,00) in all non-void cases. Thus 5(-|2) has directional
derivatives everywhere on (0, c0). Furthermore, the left and
right derivatives of B(-|1) are —1/r/(|s) and —1/Fy(-|s
where F/(:|%) and F)(-|%) are the lower semicontinuous
and the upper semicontinuous quantiles for the likelihood-
ratio, see (32) and (37) in the following for formal defini-
tions. When the distribution function Fy(:|¥) is constant on
a subinterval of (0,00), the inverse function in the usual
sense does not exist; that is why we have to work with
the semicontinuous inverses of Fy (- "q”), i.e., likelihood-ratio
quantiles F}" ( | ) and F), ( | ) Whenever F, g( “f) is invertible
Fo(|w) = B ( v = F)(: | %) holds, as one would expect.

Ve>0,  (8a)

Ve>0,  (8b)

)




The function 7(-) in (5¢) is the primitive entropy spectrum
of the Lebesgue measure on R with respect to the standard
Gaussian measure on R. For arbitrary o-finite measures ¢
and w on the same measurable space, the primitive entropy
spectrum of g with respect to w is defined as

1= [ (4 nv)du

Evidently, the primitive entropy spectrum has the following
variational characterization

(Y1)

Yy €10,00). 9)

=infeecy ¢(&)+yw(Y\E) Vvye€[0,00). (10)

We obtain the spectral representation of 7(-|%), using the
following level set integration, which is a consequence of
integration by parts, [5, Theorem 2.9.3]: for any measure? 1

and p-measurable function f satisfying essinf, f > 0,

/fdu = /OOO p(f > r)dr

In the parlance of probability theory (i.e., when p is a
probability measure) E[f fo P(f>7)dr for any non-
negative random Variable f In [1, §1. 5] Gallager defines
the expectation of a random variable using this identity, i.e.,
the tail expectation formula, yielding a deceptively simple,
yet fully rigorous construction aligned with measure-theoretic
foundations.

What one learns from (5) that is not explicit in (4) is
how S(-) as a function is related to /() and FS;({()() as
functions. Analogously Theorem 1, in the following, describes
how f(-]%) as a function is related to #(-|), Fe/\("?)’ and
F)(-|¥) as functions for a given pair of o-finite measures ¢

and wq. In other words, Theorem 1 makes the implications of
the Neyman—Pearson lemma explicit and extends the lemma
and its consequences to randomized decisions between o-finite
measures.

As pointed out in [6] and later employed in [7], loss-
less source coding provides an operational justification for
hypothesis testing problems where the measure associated
with the alternative hypothesis is a o-finite measure rather
than a probability measure. Specifically, finding the minimum
cardinality of a subset of a countably infinite set that contains
all but £ of the probability mass of a discrete probability
measure w is a hypothesis testing problem against the counting
measure § with deterministic tests. In this context, /J’(sHﬁw) is
the cardinality of any such minimum cardinality sets. While
the counting measure { is not finite for countably infinite sets,
it remains o-finite for any countable set.

Furthermore, for the lossless source coding problem, the
randomized-detector Neyman—Pearson function determines the
value of the deterministic-detector Neyman—Pearson function.
Note that for those € values for which a minimum-cardinality-
set-E satisfies w(Y\€)=e, we have B(¢||%,) =B(c|%). On the
other hand, if w(Y\¢&) < e for a minimum-cardinality-set-E,

(1)

2All measures are assumed to be non-signed and countably-additive.

then ﬂ( |ﬁ)<ﬁ( H )<ﬁ( |ﬂ)+1 Thus, using the fact that

-|[%,) is an integer valued function, we conclude

B(ellt) =T8(el) Ve>0, (12a)
:V ‘w(dﬁ~>7)—g‘ dTw Ve >0, (12b)
:V ‘w(d“« )_E‘tﬂ Ve >0, (120)

(12b) follows from (8a), and (12¢) follows from (8b). Note
that, in general $(+||2) is bounded but not necessarily deter-
mined by ((:|), see Remark 2.

In the remainder of this section, we first briefly review prior
work related to 8(-[2), F,'(-|%). and £(:|%) in §I-A. Next,
we discuss prior work on approximations of rNP-functions
in §I-B. We then highlight our main contributions in §I-C and
conclude the introduction with outlining the remainder of the
paper in §I-D.

A. Prior Work On 5(-|4), sz('w))’ and N(-[{)

The simple hypothesis testing problem is a fundamental
problem that can be motivated by various applications; our
interest in the problem is from the perspective of information
transmission problems [8]—-[12].

The importance of hypothesis testing problem, and of the
NP-functions in particular, was already clear for information
transmission problems by the time of Strassen’s seminal work
[6]. Furthermore, as we have recalled above the lossless source
coding problem provides a concrete operational justification
for considering 3(:|%) for the case when ¢ is a o-finite
measure, which is not finite. The hypothesis testing problem
recognized to play a crucial role for understanding the be-
havior of the error probability in the channel coding problem,
not only at rates close to capacity [6], but also at other rates
[13]-[17].

The hypothesis testing problem is now a key tool for ana-
lyzing and understanding information transmission problems,
[8, Ch. 1], [9, Ch. 3 and Appendix 5.A], [10, Ch. 5 and 11],
[11, Ch. 1 and 4], [12, Ch. 10, 11, and Part III].

The interest in finite-length (i.e., non-asymptotic) analysis
and exact asymptotic analysis in information transmission
problems revived the interest in 5(+|%), [18]-[25]. In particular,
the maximum number of messages that a code on the channel
W : X+ P()) with maximum error probability ¢ can have,
ie., M(W,e), is bounded above as,

M(W,e) <inf g cpy)sup,ex %, (13)

8 ie)

see [20, Theorem 31]. This upper bound is studied more
closely in [21]. In addition new divergences between prob-
ability measures, such as the hypothesis testing divergence in
[24, p. 7044], [25, (2.6)], are introduced using 3(-|4) so as to
analyze information transmission problems in non-asymptotic
and refined asymptotic regimes, see [24]-[28].

The maximum number of messages is also bounded from
below for any probability mass function p on the input set
X and positive threshold ~ in terms of the likelihood ratio



distribution as a result of the maximum-code-theorem, see [17,
Theorem 2.1], as

M(W,e) 2 7(e = B (2|12 ) ).

where pW is output marginal of the joint distribution p @ W
generated by the input distribution p and the channel W.

The likelihood-ratio quantiles Fé/\(~ | ;J) and FEV(. ‘ }1") defined
as the semi-continuous inverses of likelihood ratio distribution
Fy(-]¥), determine the sub-differential of 3(-|2), as we will
see in (6le) and (61f), and have seen in (5a) for a spe-
cific case. The upper-semicontinuous likelihood-ratio quantile
FY(:|%) and its natural logarithm (i.e., In F’(-|%), the log-
likelihood quantile) have been introduced and analyzed by
many authors under various names. F,’(-|%) is denoted by
p in [6, (2.5)]. Inspired by [11, Ch. IV], In F)/(-|¥) is called
information spectrum divergence in [25, (2.9)], the classical
entropic information spectrum in [28, (2)], the relative entropy
information spectrum (and the divergence spectrum) in [24,
p. 7044]. Furthermore, 5(:|2) has been bounded in terms of
FZV(~|2’) for any probability measures w and ¢ provided that
w is absolutely continuous in ¢, i.e., w=<gq, see [19, (2.67),
(2.69)], [20, (103)], [24, Lemma 2], [25, Lemma 2.4], [28,
Lemma 12]:

)
ng(é‘m)Zw VaE(O,l),ée(O,l—s) (15)

The upper and lower bounds in (15) is the state-of-the-art
relation between likelihood-ratio quantiles and (3(:|%), prior
to Theorem 1. It is worth noting that although the upper
semicontinuous quantile FZV(-}Z’) appear more prominently in
information theory; when used without any qualifiers, what is
meant by quantile in probability theory, usually, is the lower
semicontinuous quantile, see [2, p. 427].

For probability measures w and ¢, the primitive entropy
spectrum of ﬁ(fg’) is related to the primitive divergence
spectrum d(-’g’), employed in the spectral representation of
f-divergences [29]-[32] reported in [33]-[37]:

d(v|g) = 1Ay =h(~]7) (16)

Note that d(v|?) is the f-divergence Dy(wl|q) corresponding
to the function f,(z)=(1A~v) — (z Ay) for each v € [0, c0).
The quantity 13=/(7|y) is called Bayes loss in [34, (66)],
posterior Bayes risk in [35, p.734], and a posteriori loss in
[36, (2.25)]. The primitive entropy spectrum 7(:|?) is denoted
by u,¢() in [37, §ILA]. The left and right derivatives of
Ai(-|¥) were determined in [37, Lemma 3.2] for the case when
w and ¢ are probability measures.

For any channel W :X+P()), probability mass function
p on X, and integer M > 2, there exists a code with M
messagages whose average error probability e satisfies

e < h(M S )

see [20, (76)] and (51a). A similar dependence test bound
was suggested for the lossless source coding problem in
[38, Theorem 3], establishing an upper bound to the error
probability when source code can have at most M distinct
outputs for any probability mass function w

e < h(xl?)-

(14)

Vv € [0, 00).

A7)

(18)

Motivated by an expression equivalent to [20, (76)] and
inspired by f-divergences [30], the divergence E.(w||q) was
defined in [19, (2.141)] for all probability measures w and ¢
such that w is absolutely continuous in ¢, i.e., w=<g¢, see also
[39]-[41]. One can show for all probability measures w and
q satisfying the hypothsis w—g, that

Ey(wllq)=1-h(+[3)

For all probability measures w and ¢ satisfying w ~ ¢, i.e.,
satisfying both w<g¢ and ¢<w, the directional derivatives of
E,(wl|q) as a function of v were determined and an integral
representation of the Kulllback-Leibler divergence D(w||¢) in
terms of E.(w|q), similar to the more general ones for f-
divergences in terms of d(v|¥) in [33]-{37], was established
in [19, Theorem 21]. Later this result is extended all f-
divergences with twice differentiable f’s relying on [34], see
[39, Proposition 3].

The following measure change bound, recently established
in [42, Proposition 1] for probability measure w and ¢
satisfying w— ¢, follows from (10) and (19):

Ey(wllq) +vq(&) > w(€) VEEY,v>0.

None of the identities of given in (61) of Theorem 1 was
reported before in this form, even for the case of arbitrary
probability measures w and q. However, there are a number
of closely related prior results.

The prior results closest to Theorem 1 are [43] and [44],
which we became aware of after the initial arXiv and ISIT
submissions of the present work [45]-[47]. For the quantum
formulation of the problem under the assumption that under-
lying Hilbert space is finite dimensional, [43, Proposition 3.2]
characterizes rNP-function 3(-|4) as its own bidual for convex
conjugation.> Thus proposition [43, Proposition 3.2] implies
(61a) and (61b) for the case when w and ¢ are probability
mass functions on a finite set Y. Later [44] set out to express
B(1—«|%) as the Legendre transform (i.e., convex conjugate)
of a function for the case when w and ¢ are probability
measures on a countable set Y, i.e., w and ¢ are probability
mass functions. [44, Lemmas 1 and 2] establish expressions
that are equivalent to (61a), (61b), and (61c). More recently, a
characterization of 3 ( ‘ }1") that is equivalent to (61a) and (61b)
of Theorem 1 was established for the relative information
spectrum,4 see [50, (4.1) and (8.35)], [51], for the case when
w and ¢ are probability measures. A relation equivalent to
(61b) of Theorem 1 was reported in [19, (2.147) of Theorem
21] for probability measures w and ¢ satisfying w ~ q.

Working under implicit assumption that 5(-|2) = B(-||4),
which is guaranteed to hold when w. does not have any
atoms, an expressions equivalent to (61a) of Theorem 1 and
(63) were reported in [35, Theorem 21], see [35, (43)] and
[35, (42)]. The conjugacy relation established in (63) is not
present in their framework because of their parameterization.
Nevertheless [35, (42) and (43)] are deemed to be “dual”
relations in [35, Theorem 21].

Yy €10, 00). (19)

(20)

3The dual characterization of the rNP-function in [43, Proposition 3.2] has
been modified, since [45], to adopt primitive entropy spectrum form, see [48,
Proposition 6.1] and [49, Lemma 1].

4The relative information spectrum in [50], [51] is equal to F (exp(~)"‘q").



A closely related result was also reported in the framework
of lossless source coding. [52] characterizes the optimal per-
formance of one-to-one but not necessarily prefix free variable
length binary codes in terms of a quantity denoted by R*(n, €),
see [52, (5)]. The value of R*(n,¢) is determined by B(e“fu):

nR*(n,e) = [logQ(l +5(€||§H))] — 1.

Thus the value of R*(n, €) is determined by 3(c|%), as a result
of (12a). [52, Theorem 7] characterizes R*(¢) = R*(1,¢) for
€ values satisfying e =w (‘31—7; < fy) for some > 0. Evidently,

ey

not all £ values in (0, 1) interval satisfy that condition. This,
however, does not prevent [52, Theorem 7] from characterizing
R*(-) and B(:||%) as functions on (0, 1) as long as all w({y})
values are distinct for all y in Y. When multiple y’s have
the same w({y}) value, however, [52, Theorem 7] is mute
about the behavior of R*(-) and B(:||%) for the values of &
corresponding to these y’s. Consider for example the case
when w is the uniform distribution on a finite set or when
w is weighted sum of uniform distributions on disjoint sets.
Evidently, (12) and (21) characterize R*(n, ) completely even
in such cases.

B. Prior Work On Approximations

In many applications one is interested in the behavior of
B(:|2) on a sub-interval of the positive real line under various
structural assumptions on ¢ and w. In this subsection, we
consider the prior work on the problem only for the mem-
oryless and discrete Markov cases. In the memoryless case w
and ¢ are both product measures of the form w = ®7_; w;
and ¢ = ®}_;¢:, where w; and ¢; are measures on the
same measurable space (Y:,):). The memoryless case is
called stationary if (w¢, ;) = (wy, q1) for all ¢. In the time-
homogeneous discrete Markov case w and ¢ are both given in
terms of an initial o-finite measure on a countable set & and
a discrete o-finite transition measure from 8 to 8; that is w
and ¢ are of the form w =wy ® W®” and ¢ = g ® Q®".
All of the results mentioned in this subsection are derived for
the case when w is a probability measure. In the following,
we deem an approximation non-asymptotic only when both
the approximation error term and the condition on n (and on
other quantities if any) are explicit in the statement of the
result.

For the stationary memoryless case® [6, Theorem 1.1]
determined In 8(g]|2) —and In 8(g]%) within the proof— up
to an o(1) approximation error term for every € € (0,1).
The result for Inf3(e|9) is extended to the possibly non-
stationary memoryless case under appropriate hypotheses with
the additional assumption of ¢ being a probability measure, see
[22, Theorem 18]. For the time-homogeneous discrete Markov
case with a finite state space 8, assuming W corresponds to
an irreducible aperiodic Markov chain and loglikelihood ratios
are non-lattice the same result is proved in [54] for the case
when ¢ is Markov probability measure.

5Although [6, Theorem 1.1] is stated for the case when Y; is a finite
set, proof does not rely on that assumption and the extension for arbitrary
measurable space is explicitly mentioned in [6, §5].

For the possibly non-stationary memoryless case, [6, Theo-
rem 3.1] provides an approximation for In 8(:|9) on (4, 1—9)
whose approximation error is bounded from above uniformly
by 140/s% provided that v/n > 140/s%, where 0 is constrained
by certain average moment conditions due to the approxi-
mation error term in Berry—Esseen Theorem. In most cases
of interest for any positive d, non-asymptotic approximation
for In3(+|2) on (4,1—0) by [6, Theorem 3.1] has a uniform
O(1) approximation error. An equally tight approximation was
established later in [19, Lemma 14], [44, §III.B]. For the
lossless source coding problem, i.e., when ¢ =1, a qualitatively
equivalent approximation is obtained for the memoryless case
in® both stationary [52, (44)] and non-stationary [55, Theorems
5 and 6] cases. For the time-homogeneous discrete Markov
case with a finite state-space assuming that W corresponds
to an irreducible aperiodic Markov chain, the lower bound
of the approximation is established in [52, Theorem 20] and
the upper bound of the approximation is conjectured in [52].
More recently, for the memoryless case an asymptotic approx-
imation for In (e, |%) was established under the hypothesis
|Q~*(en)| = o(y/n) with an approximation error term of the
form O(W) + O(1), see [23, Theorem 4].

In approximations for InpA(e|?), the leading term is
—D(w|lq) both for the memoryless and Markovian cases
where D(w||¢) is the Kullaback-Leibler divergence. Recall that
for any probability measure w and o-finite measure ¢ on the
same measurable space satisfying w— ¢, the Kullaback-Leibler
divergence D(w]||q) is defined as

D(wlq):=E,[In 42|, (22)
where E,[-] is the expected value for random variables on the
probability space (Y,Y, w), whenever the expectation on the
right hand side exists.

For the stationary memoryless case, Csiszar and Longo’
determined the behavior of 3(e~"#||%) for any fixed E value
in [7], with the help of [6, Theorem 1.1]. In particular,
In B(e="E||%) for E < D(w:[|q1) case and In(1—B(e~"F||¥))
for E > D(w]|q1) case, were determined in [7] up to an
o(1) approximation error term for a finite measure g. The
Kullback-Leibler divergence D(w;| ¢1) acts as a threshold
for the change in behavior of B(e~"F||%) with increasing
n: if E < D(w||q1), then 5(6’”E||“q") converges to 0; if
E > D(wi||q1), on the other hand, B(e*“EH}I") converges
to 1. An equally tight bound is obtained via saddle point
approximation in [56, Theorem 2], for the case when w ~ ¢
and ¢ is probability measure.

The total variation norm of a signed measure v on the
measurable space (Y,)) is defined as

[o]]:=supeey v(€)+|v(Y\E)].

In [7], a measure change argument is employed via tilting and
the value of F is set to D(v]|q) for v = va/|v.| Where v,
is the tilted measure defined in (77a). For all « € (0,1), a

(23)

SNote that for the lossless source coding problem n.R* (n, ¢) is essentially,
. 3(-[%) as a result of (12) and 1)
TThere is a typo in [7], see [57, Remark 3.7].



non-asymptotic approximation for In 6(6*’3(””‘1)*“" Z’) with
O(y/n) approximation error term is established in [13, The-
orem 5] assuming |a,| = O(y/n) for the possibly non-
stationary memoryless case, prior to [7], by invoking Cheby-
shev’s inequality instead of [6, Theorem 1.1]. More recently
non-asymptotic approximations for In 3 (e*D(“”q)*“" 2’) with
O(1) approximation error terms have been be obtained under
|an| = O(y/n) hypothesis by employing Berry—Esseen Theo-
rem instead of Chebyshev’s inequality for the memoryless case
see [57]-[61]. For aw€ (0,1) case, an asymptotic approxima-
tion of similar nature were derived earlier in [62] relying on
strong large deviation results of [63], [64], rather than Berry—
Esseen Theorem. For o > 1 case, a O(1) approximation for
In(1— (e~ XvlFaen||w)) was established in [65] relying on
Berry-Esseen Theorem.

C. Main Contributions

One of the main contributions of this work is the explicit
characterization of implications of Neyman—Pearson lemma
in Theorem 1 for the relations between A(-|2), F/\(-|%),
Fév(-|7;]“) and (-|2) as functions for o-finite measures w and
g satisfying (7). Resulting identities in (61) and (62), have
not been reported either in this form or with this generality
before to the best our knowledge. In particular, the identities in
(8) (i.e., (62b) and (61d)), (61g), and (61j) have not appeared
before. However, as we have already pointed out statements
equivalent to (61a), (61b), and (61c) have appeared in [19],
[35], [44], [50], [51], as discussed in §I-A. Furthermore, for
a different parametrization convex conjugate of 3(-|1) was
characterized in [44] for the case when w and ¢ are probability
mass functions on a countable set.

Theorem 2 establishes sufficient conditions for expressing
B(-[E) either as B(g(-)[7) or as [lg-| — B(g()[7) for some
an invertible function g(-). Such a characterization has not
been reported before and works quite well in simplifying the
derivations when employed with the monotonicity properties
of 5(+]%) described in Lemma 5 and tilting, as we demonstrate
while establishing Theorem 4 and Corollary 4.

Note that with the changes of variable T=e
(8a) and (8b) become

t t

and T=e7Y,

o +
ﬁ(eli’,):/ etw(ln%;w)—e’ At Ve>0, (24a)

— 00

oo +
:/ e_t‘w(lnﬁ%gt)—s‘ At Ve>0. (24b)
If the Kolmogorov distance of the log-likelihood ratio dis-
tribution, i.e., w(lni%g), to a Gaussian distribution is
small, then one can approximate [3(-|2) using that Gaussian
distribution with the help of (24b). Theorem 3 pursues this idea
to characterize 3(-|%) up to a bounded explicit multiplicative
error term uniformly on all closed subsets of (0,1). For the
case when w and ¢ are probability mass functions on a
countable set a similar and qualitatively equivalent one-shot
bound was derived in [44, SIII.B].

The customary approach in bounding ((¢|%), adopted ex-
plicitly or implicitly in much of the prior work (some of
which is cited in §I-B), first invokes (15) and then bounds

likelihood-ratio quantile FZV(~|Z;’). With the help of (24b), we
not only avoid using likelihood-ratio quantiles completely, but
also obtain tighter results with briefer analysis. Furthermore,
it should be noted that Theorem 3 can also be proved by
first expressing 3(:|2) in terms of likelihood ratio quantiles
F)/(-|¥) using® (61g) and then bounding F,’(-|) by invoking
[25, (2.34)].

Kolmogorov distance to normality hypothesis for the log-
likelihood ratio distribution is pursued with tilting in Theorem
4, for v = yv, and appropriately bounded 7 to characterize
B(re=v1D|Y) for o € (0,1) and [|w~ ||—-B(re~ 21D |¥) for
o > 1, upto a bounded multiplicative error term by invoking
Theorem 2 and Theorem 3. Theorem 4 or a qualitatively
equivalent bound has not appeared before to the best of our
knowledge.

In the memoryless case, hypothesis of Theorems 3 and 4
are implied by the Berry—Esseen Theorem and Corollaries 1
and 2 follow. Corollary 1 is qualitatively equivalent to the
previously known best results of this kind both for hypothesis
testing [6, Theorem 3.1], [19, Lemma 14], [44, §II1.B] and for
lossless source coding [52, (44), Theorems 17 and 18], [55,
Theorems 5 and 6], discussed in §I-B. Likewise, Corollary 2
recovers previously known best results of its kind for both
for hypothesis testing [57]-[59], [65] and for lossless source
coding [60], [61], discussed in §1-B. Corollary 2 demonstrates
for the a € (0, 1) case, in contrast to prior work, neither w nor
g need to be finite measure for these approximations to hold.

For the time-homogeneous discrete Markov case if W
corresponds to an irreducible aperiodic Markov chain satisfy-
ing Dobrushin—Doeblin condition, see [66, (1.1)], [67, (0.1)],
then the hypothesis of Theorem 3 follows from the func-
tional Berry—Esseen Theorem of Nagaev [67, Theorem 1] and
Corollary 3 follows. For the lossless source coding problem,
Corollary 3 generalizes the lower bound established in [52,
Theorem 20] and establishes the improvement of [52, Theorem
19] conjectured’ in [52], without making the finite state-space
assumption of [52]. The approximation error of Corollary 3
for In 5(-|2) is O(1), which is worse than o(1) approximation
error derived in [54] under the additional finite state-space
and non-lattice loglikelihood ratio assumptions. Without non-
lattice loglikelihood ratio assumption [71, Theorem 9.6] with
o(y/n) approximation error, which is qualitatively equivalent
to [53], is the best approximation we are aware of, even for
the finite state-space case.

Corollary 4 establishes for the time-homogeneous discrete
Markov case with a countable state-space the approximation
corresponding to the one reported in Corollary 2 for the
memoryless case, relying on the concept of R-positivity [68]-
[70] and Doob’s h-transform. Corollary 4 improves previously
known best approximations in the same regime both for
hypothesis testing [71]-[74] and lossless source coding [74]-
[76], which are, except for [72], derived under the additional
finite state-space assumption.

8Whenever || g~ | is finite, (61j) can be used instead of (61g).
9 [52] points out that [52, Theorems 19] can be improved but only by
“extending the involved proof of” [52, Theorems 17].



Corollaries 1 and 3 are non-asymptotic results following
from the Berry—Esseen Theorems; they can be interpreted as
third order non-asymptotic Stein’s lemmas for the memoryless
and discrete Markovian cases. Theorem 5 establishes the
second order Stein’s lemma for the case when log-likelihood-
ratio of a standard simple hypothesis testing problem satisfies
the Central Limit Theorem, using only Theorem 3 and the fact
that convergence in distribution to the normal distribution is
metrized by the Kolmogorov distance. For the Markov case
the fact that Central Limit Theorem implies the second order
Stein’s lemma was previously pointed out in [71], as well, see
[71, Corollary 7.2 and Theorem 9.6]. Theorem 5 establishes
the same result far more generally.

D. Outline

In §II, we present preliminary results that are later employed
in our analysis. We start by recalling certain well-known
properties of convex functions in §II-A. We introduce the
semicontinuous inverses of monotonic functions and explain
their construction intuitively in §II-B. Then we introduce the
likelihood-ratio distribution F;(-|%) and its semicontinous in-
verses, i.e., the likelihood-ratio quantiles F)\(- | ) and F)(- | ),
and review certain elementary properties of the likelihood-
ratio quantiles in §II-C. We conclude the preliminaries section
by deriving elementary properties of the primitive entropy
spectrum ﬁ(|}1") in §II-D.

We start §III, by discussing certain elementary observations
about 5(+|2) and B(:|2). Then in §III-A, we obtain an upper
bound on 3(-|%) by analyzing performance of a randomized
likelihood-ratio test. In §III-B, we prove Theorem 1, which is
essentially the Neyman—Pearson lemma for o-finite measures,
with the additional identities we discussed above including (8).
In §III-C, we prove Theorem 2, which establishes sufficient
conditions for expressing 5(-|2) in terms of (|9 for an
auxiliary measure v.

In §IV, we first review certain well-known properties of
Gaussian Mills ratio and then derive Theorems 3 and 4
under small Kolmogorov distance to normality hypothesis both
without and with tilting, respectively.

§V is devoted to applications. In §V-A, we consider the
memoryless case and establish Corollaries 1 and 2. In §V-B,
we consider time-homogeneous discrete Markov case with
possibly countably infinite number of states and establish
Corollaries 3 and 4. In §V-C, we introduce the standard
simple asymptotic hypothesis testing problem, in its complete
measure theoretic generality and show that the Central Limit
Theorem for the log-likelihood-ratio implies the second order
Stein’s lemma in Theorem 5.

In §VI, we discuss the broader implications of the spectral
approach proposed in this paper for information transmission
problems, and highlight several interesting technical questions
that have became more manageable as a result of this work.

II. PRELIMINARIES
A. Convex Functions on the Real Line

Assumption 1. The function f : R — R U {oo} takes at least
one finite value and has an affine minorant, i.e., 329 €R such

that f(zp) <oo and Ja, b €R such that f(z) > az + b holds
for all z € R. (f in not necessarily convex.)

For any function f satisfying Assumption 1, subdiffential
of f at z is, [77, (E.1.4.1)],

Of(z):={seR: f(y)>f(z)+s(y—z) for all yeR}. (25)

If f is convex and z is in the interior of the interval on which
f is finite, then Jf(z) is the closed interval between the left
and right derivatives of f at = by [78, Theorem 1.4.1.1]:

0f (z):=[D-f(z), Dy f ()]

If f is closed (i.e., lower semicontinuous) and a is the left
end point of the domain then df(a) = (—oo,D;f(a)], see
[78, p.22]. If f is closed and b is the right end point of the
domain then 9f(b) = [D_f(b), 00).

If f : R — RU{oo} is a closed (i.e., lower semicontinuous)
convex function and [a, b] C dom(f), then

f@) =t + [ 1o

where ' can be either D_f or Dy f, see [78, Remark 1.4.2.5].
Furthermore, [78, Theorem 1.4.2.4] asserts that for any a, b €
dom(f) such that a < b, there exists a = € (a, b) such that

f0) =f(a)+ (b —a)f’ freof(z). @8

For any function f satisfying Assumption 1, the convex
conjugate f* of f is defined as,

f*(A):=sup{Az — f(z) : z€dom(f)}
see [78, §1.6].

Vz €int(dom(f)). (26)

Vz € [a, b], 27)

YAER, (29)

B. The Semicontinuous Inverses of Monotonic Functions

Inverse of a function, in the usual sense, is defined
only for bijective (i.e., one-to-one and onto) functions. For
non-bijective monotone functions the generalized (i.e., semi-
continuous) inverses constitute a partial remedy, see [79]—[85].

Definition 1. For any non-decreasing function f: R~ R the
us.c. (i.e., upper-semi-continuous) inverse f” : R — R and
the Ls.c. (i.e., lower-semi-continuous) inverse ¥ :R+— R are
defined as

f(y)=inf{zeR: f(z) >y}
fNy)=inf{zeR: f(z) >y}

For any non-increasing function g : R HE the u.s.c. inverse
g":R—R and the l.s.c. inverse ¢":R+—R are defined as

Yy € R,
Yy € R.

(30a)
(30b)

g'(y):=inf{z€eR: g(z) < y} Vy € R, (31a)
g\(y):=inf{zeR: g(z) < y} Vy € R. (31b)
Remark 1. Recall that inf() = co, supl) = —oo, and the

inequality inf A < sup.A holds only for A # @ case; in that
case inf A <z <supA for all z € A, as well.

Customarily, only the non-decreasing functions are studied
because corresponding claims for the non-increasing ones are
evident. In addition, the u.s.c. inverse f" is usually called the
right continuous inverse and the ls.c. inverse f” is usually



called the left continuous inverse. Excellent overviews and
derivations of some of the fundamental results and some
applications can be found in [83]-[85].

The definitions above are describing an operation that is
quite easy to grasp intuitively. Let h : R — R be a monotonic
function. We extend the graph of A (-) by drawing vertical lines
between (z,limyq; h(7y)) and (z,lim, , h(y)) at the points
where!? the left limit lim, 4, h(y) is not equal to the right
limit lim. |, h(7y); those lines are not present in the graph of
h(-) to ensure that h(z) has a single value for each z € R.
Note that extended graph is connected. Then the inversion
operation simply takes the mirror image of the extended graph
with respect to y =z line, i.e., with respect to the graph of the
identity function, and replace any vertical lines in the mirror
image (i.e., horizontal lines in the original graph) with upper
most point for 4V (-) and the lower most point for A"(-). Then
following three observations are evident from the description
of the semicontinuous inversion given above:

o The semicontinuous inverses 1Y (-) and A”(-) would be
the same if replace h(-) with its lower semicontinuous
closure c1h(-), or with its upper semicontinuous closure
c1h(-), because h(-), c1h(-), and c1h(-) share the same
the extended graph, where the lower semicontinuous
closure c1h of h and the upper semicontinuous closure
clh of h are defined as

(limypg h(7)) A (limey o A(7))
(limy g 2(y)) V (limy g, h(7))

see [77, Definition B.1.2.4] for a more general definition.

e h”(-) is lower semicontinuous on R and ~Y(-) is upper
semicontinuous on R.

o The semicontinuous inversion is involutive in the sense
that the u.s.c. inverses of both 2”(-) and AV (-) equal to
clh(-) and the ls.c. inverses of both h”(-) and hV(-)
equal to c1h(-).

clh(z):=
clh(z):=

Vr € R,
vV € R,

C. The Likelihood-Ratio Quantiles

Recall that the Lebesgue decomposition theorem holds not
only for finite measures but also for o-finite measures, see [87,
Theorem 5.5.3] and [4, §32, Theorem C]. As a consequence,
Radon-Nikodym Theorem for finite measures generalizes to
the o-finite measures, see [5, §3.2], [4, §31, Theorem B]. Thus
for any two o-finite measures w and v satisfying w=v, there
is a non-negative v-measurable functlon , called the Radon-
Nikodym derivative of w with respect to 1/

Definition 2. For any pair of o-finite measures (w, ¢) on the
same measurable space, say (Y, )), the likelihood-ratio £,, 4(-)
and the likelihood-ratio distribution Fg(' ’Z’) are defined as

C q::{c;o ! d(“’“) - (32a)
qg if d(w+ P >0,
FZ(T|ZU)5:/]1{ZW=QST}C11U vreR,  (32b)

10For any extended real valued monotonic function both the right limit and
the left limit exist at every point in R, by [86, Theorem 4.29].

where w., is the g-absolutely continuous component of w.

The likelihood-ratio distribution Fg( | ) is “insidiously self-
referential” as [10, p. 57] deems entropy to be while discussing
asymptotic equipartition property. Nevertheless, Fg(‘g}) is a
well-defined monotonic function for any pair of o-finite mea-

sures (w, ¢) on a common measurable space. Furthermore,

Fo(r[3") = AFy(3[) VTER, (33a)
Fo(r[3y) = F(M[3) vreR, (33b)

where )\ is positive constant, i.e., A€ (0, c0).

If replace w+¢q with any other o-finite reference measure v
satisfying (w+q)<v, then resulting likelihood-ratio is equal to
the one given in (32a) (w+¢)-a.e.; hence the resulting F;(-|?)
will be equal to the one given in (32b). Furthermore, with the
understanding that % and é stand for co and 0, respectively,
we have

lyow =

, 7 (w+q)-a.e (34)

If w is a probability measure, then Fj (|2") is the cumulative
distribution of the extended real valued random variable /,, 4
in the probability space (Y,),w), as its name suggests.
However, we do not assume either w or ¢ to be a probability
measure; we only assume both of them to be o-finite measures.
Note that the likelihood-ratio distribution Fy(-|) depends only
on the absolutely continuous components of w and ¢ in each
other, as an immediate consequence of Definition 2:

Fo([3) = Fe([30),

g~
where ¢. is the w-absolutely continuous component of ¢ and
w., is the g-absolutely component of w. Furthermore, for any
o-finite measure < gq satisfying 3—‘; <1 g.-a.e., the inequality

Lo,y >4y q holds g-almost-everywhere. Thus

Fo(-]i) < Fe([3)

We call the cases when the likelihood-ratio distribution is a
function of the form Fy(-|%) : R {0, A} to be the trivial case.
The case when Fy(7|%) =0 for all 7€ R is called the singular
case because it happens iff w and ¢ are mutually singular,
ie, w Ll g Recall that w L ¢ & |lw||=0 < |lg.]| =0.
We call the case when the likelihood-ratio distribution is a
surjective (onto) function of the form Fg(-“;}) : R—{0,A}
to be the trivial-non-singular case. Note that the trivial-non-
singular case happens iff w / ¢ and dquN =( holds w.-a.e.
some ¢ € (0,00). Note that in the trivial-non-singular case
[w~ [ =A and [[g~ || =%/

Although the likelihood-ratio distribution Fy(-|¥) is well-
defined, it might not have an inverse in the usual sense.
Nevertheless, the monotonicity of Fj (|}I") ensures that it has

semicontinuous inverses, called likelihood-ratio quantiles.

(35)

Y d“<1 g~-a.e. (36)

Definition 3. For any pair of o-finite measures (w, ¢) on
the same measurable space, say (H Y), the likelihood-ratio
quantiles (LRQs) F ( | ) R— R and FV( ‘w) :R—R are
defined as

( ’Z’ =inf{y e R: Fg(ﬂ Y) > e}
’;ﬂ —mf{fye]R Fg(’}/|q >€}

Ve eR,
Ve eR.

(37a)
(37b)



Note that the likelihood-ratio quantiles are nothing but
the semicontinuous inverses of likelihoods ratio distribution
Fg(‘g’), this is why we imitate the notation in [79], [84] and
denote them with F(:|%) and F)'(-|Y).

As a result of (35), we have

FY([9) =F/(3) and  EN([9) = FAC[T)

Furthermore, evident inclusion relations for the sets we are
talking the infimum over in (37) imply,

(38)

F{e|®) <F)(e|¥) <F/(e+d|y)  VeeR,6>0. (39)
Let the LRQ-halflines'' A7(c|¥) and A}(e|™) be
ANE|W)={yeR: Fy(7|¥) 2}  VeeR,  (40a)
Al(e|@):={veR: F(7]¥) >}  VeeR.  (40b)
Then
Ap(e+8|0) CAY(e|y) CA(e|y)  VeeR,6>0. (41)
Since Fg(‘}]") is non-decreasing, both AQ(S‘}]") and
AY(g|) are halflines directed towards co. Thus
inf Ap(e|¥) = sup(R\ A7(e]¥)). (42a)
inf A/ (e|¥) = sup(R\ A} (g]¥)). (42b)

As a result of (37), (40), and (42), we have the following
alternative characterization of LRQs

F{(e]7) =sup{veR : Fu(y]7) <e}
F)(e | v)=sup{y€eR: Fg(")/| Y <e}

Lemma 1. For any pair of o-finite measures (w, q) on the
same measurable space (Y,)), LRQs Ff(-!w) and Fev(-“;’),

q
defined in (37), are non-decreasing functions on R satisfying

Ve eR,
Ve eR.

(43a)
(43b)

lim e F, N (7|9) =F[(e]¥)  VeeR, (44a)
lim, . F, ' (7|) =F)(e]¥)  Ve€R, (44b)

w~ (qu<Fe (e[7) == Ve <|[lu.ll,  (44c)
w(lw,g <F)(e]7)) <e Ve > 0, (44d)
F)(e|¥) = F/\(e]¥) VeeR\D, (44e)
[FNel3) B/ ()] € (0,00) Ve (0, unl), (440)
for some countable set D C [0, | w~||], where F[l(-’jf) in

(44a) and (44b) can be either F, EA(-|;”) or F}(-!g’)

Proof of Lemma 1 is presented in Appendix A. Let us
proceed with elaborating on some of the implications of
Lemma 1, briefly. If F KA(g]}I”) £ ng(suj) for an € € R, then
[F)(e]¥), F)(g]¥)) # 0 by (39). Furthermore, additivity of w
implies

w(lw,g S FL(E]7)) < Fe(0]7) < wltu,g <F/(e]7))
for all v in [F}\(¢|¥), F}(e]¥)). Then (44c) and (44d) imply
Fg(ﬂZ’)zs Vee (o, ||w~|], yE[F) (E‘ZJ),FZ (5|q‘”)) (45)

The behavior of FZA(~ |7q“) and FZV(~|}1") are interesting only on
[0, ||w~||]- What happens outside that range is determined by

"'We call A (e|?) and AY(c|?) halflines with the understanding that ¢
and R are halflines, as well.

(39). (44a), (44b), and the values of F(:|%) and F)’(-|¥) on
the boundary

FNO|9)=— (46a)
FZV(O‘Z’) ess 1nf wo b, qs (46b)
FZA(HwN||| W) =esssup,, luw,q, (46¢)
F (lwell|g) =00 (46d)

The effect of certain elementary modifications of w and ¢ on
the likelihood ratio distribution was described (33) and (36).
Lemma 2, in the following, describes the effect of the very
same modifications on the LRQs. For the case when w and ¢
are probability measures, (47c) follows from similar identities
reported before see [24, Lemma 3] and [25, Lemma 2.2].

Lemma 2. For any pair of o-finite measures (w, q) on the
same measurable space (Y,Y) the LRQs defined in (37) satisfy

,1(|()1\w)_)\F71(7‘w> V)\E((LOO), (473)
E7U(|w)=2F 1) YA€(0,00), (47b)
FUMZFCl) Y <1 ge-ae,  @70)

where q~. is the w-absolutely component of q.

Each relation in Lemma 2 follows from the corresponding
relation in (33) or (36), as an immediate consequence of the
definition of LRQs in (37).

D. The Primitive Entropy Spectrum
Recall that for any pair of o-finite measures (w,q) on

the same measurable space, say (Y,)), the primitive entropy
spectrum of w with respect to ¢ is defined in (9) as

h(v[7) = / (4= n9)dg  wyel,0). (s
Thus for all o-finite measures w and ¢, we have
A(v|Y) = infeey w(€)+yq(Y\E)  Vy€[0,00), (48b)
h(0]3) =0, (48¢)
h(v]y) = ( ) Vye0,00), (48d)
AV =w(low,g SV +7q(lw,g>7)  V7E(0,00), (48e)
h(v[9) = 1/7 9 Vye(0,00), (48D

Note that 71(~|%) is non-decreasing in ~. Thus (48f) implies

(v R(1]Y) = A(v]%) = AAY)A(L|Y)  Vye(0,00). (49)
Thus for any ~ € (0, 00), we have
m(1|y) = = n(y|y) =0, (50a)
A(1|) € (o, oo) == A(y|Y) €(0,0),  (50b)
h(1[7) = = 0]y = (500)

We deem the case when h(y‘gj) =00 for all y€(0,00) to be
the void case for primitive entropy spectrum ﬁ(|;”) Thus a
necessary and sufficient condition for the non-void cases for
A(-|Y) is (7), i.e., i(1]¥) <oc. On the other hand the singular
case w L ¢ corresponds to 7i(1|%) =0 case. More generally in
the trivial case the entropy spectrum has the following simple

expression 7i(y|¥) = [lw~ || A(7]lg~||) for all y€ (0, 00).



Using the level set integration formula given in (11), we
can express 71(y|¥) as Riemann integrals in terms of likelihood
ratio distributions. To see why let us first express w(ly,, 4 < )
as such an integral.

(@)
W(ly,q <7)= /]l{fw,qﬁv}éw,qdqv
/q(ﬂ{ew,qsw}fw,qw)dﬂ
0
X
| 0l et >)an
0

¥
:/ q(y > Ly q > 7)dT,
0

where (a) follows from (32); (b) follows from (11); (c¢) holds
because (L, ,<y}lw,q>7) = 0 for 7 > . Then (48e)
implies

—
o
=

—~
3]
~

5
h(v]g) = / (lu,q>T)dT Vye(0,00).  (5la)
0
Then (48f) implies
1/’Y
A(vy|Y) = ’y/ w(lyw>s)ds  Vye(0,00).
0
Then applying the change of variable s = 7/, we get
1
A(v|Y) z/ w(ﬁq,w>%>d7 Vy€(0,00).  (51b)
0

Note that integrands ¢(, ¢ >7) and w({q,., >7/y) in (51a)
and (51b) can be replaced by ¢(£y ,>7) and w(ly ,>7/7)
because monotonic functions have at most countably many
discontinuities by [86, Theorem 4.30] and any countable set
has zero Lebesgue measure. Thus using (32) and (34), we get

¥ye(0,00),  (5lc)

Yy € (0, 00). (51d)
Lemma 3. If a pair of o-finite measures (w, q) satisfies (7),
ie., ﬁ(1|g’) < 00, then the primitive entropy spectrum h(‘g’)
satisfies

lins o A(y[7) = 2(0[3), (522)
limypos ii(7|g) = llwnll, (52b)
D_Ai(y|d) = q(lwq>7)  Vye(0,00),  (520)
Dyfi(y]d) = q(lwqg>7)  V¥yE[0,00),  (52d)

where D_ﬁ(fy’;ﬂ) and D+ﬁ('y|;“) are left and right derivatives
of ﬁ(~ }1") at 7. Hence, either fi(-’g’) =0, or ﬁ(~ ;") is a non-
decreasing, finite valued, continuous, and concave function,
which is monotonically increasing on v € [0,esssup,, {y q]-

Lemma 4. Let wy, w1, qo, q1 be o-finite measures with a
common o-finite reference measure v and gy, v1 be non-

negative real numbers. If both d“’" < d“’l and 7 c(ii‘ff’ <m d‘h
holds v-a.e. then
A(y0|w0) < A(y|w). (53a)

If Yo = an1 + (1 — a)yo, we = awr + (1 — a)wo, and
Jo = Ml QT+ (7(]0 for some o € [0, 1], then
aﬁ(71 Q11) + (1 - a)ﬁ(ﬂyo CIU) < ﬁ('Yoz ) (53b)

Hence ﬁ(’yvq”) is non-decreasing and concave in the pair
(w,q). Furthermore, for any positive real ), i.e., A€ (0, 00),

A(v[3*) =AE([7)
R(v[Rg) =0(M[7)

Proof of Lemmas 3 and 4 is presented in Appendix B.

Vv €[0, 00),
Vv €0, 00).

(53¢)
(53d)

III. THE SPECTRAL REPRESENTATIONS AND A MEASURE
CHANGE LEMMA FOR SIMPLE HYPOTHESIS TESTING

Our primary goal in this section is to establishing a spectral
Neyman—Pearson lemma relating 5(-|%) to A(:]%), FZ/\(-|Z’),
and FV( ‘“’), see Theorem 1, and a measure change lemma
for the simple hypothesis testing problem expressing 5(:|%) in
terms of a ((:|9) for a o-finite measure v satisfying certain
conditions, see Theorem 2. To that end let us first point out
certain elementary facts about rNP-function §(-|2) and dNP-
function S(+]|2) defined in (6). Note that

BIE) < BCI

because any deterministic detector is also randomized detector,
i.e., T4Y) C T(Y). Definitions in (6) follow the framework
of [6] and [7], allowing ¢’s that are not probability measures
and parameterizing 3(-|2) with e rather than 1—e¢, unlike the
majority of the recent work on the subject [19]-[25], i.e
B(e]l) = Bi_<(w|q). Extension to the case when w is a
finite measure rather than a probability measures were already
mentioned explicitly in [6] and ¢ being a o-finite measure is
implicitly allowed in both [6] and [7].

Allowing both w and ¢ to be o-finite measures, however,
introduces a nuance one needs to handle; that is for certain w
and ¢ choices SB(¢|%) is infinite for all finite € values, as we
have mention in §I. We deem this case to be the void case for
B(-|4). Recall that we have called the case when 71(1]%) = oo

to be the void case for 7(- ‘“’) because in that case fi(7|¥) =00
K

Yw, g, (54)

q

for all positive . On the other hand, definitions of 5(:|2) and
A(:|%) in (6) and (9) imply
Bleld) +e>n(1]y) Ve > 0. (55)

Thus whenever the condition in (7) is violated, i.e., whenever
ﬁ(1|}1") =00, we are in the void case for 5(-|2), as well. When
(7) holds, i.e., A(1|¥) < oo, the function S3(:|%) is finite on
(0,00), as we will see in Theorem 1.

Note that 3(-|%) < B(-|2) because [ Tdw. < [Tdw and
J(1=T)dg. < [(1—T)dgq for all Te T (Y). On the other
hand, B(-|2) < B(-|%) because we can set T =0 whenever
ly,q =00 to ensure [ Tdw. = [ Tdw and T =1 whenever
ly,q=0, to ensure [(1-T)dg. = [(1-T)dg, without changing
the values of [ Tdw. and [(1-T)dg.. Same argument applies
to B(-||2), as well. Thus

(56a)
(56b)



Consequently, behavior of 5(:||4) and ((:|4) are interesting
only on [0, |w~||]. What happens outside that range is deter-
mined by the monotonicity of 3(-||%) and 3(-|4) and the values
on the boundary:

Blells) = Bleli)= Ve <0, (56¢)
BOIIE) = ﬁ(OIZ,)—Il%ll (56d)
Blelli) = Bleld)= Ve |uw~, (56¢)

where ||¢.|| can be infinite for the case when ¢ is a o-finite
measure. When ¢ is a finite measure both S(:||%) and 5(-|%)
have a discontinuity at zero, because || g~ || < ||q||.

Furthermore, the effect of certain elementary modifications
of w and ¢ on $(:|2) and 5(-]|4) given below follow from
definitions in (6) and evident pointwise relation that are valid
for all TET (V).

Lemma 5. For any pair of o-finite measures (w, q) on the
same measurable space (Y,Y), 5(:|1) defined in (6b) satisfies

BLAD=AB(19)  YAE(0,00), (57a)
B8 =8(xl4)  VYAE(0,00), (57b)
B <B(I%) Vi <1 ge-ae, (57¢)
B[ =BCI%) Vp: S <1 peae,  (57d)

where w., is the g-absolutely component of w and q.. is the
w-absolutely component of q. Furthermore, (57) hold as is if
B(:|)’s are replaced by B(-||)’s.

In the singular case, i.e., when w L ¢, NP-functions satisfy
B(e||9) = B(eld) = 0 for all € > 0. Note that a trivial-non-
singular case can simultaneously be a void case. In the trivial-
non-singular-non-void case, rNP-function has the following
closed form expression

+
Bleld) = H%H’l*m Ve>0.  (58)

In the following, we will primarily focus on rNP-function
B(-|2), nevertheless it is worth mentioning certain intuitive
but subtle observations about dNP-function 3(:||%) and rNP-
function 5(:|2). If w~ (and hence ¢.) does not have any
atoms'? then B(:||2) = B(:|4). If the likelihood-ratio distri-
bution F, (|}1") has a discontinuity at a value of ¢, , and if
there are only finitely many outputs y taking that value, i.e.,

there exists a ~ satisfying both

lim 4 Fe(7|7;) # FZ(V“;})

where B(y|¥) ={y €Y : £y,q =~}. Then the inequality in
(54) is strict for some e. If B(v|¥) is not a finite set, then the
issue is more nuanced, e.g., (54) can be satisfied as an equality
even for the discrete case. Let both w and ¢ be the geometric
probability mass function with parameter 1/2 supported on
positive integers. Then ((¢|2)=fB(e||4) =|1—¢|" for all £ >0.
See Remark 2, for a worst-case bound on 3(g]|2) —B(e]2).

and  |B(~]¥)| < oo,

12An event €€ is an atom of w~, iff & satisfies both w~. (€) >0 and the
condition w~ (EN8)€{0, w~ (&)} forall § € Y.

A. Likelihood-Ratio Tests

Lemma 6. For any pair of o-finite measures (w, q) satisfying

), £€(0, ||wa]), and e [1/Fv( ), 1/ (e q)}, let T4 be
1 iflygw>",

Tow={ Sl D) g, = and w(lg.,=7)>0, (59)
0 otherwise.

Then T2 is a randomized likelihood-ratio test, T3 € T).

Furthermore, T2.Y satisfies
/Tq’“’dw e, (60a)
Ja-TEnda=no1p - (60b)

Proof. If w L g, then ||w~|| =0 and the lemma is void. If
w L q then and € € (0, ||w~|), then [F/\(c|¥), F)(e]¥)] is a
non-empty subset of (0,00) by Lemma 1. Thus (44c), (44d),
and (44f) imply

W(lw,q <) SeSw(ly,q<1/).
Thus using (34) and [F}\(e|¥), F)’(e]|¥)] € (0,00) we get
0<e—wlguw>7)<w(lyw=").

Then T2 €[0,1] and TZY € T(Y). Furthermore,

w (a)
/Tg:v dw=(e —w(lguw > 'Y))Jr/ﬂ{eq,wyy}dwa

=€.
w ©)
/ (1-T2)dq D w(ly > ) — )7+ / Ly, . <yda,
(c)
=Zh(y|L) — e,

where (a) and (b) follow the definitions from (32) and (59);
(c) follows (48e), with the roles of w and ¢ interchanged. [

B. A Spectral Neyman—Pearson Lemma

Theorem 1. If a pair of o-finite measures (w, q) satisfies (7),
i.e., B(1|Y) <oc, then the restriction of B(-|1) to [0,00) is a
non-increasing, convex, and continuous function satisfying

B(eld) = sup.,>o fi(v]7) — e VeeR, (6la)
= h(vels) — e Ve>0, (61b)
PYE
:/ [w(%}j >7') —E}dT Ve>0, (6lc)
0
o +
:/ ‘w(d%>7'>—€’ dr  VeeR, (61d)
0
D_p(eld)= Ffiim Ve>0, (6le)
D B(eli) = 7oy Ve>0, (61

1 1
F(ely)” (FE(el3)v0)
to (0, ||w~||) is an invertible function with the

. Furthermore, the restric-

—
tion of B(:|2)



image (0, || g-||) and there exists a T. €T (Y) satisfying both
[Tedw=e and [(1-T.)dg=p(e|%) for all £€[0, ||w-||].

[lw~ ||
sel= [ otmdr el funll, 1g)
9B (elf) C (=00, 0) Vee (0, |w~ll), (61h)
Sor any ¢:(0, ||w~]])— (0,00) s.1. W <g()< W If
g @ | < oo, then !

Blelt) = gu]| - / g(r)dr  Ve>o. (61j)

Furthermore, (61a) and (61d) hold even when (7) is violated,
i.e., when h(l“;’) =00.

In (61c) and (61d), the ‘>’ signs can be replaced by ‘>’
signs because monotonic functions have at most countably
many discontinuities by [86, Theorem 4.30] and any countable
set has zero Lebesgue measure. Hence (32) and (34) imply

Bel= [ (R -<lar
= 1R <

As an immediate consequence of Theorem 1, we can express

the convex conjugate S8*(-|2) of 5(-|%), as defined in (29), in
terms of the primitive entropy spectrum, as follows

FON = {j(”'g")

On the other hand, the lower semicontinuous inverse 5”(:|%)
is defined via (31b), because (3(+|%) is non-increasing. 3(-|4)
can be determined using injectivity of 5(+|%) on [0, ||w~||] and
(56), to be'3

Ve >0, (622)

VeeR. (62b)

if A <0,

63
if A > 0. (63)

B = B([7), (64)

where 6(|Z’) is defined via (6b), as well. Thus'*
B(BElL)]) =< ve € (0, [Ju]), (652)
BB =7 7 € (0,[lg|D)- (65b)
That is the rNP-function 3(:|2): (0, [[w~]]) — (0, |lg~||) and

the rNP-functionB(:|¥) : (0, [[g~ ) —
of one another.

If the likelihood-ratio distribution Fg("w) is constant on
a subinterval of (F,’ (O| v), FM([Jwe ]| |}1")) then the restriction
of Fy(-|¥) to (Fy(0|" ) F)(Jlw~|||%)) is not invertible and
the left and right derivatives of §(:|%) differ at some point in
(0, |lw~]), as a result of (61e) and (61f). On the other hand,
any discontinuities of Fy(-|%) in (F)/(0[%), FA(||wNH| v)),
corresponds to a subinterval of (0, [|w~|) on which F}\(- ‘ p
and Fe\/(~|7q“) are equal to the same constant and 3(-|?) is an
affine function on the said interval by (61e) and (61f).

(0, [Jw~ ) are inverses

130ne can define upper semicontinuous inverse of B(|qw) using (31a), as
well. The value of semicontinuous inverses may differ only at zero: the upper-
semicontinuous inverse will have the value co, and the lower-semicontinuous
will have the value ||w~ | at zero.

f ||w~ || < 0o, then ||w~|| in (65a) and O in (65b) can be included in the
intervals. If ||g~ || < oo, then 0 in (65a) and ||g~ || in (65b) can be included
in the intervals.
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Proof Theorem 1. Let us first prove a lower bound on 3(+|%)

(a).

B(eld) =infrer(y) SUP, > /(1—T)dq + 'y( wa 5)
®) .
>sup., > infrer(y) /(I—T)dq + 7</wa—€>,

()
>SUp., > —ye+infrer(y) /{(1—T)%+WT}dw
d
(Z)Squzo —7€—|—/(dd% A ’y)dw
=Sup,>o A(y%) — ve.
where (a) follows from (6b); (b) follows from max-min
inequality; (c) holds because both T <1 and dd% <1 hold
g-a.e.; (d) follows from the fact that T : Y — [0, 1] for tests
in 7(Y).

If € € (0, |Jw~]|), then (61a) and (61b) follow from (60) of
Lemma 6 and (66). Then (61c) follows from (51a) with the
roles of w and ¢ interchanged and (61b). Furthermore, (61d)
follow from (61a) and (61c) because the integrand in (61c)
is non-negative for all 7 < 1/F}(e q) by (34) and (44c); and
non-positive for all 7>1/Fy s|}1" by (34) and (44d).

(66)

(66) because /(0|2) = 0 by (52a). Furthermore, (61d) follows
from w(dq~ >0) < |Jw~]||. For e=|jw|| case (61c) follows
from (32), (34), (46¢) and (46d). For ¢ > |Jw~|| case, (61c)
holds because F;\(z|¥)=F)/(¢|%) =oc.

For e =0 case (61a) and (61d) follow from applying (51a)
and (52b) of Lemma 3, to 7i(7|4) rather than 7i(~|%). For e=0
case (61c) follows from (32), (34), (46a), and (46b).

B(-|9) is convex, non-increasing, and lower-semicontinous
because it is the supremum of such functions by (61a).
Then lim. o B(g|4) = B(0]2) by the lower-semicontinuity
and monotonicity of 5(+|%). Furthermore, 3(:|) is continuous
on (0,00) because any convex function is continuous on the
interior of the region that it is finite by [87, Theorem 6.3.4].
and B(e|%) < oo for all € > 0 by Lemma 6 and (49).

One can prove the remaining assertions of the theorem, via
measure theoretic arguments using (61c). We, however, we
will rely on the conjugacy relation implied by (61a) to prove
those assertions. Let f(-) : R — (—o0, c0] be

Fa)m {;ﬁ(—xm)

Then f*(-) = B(-|%), i.e., B(-|1) is the convex conjugate of
f(+), as a result of (61a) and the definition convex conjugation
given in (29). Furthermore, f(-) is a closed convex function
(i.e., lower semicontinuous and convex function not identically
equal to oo) by Lemma 3. Then 3(:|%) is a closed convex
function by [77, Theorem E.1.1.2] and convex conjugate of
B(-|12) is f(-), ie., B*(|2) = f(-) by [77, Theorem E.1.3.5].
Furthermore, as a result of [77, Corollary E.1.4.4], [78, Propo-
sition 1.6.1.2].

z€0pf(e|l) e€df(z).
Thus as result of (67) for all € > 0 we have
—A€0B(el}) e€[DyAa(A[), D-A(AlL)]-

if 2 <0,

67
if x > 0. ©7)

—

=



Thus as result of Lemma 3 for all € > 0 we have
—A€df(ell) <= ce€ [w(%>)\),w<%2)\)}

Then for € >0 (61e) and (61f) follow from (34) and Lemma 1
and for e=0 (61f) follows from (44b) and because D, 3(+|%)
is continuous from the right by [78, Theorem 1.4.2.1].

(61h) follows from (44f), (61e), and (61f). Furthermore,
(61g) and (61j) follow from (27), (56), (6le), and (61f).
Note that (61e), (61f), (61g), and (61h) imply that 5(-|%) is
decreasing and injective on [0, ||w~||].

(61a) continues to hold when (7) is violated because
hi(e|¥) = oo for all £ > 0 and B(v]2) = oo for all ¥ > 0 in
that case. Then (61d) holds as result of (51a) and (50c). [

The state-of-the-art bound relating F’(-|%) and 3(:|%) for
arbitrary probability measures w and ¢, i.e., (15), can be
improved slightly and extended to the case when w and ¢
are o-finite measures using Theorem 1. Since F; ZV(-|}1“) is non-

decreasing by Lemma 1, (61g) implies

> Beld)

[llw~ -]

FY(<[7)
On the other hand, since B( ‘“’) is convex its supporting line
any point and hence at e+4 lies below 3 ( |“’) itself. Thus for

q
any ~y in [1/FZV( ), VE (s-&-é) )} (61e), and (61f) imply
6(5\3)2674—5(5—1—6‘;")

Remark 2. Theorem 1 characterizes 3(-|%) rather than 3(-||%).
Nevertheless, we can bound §(-]|%) in terms of 3(-|%) using
Lemma 6, deterministic likelihood ratio tests, (44d), and (54):

Blel) <Blelly) <Beli)+C(e) Ve (0, [lun),

((e):=infacn maxeea q(€) Ve (0, [lunl]),

Ve > 0. (68)

Vo (0, lu~ll=e).  (69)

(70a)
(70b)

where B is the set of all )-measurable finite partitions of
the set {y € Y : d“’N( ) = F)/(e|¥)}. If we does not have
any atoms then (( ) =0 for all € € (0,||w-]). If Y is
a countably separated o-algebra, then all singletons are in
Y by [5, Theorem 6.5.7]. If in addition all atoms of w.
are singletons, then ((¢) has the following less daunting
expression

C(e)=max{q({y}) : W= () =FY(e[2)} Vo€ (O unl).

The use of max is justified because we are actually taking a
supremum over countable set for which supremum is achieved
even for the case when there are uncountably many y’s in Y
satisfying <5 d“’N (y)=F, Zv(e}jl”) by [86, Theorem 4.30]. Note that
(70) was already pointed by Strassen, see [6, (2.7)] and the
following unnumbered equation in [6]. It is wort mentioning
that the upper bound in (70) is not tight even for deterministic
likelihood ratio tests: if w and ¢ are geometric probability
mass functions with parameter !/2 supported on positive and

non-negative integers, respectively, then d—‘(‘;( ) =2 hold w-

a.e. and S(e]?)=pB(el|1) =] 152 " for all £>0; yet ((e)=1/2
for all e€(0,1). Many of these observations, as well as some
more advanced ideas going beyond likelihood ratio tests are
discussed in [19, Appendix B].

C. Measure Change Identities

Assumption 2. w, ¢, and v are o-finite measures satisfying
both %(1]¥) € (0,00) and v ~ w., and there exist a function
f of the form f: (0, 00)— (0, 00) satisfying

dv _ dw~

fo=r(%)
where w., is the g-absolutely continuous component of w
Furthermore, (e, v) and (e, v) are defined in terms of v

and T2 defined in (59) for any v & {VF}(E‘;”), 1/F}(a ;‘)} as

(71a)

Wn-a.C.,

(g, v): /Tq’wdv Vee (0, ||w~l), (71b)

(e, v)::/(l Tev)dy  Vee (0, fuo]).  (Tlo)
Note that (71b) and (71c) imply

(e, v) +3(e,v) = ||v]| Ve e (0, ||lw~|])- (72)

The Csiszar-dual f : (0,00) — R of a function f of the form
f:(0,00)—R is defined as, see [35, (2)], [88, (29)].

f(z):=af ()
Theorem 2. Let measures w, q, v and function f(-) satisfy
Assumption 2. Then the Csiszar-dual f defined in (73) satisfies

2 -7(%)

If f(+) is increasing and bijective and h 1| ) < o0, then

vz €(0,00). (73)

g~-a.e. (74a)

)
Bleli) =B((e, v)[3) Ve (0, [lw~]).  (74b)
If f(-) is decreasing and bijective and ||q~.|| < oo, then
Blel)=llg~l|=BGe(e, 0)I7)  Vee (O, [lu.l).  (T4c)
If f(-) is increasing and bijective and fi(1|%) < 0o, then
e=p(3(e, v)|}) Vee (0, |lu|). (74d)
If f(-) is decreasing and bijective, and ||w.|| < oo, then
e=llunl=B0e(e, v)[)  Vee(O,[Jua]).  (T4e)
Proof of Theorem 2. First note that,
v dg. dv
((iiiw = ﬁ dqu v-a.c.,
T = dquN v-a.e
dw

Then (74a) follows from (71a) and (73). On the other hand,
Lemma 6 and Theorem 1 imply

/ (1-T2%)dg=B(c]2)

/ T dw=e¢

Furthermore, 7 € (0,00) for all € € (0, ||w~||) by (44f) and
Lemma 6.
When f(+) is increasing and bijective (59), (71a), and (71b)

imply 1/f(1/») € [1/1«7 v ,1/FZA(%(5,U)’;’):| and

Vee (0, luall), (75

Ve e (0, ||w|l)- (76)

T =TL

s2(e,0),1/1 (1) g-a.c..



Then (74b) follows from (75), Lemma 6, and Theorem 1
whenever 7i(1]?) is finite.
When f(+) is decreasing and bijective (59), (71a), and (71c)

imply 1/s0/2) € [1/ry (e, [} /i (e, )| and

1-Tew =T

5(e,v),/f(1/v)
Then (74c) follows from (75), Lemma 6, and Theorem 1
whenever |¢.| is finite.

When ]N‘() is increasing and bijective (59), (71c), and (74a)
imply 1/7(v) € [1/F; (e, v)[2), 1 /F (e, v)]2)] and

=T = Tale0),0m

Then (74d) follows from (76), Lemma 6, and Theorem 1
whenever fi(1[3,) is finite.
When f(+) is decreasing and bijective (59), (71b), and (74a)
imply 1/7(v) € [{/F) (<, 0)I), 1/F{(<(e, v)I2)] and
T8 = Tiemasion
Then (74e) follows from (76), Lemma 6, and Theorem 1
whenever ||w.|| is finite.

g-a.e..
w-a.e..

w-a.c..

Remark 3. There is a somewhat longer and indirect way to
prove (74b), (74c), (74d), and (74e), which is easier to confirm.
Here is the proof of (74b) in this alternative way.

(st |2) © a(8 =1 0) + by (85 <10)
Pa(te > 3) e (e <3)
Blel )+f(1/) (e, v),

where (a) follows from the definition of primitive entropy
spectrum in (9), (b) follows from (71a) because f(-) is
increasing and invertible, (¢) follows from (59), (71b), and
(75). Thus B(s(e,v)|9) > B(e]) by (6la). On the other
hand f(s¢(e, v)|9) < B(e]2) by (6b), (71b), and (75) because
TV € T, ie., T is a randomized test, by Lemma 6.
Thus (74b) holds for all €€ (0, [|w~]|).

q

C

The tilted measures vy 9, defined in the following, satiNSfy
the monotonicity assumptions of Theorem 2 on f(-) and f(-)
at the same time for all o € R\{0,1}. Usually, we will also
assume ||v,|| to be finite to ensure finite primitive entropy
hypotheses of Theorem 2.

Definition 4. For any pair of o-finite measures (w, q)
satisfying w £ ¢ and real number «, the tilted measure v2>?
is defined as the following w. -equivalent measure

dvy? | rdw. o
=)

q-a.e.. (77a)

Domain of the tilted measure’s finiteness JZ’ is defined as

I ={a e R: [lv7"? < oo} (77b)
Note that the tilted measure v2>? also satisfies
doa? _ (da~)l-a w-ae.. (78)

Furthermore, In||v?>?|| is a convex function as a result of
Holder’s inequality [S, Theorem 2.11.1]. Thus J7 is an interval

and J7' is non-empty iff Infvy"?|| as a function of « satisfies
Assumptlon 1. In the following, we will denote v2’>¢ simply
by v,, whenever w and ¢ are clear from the context

Remark 4. In the trivial-non-singular case 4@~ —( holds w..-

a.e. for some ¢ € (0,00). Thus v, = (¥~ 1 = (“¢. holds
Va € R. Furthermore, trivial-non-singular case is non-void iff
[lg~1 € (0, 00), which is equivalent to ||w.| € (0,00) for the
trivial-non-singular case. In the trivial-non-singular-non-void
case ¢ = lw~ll/jq-|, and »(e, vy) =e¢*~! for all « € R and
e€ (0, [lwl]).

Note that v, ~ ¢~ holds by definition and v, satisfies
Assumption 2 at least for all o € Tq". Furthermore,
(a) If <0, then f(-) is bijective and decreasing.
(b) If a>0, then f(-) is bijective and increasing.
(c) If a<1, then f(:) is bijective and increasing.
(d) If a>1, then f(-) is bijective and decreasing.
Thus if o-finite measure w and ¢ satisfy 7(1[) € (0, 00) and
a € J, then Theorem 2 implies for all ¢ € (0, [|w~||), that

gl =B (e, va)|8,)  if a<O,

Bleld) =1 (e, va) if =0, (79a)
B(s(e,va)|2) if >0,
B(z(e, va)|2) if a<1,
e=1q (g, vy) if a=1, (79b)
[w~|| fﬂ(%(e, va)’g’a) if a>1.
Furthermore, invoking (65), we can express the function
3(+y o) (0, [Jw~]]) — (0, ||ua|l) in two distinct ways:
lvall = B(llg~ll = BlelE)[5) if @<,
(8, va) = { llvall — B(el?) if a=0, (79¢)
B(B(el)]o) if a>0,
vall = B(eliy) if o<1,
x(e,va)=1 € if a=1, (79d)
Blllw~|l—eliy) if a>1.

Theorem 2 and Definition 4 are inspired by the information
theorists approach to large deviations analysis that can be
traced back to [13]-[17]. Customarily the tilted measure is
defined as a probability measure of the form va/|v,.|, e.g.,
[13, Theorem 5 and (3.27)] considering orders in (0, 1). The
primary advantage of avoiding the scaling is that not only
memorylessness but also Markovian structure (and probably
other structural assumption on w and ¢) are inherited by the
tilted measure when there is no scaling, see §V-A and §V-B.

IV. APPROXIMATIONS FOR RANDOMIZED-NP-FUNCTION

In this section, we approximate the rNP-function [3(-|%)
under hypotheses on the likelihood-ratio distribution that are
implied by the Berry—Esseen type bounds non-asymptotically
and Central Limit Theorem asymptotically. Since likelihood-
ratios typically follow a multiplicative rather than additive
structure (e.g., memoryless and Markovian models) these
assumptions are more naturally formulated and interpreted
using the distribution of the log-likelihood ratio rather than
the likelihood ratio.



In §IV-A, we first define the log-likelihood ratio and its
distribution, and then express (3(-|2) in terms of the log-
likelihood ratio distribution FL(‘;”) using Theorem 1. In
§IV-B, we define Gaussian Mills ratio and review certain
well-known bounds on it that will be helpful both in our
analysis and in interpreting our results. Finally, in §IV-C
we first approximate [3(-|2) assuming FL(’Z;’) is close to a
Gaussian distribution in Kolmogorov distance and then bound
B(:|¥) assuming Fi(-[}=) is close to a Gaussian distribution

q
in Kolmogorov distance.

A. The Log-Likelihood-Ratio

Definition 5. For any pair of o-finite measures (w, ¢) on the
same measurable space, say (Y,)), the log-likelihood-ratio
Ly, ¢(-) and the log-likelihood-ratio distribution FL(|;’) are
defined as

00 if -0,
Lu,q'= au. d“g* D (80a)
In if d(w+q) >0,
FL(TW)::/]I{LM,&}dw VreR,  (80b)

where w.. isthe g-absolutely continuous component of w.

Note that definitions in (32) and (80) imply

Ly,q =1nly 4 (w+q)-a.e (81)
Fi(r[3) = Fe(e™[3) ¥ ER. (82)
Thus identities (34) and (35) imply
Lw,g=—Lgw (w+q)-a.e (83)
Fi(r]3) = Fi(7]32) vreR. (84)

Remark 5. F/\(:|%):R—R and F(:|%) :R—R, i.e., the log-
likelihood ratio quantiles, can be defined usmg the deﬁmtlon of
the likelihood ratio quantiles by replacing Fg w1th FL

in (37). Then F{\(: ‘ )—lnFé ( ) and FY( ‘ S—IHFZ | LS

with the understandmg that In(— ) In 0, and In oo stand for
—00, —00, and oo, respectively. Then (61g) implies

llwe |
/3’(5|Z,):/ e TMdr veelo, ||w-||], (85)

for any f: (0, we|) =R st. FA(|%) <f()<EY(-|2).

For any pair of o-finite measures w and ¢ —not necessarily
satisfying (7)— first invoking (62b), i.e., (8), and then applying
the change of variable 7=e¢~t, we get

B(eld) :/ e R(t|Y) —e[Tat ve>0.  (86)
— 00

For example, if w is a probability measure with a finite
Ew[Li}’ q}, then the Chebychev-Cantelli inequality and (86)
lead to the following non-asymptotic Stein’s lemma, which
improves similar results reported before in [19, Lemma 15],
[20, Lemma 59], [89, (12)]. Proof of Lemma 7, which is
elementary, is presented in Appendix C for completeness.

Lemma 7. Let w be a probability measure and q be a o-finite
measure satisfying Eq,[(Ly,q)%] < 0o, then Ey[Ly 4] €R and

nfx—oy /2 < Z LR L, <oy /125 (87)

Sforalle€(0,1), A>0, where J:\/E“,[(L“w wa[Lw,q])Q} .

Remark 6. ln ‘q is called e-hypothesis testing divergence
and denoted by Df(w||q), see [24, p. 7044], [25, (2.6)]. Note
that for any probability measure w, monotonicity of divided
differences for convex functions and convexity of 5(-|2) imply
that D5, (w]|¢) is decreasing in ¢ and Df (w||q) > —In/g~||.

Note that inequality holds as an equality for all € € (0, 1) in
the trivial case provided that w<gq.

B. Gaussian Mills Ratio

The Gaussian Mills ratio is defined as the ratio of Gassian

Q-function and Gaussian probability density:
Y(T):= g((:)) vreR.

Then ¥(-) : R — (0,00) is a decreasing strictly convex and
invertible function because In%(-): R+— R is such a function
by [90]. Strikingly its multiplicative inverse 1/#(.) is a convex
functions as well, see [91].

Note that In¥(7+06) > In¥(7)+ o)
670 where ¥/(7) = L ¥(7) because In¥(-) is strictly convex.
Since In¥(+) is strictly decreasing as well, we have

(88)

W(T)é for all 7 € R and

W(1) > (1 +8)>¥(1)e TH YreR, 60,  (89)

On the other hand ¥'(7) /(7 is non-decreasing because In ¥(-)
is convex. Then using the identity ¥/(7) = 7¥(7) — 1 we get
W(r)>WUr+0)>W(r)e” 7o)’ Wr>z,6>0,z€R. (90)
On that other hand !/#(-1.3) < 0.19. Hence
U(r)
150> I Vr> 13, 6 >0.
Furthermore,

>0

oD

2 2
st s ey Y20

by [92, (10), (11), (12)] and [93, 7.1.13]. Let the function
g(?) (R x (031) = (0,00) be

92)

g(z,2)=e7 Q(z — Q71(e)), 93)
- S o
=¥z—Q71(2)e(Q7(e)e” @ (95)
Then
Zo(r,e) = —e9O
= T s ©0)

We denote the Gaussian cumulative distribution function by
(-, ie.,

qs(x);:/' o(r)dr VeeR.  (97)

Note that (3) and the fact that ¢(7)=p(
8(z) = Q(~2)

—7) for T €R imply
vz eR. (98)



C. Kolmogorov Distance to Normality

Theorem 3. If w and q are o-finite measures satisfying

sup, g |FL(é+oz|y) — o(z)| <, (99a)
fora §€R, a 0>0, and a 0€(0,1), then
Bleln) <=6 Q(o— Q' (e—0)) Vee(d,1+4), (99b)
Blel) = e T Q(o— QM (c+6)) Ve€(0,1-8), (99%)
Furthermore, if e€(5,1—0—Q(0)), then
Blell)=e*7To—T)p(T)A, (99d)
5(0+0.5)v2m

where 7= Q7 (¢), and A satisfies |In A| <

(1—e—0)A(e=6)"

Proof of Theorem 3. Note that ||w.|| € [1—J,144] by (99a)
because [|w. | = limgtoo FL(2|¥). Thus w and ¢ satisfy (7).

W) —e| da,

8l Do [~ e pifras

(0) o0
< 6_50/

(26750'/ e 7(P(x)+I—e)dx
S—1(e—6)

e 7% P(z)+0—¢| " dz,

where (a) follows from (86) for t =£+ox, (b) follows from
the hypothesis in (99a), (¢) holds because ¢(-):R+ (0,1) is
an invertible and increasing function. Then (99b) follows from
(100) established below for A= &~1(s—6)

/ o(r)drdz,

/A e (@ (n)— 0 /

A
/ o(T e 7%dxdr,
A

/ %) T)GiUTdT
A

00
A

o2

ez Qo+ N).

I H
8

qw

qw

o(T + o)dr,

(100)

=

(99¢) is established using the lower bound on FL(§ —0:r|;”) in
(99a) by following a similar analysis. It is worth mentioning
that that both (99b) and (99¢) can be derived using (85) instead
of (86).

To establish (99d), first note that ¢ € (¢—9,2+43) such that
B(e]2) = e~¢g(0, ¢) as a result of intermediate value theorem
and the definition of ¢(-,-) in (93), by (99b) and (99c¢). Since
In g(+,-) is continuously differentiable in its second argument,
as a result of Taylor’s theorem there exists a ¢y between ¢
and e such that

94(a,60)
E)Q(T¢UO)' (101)

ng(o,¢) =Ing(o,e) + (¢ —

On the other hand using (96) we get

glo,do) | _ 1 7(|Q ™ (¢0)])
9(0,60) | — Wo—Q (¢0)) (1—k0)Ado
W 1 NaIE
= Wo—Q 1 (¢0)) (1—go)Ado’
< ot e
S Wo—qQ 1(e19) (1—¢0)Ado’
©
S W20) (I—¢o)Ado
(d) /]
<(o+ 02+1)7(17¢0)i¢0,
(e)
§(0+05)% (102)

where (a) holds because ¥(7) < +/7/2 for all 7>0 by (92), (b)
holds because ¥(-) and Q~1(-) are both decreasing functions
and ¢o € (—08,e+46), (c) holds because ¥(-) and Q~*(-) are
both decreasing functions, e4+0 <1— (o) by hypothesis, and
Q '(1—z)=—-Q () for all z € (0,1), (d) follows from
(92), (e) follows from v/o2+1 < o+ 1. Thus (99d) follows
from (101), (102), and ¢ € (—6,e+9). O

Theorem 3 assumes the cumulative distribution function of
the log-likelihood ratio L,, ; in the measure space (Y,Y, w)
is close to that of a normal (Gaussian) distribution to bound
B(-|2). One can bound 3(-|%) or B( |“) using Theorem 2 by
first bounding B(-|9) and S(-|%) using Theorem 3, provided
that the cumulative distribution function of both In f (e"“’ﬂ)
and lnf(e‘L'WvQ) in the measure space (Y,),v) are close to
normal distributions. If v = v, for a positive constant v and
tilted measure v, for an o € R\ {0,1} then these conditions
are one and the same; that is the main idea behind Theorem
4 given in the following.

Theorem 4. Let w and q be o-finite measures satisfying
(1| ) €(0,00) and assume that an € J¥ N (0, 00) satisfies

d(z)| <6,
foray>0,af€R ao>0 and a d€(0,1/3). Let n(-) be

—Q7'()

sup,eg | FL(E+oz|}) — (103a)

ag—In~y

I—a +2(1 04)2 Q(

for all e€(0,1) for £ and o of (103a).
If a € (0,1), then for all € € (35,1—
P € (e—30,e+30) such that
B =e % Qo @1 (1 - 9)).
If o € (1,00), then for all € € (25,1 —20) there exists a
@€ (e—20,€e+20) such that
B(n(e)]2) =llw-l e~ % Q(o- Q1 (4).

Furthermore, if 6 < 1/10 and 77 € [n(3/5),n(2/5)], then A
satisfying both [In A| < %33 4 (542.3)15v/270 and

n(e):=e (103b)

30) there exists a

(103¢)

(103d)

=1na
6(ﬁ|w): 9(0[,0’)50‘; ’VﬁgA ifae(ov]-)a (1036)
1 we|| —0(c, )75 "5 A if a>1,

where 0(a, o) = (1/27r)% (W29 )| — 1|))1_TOW(U)-



Remark 7. Note that for all a € (0, 00) as o increases 6(a, o)
is bounded above and below tightly by bounds on the Gaussian

Mills ratio given in (92): 6~ ﬁ(a 27r)_1
Proof of Theorem 4. Let us first establish (103c) and (103d).
To that end we will first invoke Theorem 3 to bound 3 (an)
and $3(-|4,.), and then employ Theorem 2.

Note that (103a) ensures that the hypothesis of Theorem 3
is satisfied for 3(+|%, ). Thus Theorem 3 and the intermediate
value theorem imply that for all € € (§,1—3) there exists a
¢ € (e—0,e+0) satisfying

B(e,) =% Qo - Q7 (9)) $9(0, ).

In order to apply Theorem 3 to bound /3 (~|gv0), we need to
first ensure that the hypothesis of Theorem 3 is satisfied for
B(+]9,,)- To that end first note that (77a) and (78) imply

/Q
as o — Q.

:e_

(104)

Lyvg,w =y + (= 1)Ly 4 Vg-a.€.,

Lyve,q = Iny+aly 4 Up-a.C..
Thus

L’Wu,q = aal L'yva,w'f'ﬁ hl’}/ Vq-a.€C..

Then (103a) implies'

Iny—af ao
supl.eR‘FL< == —|—‘a71|m

7;@) - @(x)‘ <.

Thus Theorem 3 and the intermediate value theorem imply that
for all sc€(J,1—0) there exists a e € (3c—9, »2+9) satisfying

B(#|2,,.) =n(e).

Note that 7(-) defined in (103b) is invertible, decreasing, and
continuous on (0, 1). On the other hand || v, || € (19, 149) by
(103a) and 5(~|§Un) is invertible, decreasing, and continuous

on (0, ||va||). Thus (105) defines an invertible increasing and
continuous function, i.e., ¢(-): 77_1( (]9,.)). on (6,1 —6)
satisfying | () — 3| < ¢ for all s in (4,1 — §). Then ¢~1(-)
is increasing on its domain and (24,1 — 24) is a subset of the

(105)

domain of ¢~!(-). Hence
B(¢He)|4,.) =n(e) Ve (20,1-20), (106)
le—¢Me)| <6 Vee (26,1—20). (107
Furthermore, (65) and (106) imply
CHO=BMme)3™)  Vee(26,1-20).  (108)

On the other hand, n(¢) € (0, ||¢~||) for all € € (26,1—20),
thus 3(n(e)|¥) € (0, [|w~|) for all € in (26,1 —265). Applying
(74b) of Theorem 2 for f(z) = va for € = B(n(e)|?) and
invoking (65), we get

n(e)=B((B(n(e)|7), vva)|%s.)

15Note that Kolmogorov distance between a continuous function f and a
monotonic function does not change if the monotonic function is replaces
by its upper-semicontinuous or lower-semicontinuous variants. Thus for any
continuous function f(-) we have

Vee (25,1—26).

sup,cp |Fi(z]g) — f(2)] = sup,ep [limrps Fi(7]7) = f(2)]

Invoking (65) again, this time for B(| gva), we get

B(n(e) |;“’“) =x( (77(6)“;])’ Yva)  Ve€(26,1-26).
Thus (107) and (108) imply

e = s(B(n(e)]7), vva)| < 6

Since 7v||va || € (1-9, 140) by (103a), using triangle inequality
together with (72), we get

’1—6—?(,6’(77(6)|Z}),fyva)’ <26 Vee(20,1-26). (110)

(65), (74d) of Theorem 2 for f(z) = vz, (104), and (110)
imply (103c); and (65), (74e) of Theorem 2 for f(z) =z,
(104), and (109) imply (103d).

We will establish (103e) by invoking (103c) and (103d)
together with Taylor’s theorem. Note that (103b), (103c), and
(103d) can be expressed in terms of g(-,-) defined in (93) as

Vee(26,1-25).  (109)

n()) =" =g (), alw
Bnle)|¥)=e4g(o,1—¢), (111b)
Bn(e)]Y) =llw~||—e 4g(o, ¢). (111c)

Let € be the unique solution of 77=1n(e) in [2/5,3/5] and ¢ be
the corresponding number in (e—34, e+30) satisfying (103c)
if & € (0,1) and (103d) if a € (1,00). Since Ing(-,-) is
continuously differentiable in its second argument, there exists
€9 between € and ¢ satisfying

Ing(o,1—¢)=In g(o, 1_€>+g5((511:§)> (e—¢)  (112a)
if «€(0,1) and satisfying
Ing(o, ¢) =In g(0, €) + L2 (9—), (112b)

for a€(1, c0). Note that €y € (/10,9/10) in either case. Let us
proceed with bounding g/(o, €9) for an €y € (1/10,9/10):

glose0) | _ 1 (| Q7 (<0)])
g(oe0) | — W(o—Q (en)) (l—eo)Neo

© &

— Yo+Q (en)) (1—€n)Neg?

(b) 5v/Fn

S WorQ- (o)

©)

521
< Y(o+1.3)°

d)

<(0+1.3++/(0+1.3)244)2.5v 2,

(¢)

< (o +2.3)5v/2m, (113)

where (a) holds because ¥(7) < /7 /2 for all 7>0 by (92),(b)
holds because ¥(-) and Q~!(-) are both decreasing functions
and €y € (0.1,0.9), (c) follows from Q~*(1/10) < 1.3 and the
monotonicity of ¥(-), (d) follows from (92), (e) follows from
VT24+4<742 for 7 > 0.

On the other hand, using (91), (95), and invoking worst case
assumptions via Q7 1(2/5) < 0.26, we get

(|1"i”a|, )+1n9(f(’ala;) <88 if o<1, (114a)
(,1 P )+1n HeL1<0.43 if a>1. (114b)

(103e) follows from (111), (112), (113), and (114). O



V. APPLICATIONS

Under appropriate structural assumptions on w and g, the
hypotheses of Theorems 3 and 4 follow from Berry—Essen
theorems non-asymptotically and from Central Limit Theorem
asymptotically. We will explore these implications for possibly
non-stationary (i.e., time-inhomogeneous) memorlyless case
in §V-A and for time-homogeneous discrete (i.e., countable
state-space) Markov case in §V-B. Then, we will describe the
asymptotic simple hypothesis testing problem and show that
the Central Limit Theorem and Theorem 3 imply a second
order Stein’s lemma in §V-C.

A. Memoryless Case

In the memoryless case, w and ¢ are assumed to be product
measures. Since both the normalized tilted measure and the
likelihood ratio inherit the product structure, the finite length
implications of Theorems 3 and 4 are immediate even in the
non-stationary case, provided that appropriate moment condi-
tions hold. In models with memory, relating tilting operation to
the structural assumptions of the model is the main technical
challenge, as we will see for the Markov case in §V-B.

The product measure is determined by the measure of the
product events, see [5, Theorem 3.3.1]. The product of two
o-finite measures is a o-finite measure because Cartesian
product of two countable sets is also countable. A more detail
discussion products of measures can be found in [5, §3.3].

Assumption 3. w and ¢ are o-finite product measures of the
form w = ®}_,w; and ¢ = ®}_, ¢: for some positive integer
n, where w; and ¢; are o-finite measures on the measurable
space (Y, ), for each t€{1,... ,n}.

The memorylessness assumption implies the additivity log-
likelihood ratios: if w and ¢ satisfy Assumption 3, then

n
Lw’q = E =1 Lwt;lh

If w,’s are probability measures, then (115) and Fubini’s
theorem [5, Theorem 3.4.4] imply the additivity of D(w||q)
and In|jv¥?|| privided that corresponding summands, i.e.,
D(w||g;)’s or In||v2e4%]’s, are finite.'¢

W~ -a.C.. (115)

Corollary 1. Let (w,q) be a pair of measures satisfying
Assumption 3, for which w; is a probability measure satisfying
| D(wt||g:)| < oo for all t, and let &, o, T, and § be

§=D(wllq) (116a)
7= [t~ Dwl9)du (116b)
T:ZL/MW—D(wtuqt)ﬁdw, (116¢)
5=0.567 /", (116d)

If 0 >0 and § € (0,1/2), then (99b), (99¢c), and (99d) of
Theorem 3 hold for £, o, and § defined above.

Remark 8. If (w, g) satisfies Assumption 3, w; is a proba-
bility measure satisfying | D(w;|¢;)| < oo for all ¢, and o =0,

16The additivity of lnHvﬁ’ ’qH holds even when w;’s are not necessarily
probability measures.

then we are in the trivial-non-singular case, L., 4 = D(w]||q)
holds w-a.s., D(w]||¢) =—In||g~ ||, and (58) imply

Blelt) = eI —¢F

Hence (99b), (99¢), and (99d) of Theorem 3 hold for 6 =0.

Ve > 0.

Proof of Corollary 1. Note that wy<gq; because | D(w;| ¢;)]| is
finite. Thus L, ¢, = In ‘é—z}: holds w-a.s. Furhtmore, we can
calculate the first moment and the variance of L,, , under w

using (115) and Fubini’s theorem [5, Theorem 3.4.4]:
n
Dwlg)=)  Dlwa)
" 2
- :thl/(ln o _D(thqt)) duwy.

Furthermore (99a) holds for &, o, and ¢ defined in (116) as a
result of Berry—Esseen Theorem [94]-[96]. O

Implications of (99d) for B(-|2) on closed subintervals
of (0,1) becomes more apparent when considered for the
stationary memoryless case, i.e., when w; =w; and ¢; = ¢y for
all ¢ for some w; and ¢;. Note that D(w|q) = nD(wy| ¢1),
o = o01y/n, and § = 91//n for some o7 and §; in the stationary
case. Thus'” for all n > (%ﬁ)z the following equality

holds for all € € [e1,1—¢q]

L2
Blelg) = 2 e Plwlla)tVror s Ty /ugy —7),  (117)
where 7 = Q7 1(e), |InA(e)| < W—ﬁgm and the

Gaussian Mills ratio ¥(y/noy —7) is bounded tightly by (92)
because n > (ZELET)2 epqures /noy > QL (er) > 7.

€101
Corollary 2. Let (w,q) be a pair of measures satisfying
Assumption 3 for (wy, qi) pairs satisfying | | <(0,00)
for all t for some o€ (0,00)\{1}, and let &, o, T, and 6 be

W, qt
(e

Y=L/l (118a)
§=D(v[|w) (118b)
02:(a_1)2/(LM—EU[Lw,q])?dU, (118¢)
T:|a—1|3zt:1/|Lwhqt —EyfLu,q)’dv,  (118d)
§=0.567/o°, (118e)

where v = yv2 9. If |£] < 00, 0 >0, and § € (0,1/8) then
(103c), (103d), and (103e) of Theorem 4 hold for ~, &, o, §
defined above.

If the hypotheses of Corollary 2 hold, then

D(v||w)=(a—1)E,[Ly, 4] +In~, (119a)
D(v||q) =aE,[Ly 4] +1n7, (119b)
=o4-lny (119¢)

a—1

for v = yv2>9. The identities in (119) are present in [13,
Theorem 5] for the case when Y is a finite set and w and
g are probability measures. Note that the expression on the
right hand side of (119c) shows up in (103b) defining 7(-).

7To convert the hypothesis of (99d) to a lower bound on /7, we employ
the fact that Q(z) < T\}E forall z >0 .




Remark 9. If (w, ¢) satisfies Assumption 3 for pairs (w;, ¢;)
satisfying || v 9| € (0, c0) for all ¢ for some a € (0, c0), and
|€] < o0, 0 =0, then we are in the trivial-non-singular case,

Ly,q =Infjw.| —Inflg~|| holds w-a.s., D(v]|w) = —In|w~|,
D(v||q)=—In[/g-||, and (58) imply
+
B(T“;) = e_D(”“w)‘l — rePvlla) vr>0. (120)

Hence, (103¢) (103d), and (103e) of Theorem 4 holds for § =0.

Proof of Corollary 2. Since [[oX+%|| < (0, 00) for all ¢, (115)
and Fubini’s theorem [5, Theorem 3.4.4] imply

w,q || — "
leo =TT,
Low=3 [0 = D)luq — o]

w:,q:”
o1,

v-a.s..

Consequently, v inherits the product structure of w and g, i.e.,
Wt qt

-,
=1 To

wt-,th'
o

Thus L, ., is a sum of random variables that are independent
under v. Hence (103a) holds for v, £, o, d defined in (118)
as a result of Berry—Esseen Theorem [94]-[96]. O

Implications of (103e) for 4(-|2) in the memoryless case
becomes more apparent when considered for the stationary
case: If wy = wy; and ¢ = ¢ for all ¢ for some w; and
q satisfying ||[v2 % < (0,00) for some « € (0,00)\ {1},
then In||v* 7| = nln|v*> 2|, D(v||w) = nD(v||w;) for
v =v M forra ), azalﬁ and §=7%/yn. Let 7(-) be

7(€):= 2(1 a)2 +In Q(‘1 A Qfl(e)).
For all n > (106;)? and 71 € [7(3/5),7(2/5)], then 3A
satisfying both [In A| < %33 4 (5 +(2:3/n))15v/276;

= IAa

5<enan<m|q1> ;u)

[ Ag et T oDl if e (0,1),
[wy || = Abpe s Dl if g1,

where 0, = (1/%)%@(%%/\(1:1\))1%%1\/@. As a

result of (92): Gw‘lf‘—a'(al\/%rnf “as n — oc.

B. Discrete Markov Case

Tests between time-homogeneous o-finite Markov measures
provide a relatively simple model with memory for the simple
hypothesis testing problem. To investigate the problem for
Markov measures at a level of generality commensurate with
our framework thus far, we must —at the very least— consider
o-bounded transition measures. We defer this generalization to
§V-C and consider only the discrete models, i.e., models with
a countable state-space, which are rich enough to illustrate
some of the most important subtleties of the problem and of
ensuring the hypotheses of Theorems 3 and 4.

Let us recall standard notational conventions about discrete
Markov measures, first. For countable sets X and Y, a discrete
transition measure W from X into Y, is a function of the from
W : X x 27— [0, 00], satisfying W (z;€) =, ¢ W(z;{y})
for all z€X and € CY. With customary abuse of notation, we

use W(z;y), rather than W (z;{y}) for singletons and employ
W to denote both the transition measure described above and
the corresponding countably infinite dimensional matrix with
non-negative entries whose rows and columns correspond to
elements of X and Y, respectively. With this interpretation, we
define the support Gy of the discrete transition measure W
as the set of (z,y) pairs for which W (z;y) is positive:

Sw:={(z,y)eXxY: W(z;y)>0}. (121)

A discrete transition measure W is called

o o-finite iff W (z;y)<oo VzeX,yeY,

o o-bounded iff sup, ey ,cy W(z;y) <oo,

o bounded iff sup, ¢y >, W(z;y) <oo,

« a transition probability iff >° W(z;y)=1VzeX.
For any discrete o-finite transition measure W from Y into Y
and n € Z+, discrete o-finite transition measure W®” from Y
into Y7 and discrete transition measure W™ from Y into Y are
defined via their values for singletons as

H W (y,-159,)
Z WE(yo;97") V40, yn €Y. (122b)

n—1 n—1

Y1 E‘él

W™ yoy1")

W™(yosyn):=

Yy €Yy, (122a)

For o-bounded W’s, W™s are not necessarily, even, o-finite.
If W is bounded, then W™ is also bounded and it is the n
power of W as a countably infinite dimensional matrix. If
W is a transition probability, then W®"(yo;-) and W™(yo;-)
specify the probabilities of n-step trajectories (i.e., paths) and
n-step transitions, respectively, for the corresponding discrete
Markov chain for the initial state .

The equivalence classes and related concepts about discrete
Markov chains, e.g., [1, §4.2], [3, §8.4], extend naturally to
o-finite discrete transition measures, [68]-[70], because they
are in essence determined by the support of the transition
probabilities as defined (121). Let W be a o-finite discrete
transition measure from Y to Y and Gy be its support. Then
a y €Y is accessible from an z €Y, ie., x — vy, iff An€Z+
such that (z,y) € Syn. States = and y are equivalent, i.e.
z <>y, iff both x —y, and y — z hold. &y partitions the set
of states Y into disjoint equivalence classes. Each equivalence
class § is either a singleton of the form {xz} satisfying iy € Y
such that z <« y, or it is a set satisfying for each of its
elements x the following condition: y € 8 iff x <> y. An
equivalence class 8 is closed (i.e., essential according to [70])
iff (z,y) ¢ Sw for all z€8 and y¢8. An equivalence class
8 is periodic iff Ing >2 such that (z,z) ¢ Sy~ for all z€8§
unless n is an intiger multiple of ng. An equivalence class 8§
is aperiodic iff it is not periodic. A discrete transition measure
W is said to be irreducible if it has a unique equivalence class
and indecomposable if it has a unique closed equivalence class.

Both for the simple hypothesis testing problem and loss-
less source coding problem Markov transition measures of
interest have typically been the ones associated with a time-
homogeneous irreducible aperiodic Markov chains on a finite
state-space. Such Markov chains have a unique stationary
distributions and the convergence of n-step transition prob-
abilities to the stationary distribution is geometric [1, Theo-



rem 4.3.5]. For Markov chains with countably infinite state-
spaces the convergence of n-step transition probabilities to
the stationary distribution is ensured for all initial states for
positive-recurrent irreducible aperiodic Markov chains, see [1,
6.26], [3, Theorem 3, §8.6]. Even then, the convergence to the
stationary distribution is neither necessarily uniform over the
states [1, §6.3.3], nor geometric. For transition probabilities
both Dobrushin—Doeblin condition and Doeblin’s minorization
condition are necessary-and-sufficient conditions for the uni-
form geometric convergence of n-step transition probabilities
to the stationary distribution of the Markov chain in total
variation distance over the initial states, see [66]-[68]; we state
these conditions for the discrete case. Dobrushin—-Doeblin con-
dition immediately leads to specific convergence parameters.
Doeblin’s minorization condition, on the other hand, can be
extended without modification to transition measures that are
not transition probabilities.

A discrete transition probability W from Y to Y satisfies
Dobrushin—-Doeblin condition for (kg, dg) iff constants ko € Z+
and dg € (0, 1) satisfy, see [66, (1.1)-(1.4)],

| Wko(z;)— Who(y;)|| <200 Va,yely. (123)

If Dobrushin—Doeblin condition is satisfied, then there exist
constants v € (0,00) and pe(0,1) satisfying

low ()= W™(y;-) || <2vp"

where py (+) is the stationary distribution of W, e.g., (124)
holds for v = 1/5, and p = 6(1)/k°, see [67, (0.2)].

A discrete transition measure W from Y to Y satisfies
Doeblin’s minorization condition for (m,~,v) iff m € Z+,
~v€(0,00), and v is a probability measure on Y satisfying, see
[68, Theorem 6.15, Remarks 6.1],

VyeY,neZ+, (124)

W™ (z;y) > yv(y) Vr,y €Y. (125)
Evidently, (125) holds iff the following condition holds
ﬁ(v VW""(“”“)) = vz ey (126)

For any discrete transition measure W from X to Y and o-
finite measure p on X, the measure p®@ W on X xY is defined
via its value on singletons as

pOW({(z,y)})=p(z) W(z;y)

Evidently, if p is o-finite and W is o-bounded, then p@ W is
o-finite. If p is a probability measure and W is a transition
probability, then p® W is a probability measure.

The functional Berry—-Esseen Theorem of Nagaev in [67]
implies the following lemma through a standard state-space
enlargement argument and Jensen’s inequality.

VeeX,yeY. (127)

Lemma 8. Let W be a discrete transition probability satis-
Sfying (123) with the stationary distribution py and @) be a
o-finite discrete transition measure satisfying my < oo, where

W (x;
my =sup, Zy ‘ln Q((w;;“’))

For all positive integers n, let the random vector Yg“ be
distributed as pyw @ WE" 1, Then the following expectations

k
W(zy) Vke€Zs+.

(128a)
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and limit, defining & and G, exist and are finite and S, is
defined as

g:E[ln 75(@;;{1))} : (128b)
2
7= lim B 711<ln 73;@@((\28 - n5> ] (128¢)
a1 W®"+1(Y0;Y;‘+1) 7
If 5 > 0, then S,, satisfies
P(S,<7[Yo=y)—®(7)|<d VreR,yelY, (128¢)

where ¢ is defined in terms of p= (60)ﬁ, M(p), c(p), as

M (p) =332 Ltho)Cip) 41, (128)
c(p)=136(M(p))* + 3 (M(p))* + 1, (128¢)
S=c1 B 4oy oy (M) (1424),  (128h)

for universal constants c1, cs, cs that do not depend on W or
Q. Furthermore, 3(ng, A) determined by (ko,do) such that

5 < %(1+%+%) Yn > no. (1281)

Constants ¢y, co, c3 are universal, but Lemma 8 is not
universal because the coefficients of the ratios of the moments
depend on W via §y and k.

Proof of Lemma 8. Note that my, ms, and mg are finite as a
result of Jensen’s inequality and the convexity of |-|* for o > 1
because my is finite by assumption. To establish the lemma,
we cannot invoke [67, Theorem 1] to the Markov chain of
Y,’s because summands of S,, are In % hence not of
the the form f(Y;). We will invoke [67, Theorem 1] to the
Markov chain of (Y;_1,Y) pairs.

Let U be a discrete transition measure from Y xY into Y xY,

defined as U((x1, 22);(y1, ¥2)) =1 z,—y,} W(22;92). Then
U®”(z0;z1") = IL{Z&gl:z{,‘l} wen (z072;z17f2),
U™(20520) = W (20,2320,1) W (20,1320,2).-

Thus py = pw ® W. Furthermore, if W satisfies Dobrushin—
Doeblin condition for (kg,dp), then U satisfies Dobrushin—
Doeblin condition for (kg +1,d0). If Z ~ p® U™! for
p=Tr—y®@W, and Y; = Z;5, then YT ~ W&(y;.).
Then for mq; defined below, rather than m;, Lemma 8
follows from [67, (0.4) and Theorem 1] for initial distribu-

tion p(z) = Lyy—y, 1 W (y;¥2), transition probability U, and
W(y13y2)

function f(z)=In Tl

where z = (y1, y2).

my = EHln 73((;(5%1)) ‘Yo = y} i

Lemma 8 holds for m; because mj;; < my by definition. [

The conditional Kullaback-Leibler divergence is defined as

D(W|Q|p):=D(p @ W|p Q). (129)

Thus ¢ defined in (128b) is equal to D(W||Q|pw).

Assumption 4. w and ¢ are o-finite measures on Y{'!

satisfying w = wy ® Wem*+! and ¢ = ¢o ® Q®"*! for some



countable set Y, o-finite measures wy and ¢y on Y, and o-finite
transition measures W and @ from Y to Y.

Remark 10. Note that any k-step discrete transition measure
W from Wf to Y can be described via 1-step discrete transition
measure U from Y% to Y¥ of form
k.pk\ _ .
U(al ’bl) == 1{a§:bf71} W(ak,bk)
Thus, we only consider one-step discrete transition measures
in Corollaries 3 and 4 without loss of generality.

Corollary 3. Let (w,q) be a pair of measures satisfying

Assumption 4, for a probability measure wy and transition

probability W satisfying (123), for which my, defined in
2

(128a), and Ewo[<ln fi%) } are finite. Let &, o, and § be

§=(n+1)D(W[Qlpw) + Dwollq), (130a)

o=5v/n, (130b)
s 2 dw

0=0+ sl By [In? 420, (130¢)

for @ and § are defined (128¢) and (128h). Then (99b), (99¢),
and (99d) of Theorem 3 hold for &, o, and 0 defined above
whenever o >0 and § € (0, 1/2).

If wy = qo, then Corollary 3 follows from Lemma 8 and
Theorem 3. To prove Corollary 1 for wgy # qg case without
assuming |ln wo(y) —In go(y)| to be wp-a.s. bounded, we
invoke the following lemma.

Lemma 9. Let X and Z be a random variable satisfying

sup, [P(Z < 7|X) — &(7/o)| <6 as..

Let f be a function such that E[f (X)]=0. Then

sup, [P(Z+/(X)<7) = B(/o)| <3+ 52— E[(F(X))].

Proof of Lemma 9 is presented in Appendix D.

Proof of Corollary 3. If Y{™ ~ w, then by Lemma 8, the
hypothesis of Lemma 9 holds for X = Y, § defined in (128h),

o =5y, f(z) =28 — Dup|gp). and

W®n+1 Y, ;Y7b+1

Then the hypothesis of Theorem 3 follows from Lemma 9 for
&, 0, and § defined in (130a), (130b), and (130c), respectively,
because

Lw,q = Z+ f(Yo) + D(wol|qo)-
Then Corollary 3 follows from Theorem 3. O

For the simple hypothesis testing problem, Markov struc-
ture —like memorylessness— is hereditary under the tilting
operation in the sense that if (w, ¢) satisfies Assumption 4,
then both (v, ¢) and (v,,w) satisfy Assumption 4 for the
same integer n. To demonstrate this property more explicitly,
let us introduce the concept of tilted transition measure. Let
W and @ be o-finite discrete transition measures from X to
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Y. Then for any o € R the order « tilted transition measure
VW@ from X to Y is defined as

GV(ZV,QZZGWOGQ, (131a)
VIR g:y):i=W (2:9)°Q(z;y) V(z,y) €& ywa. (131b)

Then for any (w, ¢) pair satisfying Assumption 4, the tilted
measure vy ? defined in (77a) satisfies

P =yt @ V;/V,Q,®(n+1)‘ (132)

Unlike memorylessness, however, the Markov structure is not
preserved with the scaling of v with ||v2>9||. Nevertheless,
one can construct a probability measure with the Markov
structure using Doob’s h-transform.

Let V be a o-finite discrete transition measure from Y to
Yand h:Y— (0,00) be an eigenfunction of V for a positive
eigenvalue A satisfying Vh = Ah. Then Doob’s h-transform
of V, denoted by V}, is defined pointwise as

Vi (z3y):= V(z5y)h(y)

Nh(z) Vr,yeY.

(133)

Note that V4, is a discrete transition probability from Y to Y
by construction. Furthermore, corresponding probabilities of
n-step trajectories (i.e., paths) and n-step transitions satisfy

n o T
Vi (yosy )= Lot We) e yn neZe, (134a)
Vi (yoiyn )= QoI n) g,y €Y, e Zy. (134b)

In the following, we will invoke (122a), (132), and (134) to
express v? for a (w, ¢) pair satisfying Assumption 4 in terms
of V;®"*! for the case when V = V¥ Thus the existence
of Doob’s h-transform —at least for the approriate closed
equivalence class of V9— is necessary for our analysis to
go through.

If V is irreducible, aperiodic, and finite and Y is a finite
set, then there exists a unique h, of the form h:Y— (0, c0),
satisfying Vh = Ah for the maximum modulus eigen value
A by Perron-Frobenius theorem, [97, Theorem 8.4.4], as
previously noted in [71], [73]-[75], [98]. If V is irreducible,
aperiodic, and o-finite and Y is a countably infinite set, then
a more nuanced picture emerges. For the case when V" is
o-finite for all positive integers n, e.g., when V is bounded,
R-recurrence of V, as defined in [69], implies the existence of
a unique h, of the form h:Y— (0, 00), satisfying Vh = Ah by
[69, Theorem 4.1]. Let us summarize some of the fundamental
findings of the spectral theory of infinite non-negative matrices
from [69], [70].

Lemma 10. For any irreducible aperiodic bounded discrete
transition measure V from Y to Y there exists a ) € (0, 00)

satisfying
lim, oo v/ V7 (z5y) = A (135)

Either >~ (1/\)" V" (z;y) <oo for all z and y in'Yy and V
is said to be R-transient, or Y - (1/\)" V" (z;y) = oo for
all x and y in Y and V is said to be R-recurrent. Similarly,
for an R-recurrent 'V, either lim,_,o.(1/X)" V"™ (z;y) = 0
for all x and y in Y and V is said to be R-null, or
limy, 0o (I/A)" V™(25y) > 0 for all z and y in'Y and V is
said to be R-positive. Furthermore, if V is R-recurrent, then

Va,y €Y.



there exists a unique (upto a scaling) R-invariant function
h:Y — (0,00) satisfying Vh = \h and a unique (upto
a scaling) R-invariant measure 7 : Y — (0,00) satisfying
TV =Am.

Proof of Lemma 10. There exists a non-negative \ satisfying
(135) by18 [69, Theorem A]. A is positive because G yy» =YxY
for all n large enough and V™" (x;2) > V™ (z;2) V" (z;7)
for all m,n€Z+ and z €Y. Furthermore, A is finite because
boundedness of V' implies the existence of a real number M
satisfying V1 < 1M; hence satisfying V"1 < 1M™ for all
positive integers n. Dichotomies about Y. (1/x)" V™ (z;y)
and lim,, o (1/2)™ V™ (z;y) are established in [69, Theorem
B]. The existence of a unique invariant function h and measure
7 for R-recurrent V' are established in [69, Theorem 4.1]. [

Evidently, if V;, is the Doob’s h-transform of V for the
A in (135), then V is R-transient/R-null/R-positive iff V},
is transient/null-recurrent/positive-recurrent as characterized in
[1, Ch. 6], [3, §8.5 Theorem 5]. Since we are building on
[67], via Lemma 8, we will only discuss the case when V},
satisfies the Doeblin’s minorization condition. Lemma 11 in
the following, presents the characterization of R-positivity in
terms of R-invariant measure and R-invariant function of [68]—
[70], recalled in Lemma 10, and investigates implications of
this characterization for Doeblin’s minorization condition.

Lemma 11. Let V be an irreducible aperiodic bounded dis-
crete transition measure from Y to 'Y, then V is R-positive and
(135) holds iff there exist h:Y+ (0, 00) and w:Y+— (0, 00) sat-
isfying Vh=MAh, 71V =Ar, th=3__ m(z)h(z)<oc for some
A€ (0, 00). Furthermore, let V be R-positive, then V satisfies
Doeblin’s minorization condition and sup,, h(y) < oo iff Vi
satisfies Doeblin’s minorization condition and inf, h(y)>0.

Proof of Lemma 11. The characterization of R-positivity is
established in [69, Criterion III], see'® also [70, Theorem 6.4].

For any R-positive V, the R-invariant function h satisfies
h=A""V"™h for any m € Z+. Then Doeblin’s minorization
condition for V' implies h > (vh)A~"~1. Thus inf, h(y)>0.
If sup, h(y) < oo, then V}, satisfies Doeblin’s minorization
condition as a result of (122b) and (134).

For any R-positive V, let us define g :Y +— (0,00) to be
the pointwise multiplicative inverse of h, i.e., g(y) = 1/a(y)
for all y € Y. Then the Doeblin’s minorization condition for
Vi, and (134) implies g(yo0) V"™ (y03ym) = A" (Ym)9(ym)
for all yy, ¥, in Y. On the other hand, V1 <M1 and hence
V™1 < M™1 hold for a finite M because V is bounded.
Thus inf, g(y) > (vg)(*/m)™y > 0. Hence sup,, h(y) < oc.
If we also have inf, h(y) > 0, then V satisfies Doeblin’s
minorization condition as a result of (122b) and (134). O

Remark 11. Common limit value A in (135) is 1 for any recur-
rent transition probability V. Thus R-positivity of V' does not
imply Doeblin’s minorization condition for V, because there
are positive-recurrent transition probabilities that do not satisfy

18The existence of positive, possibly infinite, \ satisfying (135) also follows
from [70, Theorem 6.1] and Hadamard formula, [99, Lemma 1.1.8].

19The same characterization extends to the general transition measures for
wh:fhdw, as well, see [68, Definition 5.3] and [68, Proposition 5.8].
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Doeblin’s minorization, e.g., birth-death Markov chains [1,
§6.4]. One might be tempted to think that Doeblin’s minoriza-
tion condition for V implies the R-positivity of V, because
Doeblin’s minorization condition for transition probabilities
implies positive-recurrence. This, however, is not true there
are R-transient?® and R-null®' discrete transition measures
satisfying Doeblin’s minorization condition. A set of sufficient
conditions for R-positivity of discrete substochatic transition
measures is presented in [100, Theorem 1]; corresponding
conditions for bounded discrete transition measures can be
obtained using that fact that any bounded transition measure
V satisfies V =~ U for a substochastic transition measure U
and v €1, c0).

Doeblin—Dobbrushin condition assumed for Corollary 3
implies the uniqueness of the closed equivalence class, i.e.,
indecomposablity, for the Markov chain. The tilting operation
described in (131) can, in principle, change the equivalence
classes, i.e., the equivalence classes of VaW’Q and W may
be different. One can refrain from coping with the subtleties
arising from this issue explicitly and ensure that supports of
VQW7Q and W are the same, i.e., & ,w,o =&y, by assuming
either &y =S, see [54], [71], [10i], or Sy =S4 =YxY,
see [73], [74]. Evidently, this issue does not show up in
the lossless source coding problem considered in [75], [76]
because S =Y xY. One can, however, avoid making such
assumptions in the simple hypothesis testing problem as well
by considering the restrictions of the transition measures.

For any discrete transition measure V from Y to Y and
8 C Y, the restriction Vs of V to 8 is a discrete transition
measure from 8 to 8§ defined pointwise as

Vis(zsy) = V(z;y)

If either § or its complement Y\ 8 is closed, i.e., (z,y) ¢ Gy
either for all z€8 and y¢8 or for all ¢ 8 and y €S, then

V™ (z3y) = Vg (z39)

Thus if either S or its complement is closed then the restriction
of V™ to § is equal to the nh power of V|3, 1.e., V"‘S = V‘g

Y,y € 8. (136)

Vz,y € 8. (137)

Corollary 4. Let (w,q) be a pair of measures satisfying
Assumption 4, 8§ be a closed equivalence class of Gy N Gq
satisfying wo(y)qo(y) =0 for all y¢8 and ||v¥e %] € (0, 00)
for some a € (0,00)\{1}. If the restriction of V.V to 8 is
a bounded R-positive transition measure satisfying Doeblin’s
minorization condition with a bounded R-invariant function
h:8(0,00), i.e., sup,cg h(y) < oo, then inf,cs h(y) >0,
and there exist A€ (0,00), ko €Z+, dp € (0,1) satisfying

lim, oo VaW’Q’”(a:;y) =\

Vitws) = i) | <26

Va,y €S, (138a)

Vz,yes,  (138b)

xT

2
20The transition measure V (z;y) = éﬂ{yzl} + %ﬂ{y:z+l} from

2(z
Z+ to Z4 satisfies Vh = (1/2)h for h(z) = (z+1)% and V is R-transient
2 . .
because Vi(z;y)= ﬁﬂ{yzl} + ﬁﬂ{y:ﬂl} is transient.

2IThe transition measure V(z;y) = %1{1/:1} + %IWFIH} from
Zy to Zy satisfies Vh=(1/2)h for h(z)=xz+1 and V is R-null because
Vi(z3y)= ﬁﬂ{y:l} + 5 Ly=x 41y is null-recurrent.



where V;, is a transition probability from S to § defined as

Vi(z3y) = iy V9 (w3y) Vo,ye8,  (138¢)
1
s = (supayes 1) - (1384)

If my, defined below in (138e), is finite, then the expectations
and limit, defining & and & exist and are finite

Vth)

mk—buIS)Z ‘ln W) V}L(m,y) VkeZ+, (138e)
AS
_ VL(Y ?Yl)
5_E{1n V;(Yg;yl)}, (138)
2
7= lim B| L (nY (oY) _ 7 (1382)
n—»00 n W®"(YO§Y?) ’ &

where Y is distributed as pv @ V€ for all n. If >0
» 4 —
E,U0|:1n2 %} < 0o for vy = mo q:;”, and \/n > %
then (103e) of Theorem 4 hold for all 7 € [sn(3/5),1C/5)/(]
for a A satisfying [In Al < %8 4 (5+2.3)15v/216+< for 7,

&, o, § defined in the following whenever 6 € (0,1/10):

y=1/(m v (138h)

§=(n+ 1) D(Vi||W|py,) + D(wol|wo), (138i)

=5 /m (138))
2 d’Uo

6=+ L ﬁEUO[ln %] (138K)

where 0 is given in (128h) forlmk in (138e), M (p) in (128f),
c(p) in (128g), and p=(0p) TF*o for &y and ko in (138b).

It is worth mentioning that if closed equivalence class 8§
of Corollary 4 is a finite subset of Y, then the restriction
of VW:@ to 8§ is always an R-positive, bounded transi-
tion measure satisfying Doeblin’s minorization condition and

Evo[(ln 1o —In w0)2] is always finite.

Proof of Corollary 4. Note that 8 is a closed equivalence class
of the order a tilted transition measure V,V>@, as well. As a
result V" ‘ , i.e., the restriction of V.V Q" to S is irreducible.
The restriction is also aperiodic because it satisfies Doeblin’s
minorization condition. Since the equivalence class 8 is closed,

Vals @™ @) = VO (wy)

Then (138a) holds for a A € (0,00) by Lemma 10, and V},
defined in (138c) is transition measure satisfying Doeblin’s
minorization condition and R-invariant function h satisfies
inf,es h(y)>0 by Lemma 11. Then V}, satisfies Dobrushin—
Doeblin condition and there exist ko € Z+ and dy € (0,1)
satisfying (138b) because these two conditions are equivalent
for transition probabilities.

Note that w., (Y5 T'\8§7") =0. Let the measure s<w., be

(™) =al ) (M) T

Then

Ve, y € 8,n€Z+.

Vy’n—‘rl Sn+1.

sfs < qg<gs W -a.C.. (139)

Note that yo2* = v V2" Y IF YE+! ~ 4020, then by
Lemma 8, the hypothesis of Lemma 9 holds for X = Yy, ¢
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defined in (128h), 0 = /7, f(z) = In -
and

wo(m) — D(vo||wo),
‘/h’®n+1 (YO;Y;H»I)

ZZIHW

—(n+1)D(Val| Wlpy,).

Then for (w,s) the hypothesis of Theorem 4 follows from
Lemma 9 for 7, £, o, and § defined in (138h), (138i), (138)),
and (138k), respectively, because

L'yvz,‘[";,w =Z +f(Y0) + D(UOHwO)'

Thus (103c), (103d), and (103e) of Theorem 4 hold for 3(-|¥),
rather than 3(-|). On the other hand as result of (57b), (57d),
of Lemma 5 and (139), we have

B(w|¥) = (1) <BLIN <BC12) = B:[.

Then (103e) of Theorem 4 hold for all 7 € [sn(3/5), 1(*/3) /]
for a A satisfying [In A| < %334 (542 3)15v/2n0+4< as a result
|1—allng

of (103e) of Theorem 4 for 5(:|%). Note that \/n > 200407
ensures 7(/3) /s > ¢n(3/5) because

n(2f) _ 200Q71(0.4) L AN )
In @06 = el 2ne+In g e o)
20Q1(0.4) [— 1—alln
Z Tr=al ){U\/ﬁ_ ;Q*ll(O.Z) :

C. Asymptotic Case

To pose the asymptotic simple hypothesis testing problem
and describe the asymptotic bounds in a generality that is
commensurate with the framework we have employed thus
far, let us first define the transition measures (i.e., the measure
kernels), [5, §10.7], [102, §1.6].

Definition 6. Let (X, X') and (Y, )) be measurable spaces and
W be a mapping from X x ) to [0, 00]. Then W is called a
transition measure from (X, X) into (Y,)) iff the following
two conditions hold:

(i) For every z € X, the function W (z;-) is a measure on ).

(ii) For every €€, the function W (+;€) is X'-measurable.
If W(x;) is a probability measure for all z € X, then W is
called a transition probability (probability kernel).

A transition measure W from (X, X) into (Y,)) is said to
be finite if W (z;Y) <oo for all z €X and o-finite if W (z;-)
is o-finite for all z € X. Similarly, W is said to be bounded if
W (-;Y) is a bounded function and o-bounded if there exists
a (countable) Y-measurable partition {&€,, },cz of Y such that
W (-;€,) is a bounded®* function for each n.

Lemma 12. Let W be a o-bounded transition measure from
(X, X) into (Y,Y) and v be a o-finite measure on X. Then
there exists a unique o-finite measure i on X ® ) with

M(exxey)z/ W (€, 0(de) VE, €X,Ey €Y. (140)
e

22We refrain from introducing concepts of X-boundedness and X-finiteness
introduced in [102, §1.6] for conceptual parsimony. Note that every o-finite
transition measure is also a X-finite transition measure and every o-bounded
transition measure is also a X-bounded transition measure for the definitions
employed in in [102, §1.6].



In addition for any non-negative X ® Y-measurable function f
the mapping © — fy f(z,y) W(z;dy) defines a X-measurable
non-negative function satisfying

[ )= /x A F(@,9) W (wsdy)v(dz). (141)

Lemma 12 is a generalization of [5, Theorem 10.7.2] for
probability measures to o-finite measures, which follows from
[102, Proposition 6.9 and Theorem 6.11].

Remark 12. With the construction given in Assumption 4,
w and ¢ are guaranteed to be o-finite for o-finite discrete
transition measures W and () because Y is countable. When
we apply the same construction to transitions measures of the
form described in Definition 6, we rely on [102, Theorem 6.11]
to ensure that w and ¢ are o-finite; hence we will assume W
and (@) to be o-bounded rather merely o-finite.

Invoking the sign based decomposition f=fT—f~, we see
that (141) holds for any p-integrable function f. Furthermore,
the mapping a:»—>fy f(z,y) W(x;dy) defines a X'-measurable
function that is finite v-a.e. for any pu-integrable function f.
We invoke these assertions about p-integrable functions only
for the case of when W is a transition probability and v is
probability measure, which is covered by [5, Theorem 10.7.2].

We adopt the notation similar to [102, (6.23)] and denote
1(-) defined in (140) by v ® W. Now we are ready to pose
the asymptotic simple hypothesis testing problem.

For all positive integers n, let (Y,,),) be a measurable
space, and let Y7 and )" be corresponding (ordered) Cartesian
product set and (ordered) product o-algebra,

Yr =Y xY, vne{2,3,...},
V=", Vne{2,3,...}.
Let w; and ¢; be o-finite measures on ); and for each n in
{2,3,...}, let W, and @Q,, be o-bounded transition measures

from (Y71, Y1) into (Y, Vy), then w} and ¢f* are o-finite
measures on Vi defined as

(142a)
(142b)

w =w ' W, Vne{2,3,...},
' =q"'®Q, vne{2,3,...}.
The asymptotic simple hypothesis testing problem is the study

n
9
n
Wy

(142c)
(142d)

of the asymptotic behavior of 3 ( as n tends to infinity,

under various structural assumptions on {(w{*, ¢{*) }nez. -

Definition 7. Asymptotic simple hypothesis testing problem
for {(w{*, q1*) }nez, described in (142) is called standard iff
wy is a probability measure and W,, is a transition probability
for all ne{2,3,...}.

In the following, we will only be interested in the standard
case, for which probability measures {w{},cz, uniquely
extend to a probability measure on ){°, as demonstrated by
Tonescu Tulcea, see [5, Theorem 10.7.4]. We denote the re-
sulting probability measure and corresponding expectation by
P, (-) and E,[], respectively.”® Furthermore, {)]'} ez, form

23We do not need the existence of the unique extension Py, (-), either to
define D and @, or to obtain the results discussed in the following. However,
Py, (-) makes the connection to classical limit theorems for sums of random
variables more apparent than it would be otherwise.
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a filtration in Y7° and {(Lup ¢p, V') nez, form stochastic
sequence in Y7 by construction, see [3, §7.1]. Thus

Eu[Llupqp] = D(wi | qf")

whenever the expectation exists. For a standard asymptotic
simple hypothesis testing problem, when the defining limit
exists, we define D as

Vn € Z+,

Di=limy 00 2Ey[Lup o] (143)
The log-likelihood-ratio of a standard asymptotic simple hy-
pothesis testing problem is said to satisfy the weak law of
large numbers iff>* D € R, and

tin P, (| 2Ly D] > <) =0

n—roo

Vs >0. (144)
Lemma 13 (The First Order Asymptotic Stein’s Lemma). If
the log-likelihood-ratio of a standard asymptotic simple hy-
pothesis testing problem satisfies weak law of large numbers,
i.e. (144), then

Vee(0,1).

lim, e 10 3(e (145)

%)=-D
1

Lemma 13 follows from (86), i.e., (8), see Appendix C for
a proof.

The log-likelihood-ratio of a standard asymptotic simple
hypothesis testing problem is said to satisfy the central limit
theorem iff D € R, and there exist a o > 0 satisfying
lim Py (28" <52 ) 1-Q(z) VecR.  (146)
Jim Py, i Sor ) =1- z) VzeR.
Theorem 5 (The Second Order Asymptotic Stein’s Lemma).
If the log-likelihood-ratio of a standard asymptotic simple

hypothesis testing problem satisfies Central Limit Theorem,
i.e., (146), then

Tim L (nB(e|%h) +nD) =@ '() Vee(0,1). (147)
Proof of Theorem 5. First note that (146) is nothing but the
convergence of distribution functions of the sequence random
{%(Lw%q? fnb)}nez to standard Gaussian
cumulative distribution function, see;r [2, Definition 1, §3.1].
This is equivalent to the weak convergence of corresponding
sequence of probability measures to the standard Gaussian
measure on R by [2, Theorem 2]. On the other hand the weak
convergence convergence to the Gaussian measure is metrized
by the Kolmogorov distance by [103, Theorem 6] because
Gaussian measure is absolutely continuous in the Lebesgue
measure. Thus (146) implies that for all § >0 there exists an
ng such that

variables

SUP,cRr <6 VYn>np.

L,wn q'nf’ﬂﬁ
P, <w5 >l’) - Q(z)

Consequently, for all § > 0 there exists an ny such that for
all n > ng, probability measure w{* and o-finite measure ¢’

24Note that D €R excludes both D =00 and D = —oo. Since H q" || can
be infinite, not only D, but also D(wl" || qf)’s can be —oo, in principle.



satisfies (99a) for £ = nD, o = oy/n, and §. Then for all
£€(0,1), 0 € (0,6 A (1—¢)), Theorem 3 and (92) imply

IL — -1 ) ™
i) +1D) < Q7@+ =y

n — _ V27
Z;lfr)+nD) >Q 1(’5)_(1—T\/)§(8—5)'

lim su %(ln (z—:
’I’l‘)OOp U\/ﬁ /8

lim inf L~ (m 3 (5

n—oo

Thus liminf expression is greater than or equal to Q1(¢),
and lim sup expression less than or equal to Q~!(¢). Hence
(147) holds for all £€(0,1). O

It is worth mentioning that Theorem 5 is instructive even in
the stationary and memoryless case because the absolute third
moment of a random variable can be divergent even when Lin-
denberg condition’s are satisfied and Central Limit Theorem
holds. Likewise in the time-homogeneous Markovian case and
non-stationary memoryless case there are incidences in which
hypotheses of Corollaries 1 and 3 fail but the hypothesis of
Theorem 5 holds. Theorem 5 demonstrates that Central Limit
Theorem implies a second order asymptotic Stein’s lemma.
Using Theorem 3 one can also establish third order order
asymptotic Stein’s lemma tying the rate of convergence to
normal distribution in the Central Limit Theorem to the third
order term in asymptotic Stein’s lemma.

VI. DISCUSSION

Non-asymptotic formulations of information transmission
problems enjoyed a considerable attention in the recent past
[18]-[28]. One-shot bounds, such as those in (13), (14), (17),
and (18), were previously interpreted merely as preliminary
results for the ultimate asymptotic results. With the surge of
interest in non-asymptotic formulations, one-shot bounds have
become ends in themselves, heavily studied and cataloged
as part of recent efforts to obtain non-asymptotic bounds.
However, the one-shot quantities appearing in these bounds
—such as B(-[2), A(-19), Fe(-|¥), F/(-|¥). and FY(-|%)—
are rarely interpreted explicitly as functions of their real
parameters; instead, they are customarily studied as functions
of the measures w and ¢ for a fixed value of the real parameter.
Analyzing these quantities as functions of their real parameters
is the paradigm shift that led to Theorems 1 and 2. Studying
these one-shot quantities as functions of their real parameters
is significantly more tractable than one might initially assume.
The convexity of 8(:|2), which is well-known, proves to be
the key tool in relating B(-[2), fi(-[2), F¢(-|%), F/(-|¥), and
F)(:|“) to one another as functions.

Theorems 1 and 2 can be interpreted as non-asymptotic
information spectrum results that establish relationships be-
tween one-shot information spectrum quantities for the simple
hypothesis testing problem. These relationships have imme-
diate consequences for known one-shot bounds, such as the
meta-converse in (13), the maximum-code-theorem in (14),
and dependence testing bounds in (17) and (18). More impor-
tantly, we believe similar characterizations can be established
for other information transmission problems using the non-
asymptotic information spectrum method. Following the initial
arXiv submission of this work [45] and its subsequent confer-
ence appearances [46], [47], the authors of [44] proposed a
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pairwise error probability framework for one-shot information
theory in three arXiv submissions [104]-[106].

Exact characterizations of optimal performance for an in-
formation transmission problem are of limited use if they are
difficult to compute. Theorems 3, 4, and 5 establish tractable
and tight approximations by assuming the Kolmogorov dis-
tance to normality for the log-likelihood ratio distribution is
bounded by J. This approach allows us not only to derive
the non-asymptotic approximations presented in the corollaries
for the non-stationary memoryless and the time-homogeneous
Markov cases, but also to demonstrate the distinction between
the implications of the Central Limit Theorem and the Berry—
Esseen Theorem for the simple hypothesis testing problem.

Bounded Kolmogorov distance hypothesis for the log-
likelihood ratio distributions naturally complements the char-
acterization given in (86). Furthermore, the approximating
distribution need not be Gaussian, as pointed out in [44,
§IIT A]. One can obtain o(1) approximations for In 3(-|%),
such as those in [6, Theorem 1.1], [22, Theorem 18], [54],
by using more accurate approximations for FL(|ZJ) in (86).
Applying these more accurate approximation with tilting, the
corresponding improvements for the large deviations regime
in [7], [56] can also be recovered.

Han’s Information Spectrum Method [11] is a powerful, ro-
bust, and unifying approach for studying information transmis-
sion problems. Its primary drawback is that it is an asymptotic
method by design (e.g., compare the present manuscript with
[107]). Non-asymptotic applications of information spectrum
ideas have proliferated following the surge of non-asymptotic
formulations sparked by [18]-[20]. By interpreting one-shot
quantities as functions of their real parameters, we are able
to demonstrate previously unknown relations and significantly
streamline known ones. We believe these results are not iso-
lated. A non-asymptotic variant of the Information Spectrum
Method may prove more analytically tractable than previously
assumed.

The broader implications of one-shot spectral representa-
tions remain largely unexplored. We conclude by outlining
several specific research problems raised by this work. Al-
though we confined our analysis to discrete Markov chains in
§V-B, our results can be readily extended to Markov chains
with abstract state-spaces. The results from [69], [70] that we
employed have already been established for general transition
measures in [68], and the Dobrushin—Doeblin condition was
originally proposed for Markov chains on measurable spaces
without the discreteness assumption [66, (1.1)], [67, (0.1)].
Such a generalization would remove some of the superficial
assumptions employed in [72].

An arguably more interesting generalization of the results
in §V-B is the removal of Doeblin’s minorization condition.
While a straightforward proof relying on Lemma 5 and (139)
would not be possible in that case, similar results could likely
be obtained using Bolthausen’s functional Berry—Esseen The-
orem [108]. Extending this to a time-inhomogeneous Markov
framework is also of interest, though likely more challenging.

Our primary focus in this work was 3(-|2). When 5(-||2)
and 3(-|2) differ due to a probability mass in w., (and hence
in ¢.), the analysis of ((:]|4) becomes far more nuanced



and likelihood-ratio tests are not necessarily optimal for all
¢ values for S(-||2). Unlike, likelihood-ratio tests, general
detectors lack an inherent total order and are only partially
ordered, see [19, Appendix B]. Semicontinuous inverses of
monotonic functions appear to be the appropriate mathematical
tool to analyze [(-||%) in this setting. However, it remains
unclear to what extent the results in [19, Appendix B] can be
improved.
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APPENDIX
A. Proofs Of The Lemmas About LRQs

Proof of Lemma 1. First, note that Ap(-|¥) and A}(-

defined in (40), are both non-increasing in € by (41), i.e.,

AN el7) C ACLT)

w
q)’

Ve,TeR:e>T.

In (37), as € increases the set that we are taking the infimum
over, i.e., Ae_l(e’:}“), can only become smaller or stay the

same. Thus both Fe/\(~|“qf’) and FZV(~|7q”) are non-decreasing on

Furthermore, as an immediate consequence of (40) and (41),
Apeld) =, A D),
Al =U, AT

where A, (+|) in (148) can either be* AY(-|) or A(+|%).

F(el) @ supfo,00) \ (), A7 (712)),
= (10,00 \ AT (T]2)),

=sup| )
© 1w
= SupT:T<E Sup([oa OO) \‘AZ 1(T’q ))a

() - w

= SUPrir<¢ Fé 1(T|q)

where (a) follows from (32), (37a), (40a), (42a), and
(148a); (b) follows from De Morgan’s law; (c¢) holds be-
cause sup(UJ,cq Br) = sup,eq(supB;) for any collection

(148a)

T:T<E

(148b)

2Note that {Ae_l(sn ‘ }1") }nez+ is a non-decreasing sequence of set
whenever €, | € and {Ag_l(in“f)}neZJr is a non-increasing sequence of
set whenever €, 1€, by (41). Thus Ae_l(sn!g’) 1T AZ/(E|“’) whenever €, | €

q
and A;l(en |Z’) 1 A?(e“{) whenever e, Te.
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{B,}re of sets of the real numbers; (d) follows from (37),
(40), and (42). Then (44a) holds because both F}(T‘ZJ) and
F)(7|%) non-decreasing in 7.

q
w (a)- — w
F)(e]¥) = inf UT:T>5 AZN(TY),

®) inf . ve iIlf.AZl(7'| ;") ,

()

= inf7;7—>5 FE_I(T’Z/)’

where (a) follows from (32), (37b), (40b), and (148b); (b)
holds because inf(|J, .y B-) = infreg(inf B,) for any col-
lection {B } e of sets of the real numbers; (¢) follows from
(37) and (40). Then (44b) holds because both FZV(~|;") and
F)(-|¥) are non-decreasing.

We are left with confirming (44c), (44d), (44e), and (44f).
Note that (44d) for ¢ > |lw~||; and (44c) for ¢ < O
follow from the definition of ¢, , in (32). Thus we need
to establish (44c) and (44d) only for ¢ € [0, |w~|,]. Let
us consider (44c), first. If FZ/\(S‘Z’) = 00, then (44c) fol-
lows from w. (ly,q<00) = ||wa|;. If FZ/\(5|2’) < oo and
we (Lw,q <F{(e|¥)) = oo, then (44c) holds trivially. If both
FMe]¥) < oo and we (€y,q<F}(g|¥)) < oo hold, then
Hyntnez, C (0,00) satisfying v, | F/\(¢|¥) and the con-
tinuity of w., from above (i.e., at (), implies

W~ (ew,q < FKA(E‘;%) :hmn%oo w~(€w,q S’Yn)v
>E,

where the inequality holds because w.. (£, 4 <) >e¢ for all v
in (Fé/\(sw) ,00) by (37a). Thus (44c) holds for the case when
both FeA(EW) and w., (qu §F€A(a|7q“)) are finite, as well.
Let us proceed with establishing (44d). If F’(|¥) = —oo,
then w (Kw,q <F EV(SW)) = 0 and (44d) holds trivially. If
sz(é:’;ﬂ) > —o0, then 3{y, }nez, CR satisfying *ynTFZV(s“J")

and the continuity of w from below (i.e., o-additivity) implies

w(é’uhq <F€/\(5|Zu>) :hmn—mo w(éw,q S'}/n),
<e,

where the inequality holds because w({,, 4 <7)<e for all v
in (—o0, F)(¢|)) by (43b). Thus (44d) holds for F)(¢|%)>
—oo case, as well.

F)(:|¥) and F'(+|¥) are the right and left limits of F(-|%)
by (44a) and (44b). Those left and right limits are equal and
FKA(W) is continuous everywhere except for a countable set
because monotonic functions have at most countably many
discontinuities by [86, Theorem 4.30] and FZ/\('W) is a non-
decreasing function. The points of discontinuity should lie
between zero and [lw. ||, because F)\(g|¥)=F)(e|¥)=—-o0
for all e <0 and F})(g|¥) = F)/(e|¥) = oo for all £> [|w.||;.
Thus (44e) holds for some countable subset D of the closed
interval [0, ||w~||,].

(44f) is void for w L ¢ case because w L ¢ iff ||w~|; =0.
If w/fgq, ie., ||lwe][; >0, then:

o F}\(¢|¥) —and hence F,’(|¥)— is positive for any ¢ in

(0, |lw~]|;) by (44c), because w~ (£y,q <0) = 0.
o F)(¢|¥) —and hence F}(¢|¥)— is finite for any ¢ in
(0, ||lw~|;) by (44d), because w({y 4 <00) = ||w~l;-
O



B. Proofs Of The Lemmas About PES

Proof of Lemma 3. Both £, ;Ay—0as v |0 and £, Ay <
4,41 hold g-a.e. for v € (0,1) and [ (€, 4Al)dg < o0, ie.,
ﬁ(1|}1") is finite, by hypothesis. Then (52a) follows from the
dominated convergence theorem [5, Corollary 2.8.6]. On the
other hand w(£y,q <7) <7i(y|?) < |lw~||; for all € (0,00)
by (9) and limyjoc w (4 q<7) = ||w~]||; by the countable
additivity, i.e., the continuity from below, of w.

Let us proceed with establishing (52c). First using (32),
(51a), and the definition of left derivative; then invoking the
additivity of the measure ¢ for disjoint events {y : £,, 4 >~}
and {y : y>{, ,>71} for 7€(0,7), we get

)
Dﬁﬁm:mmwﬁféﬂ%ﬂ>ﬂw,

,
:q(ﬁw,qzv)ﬂimaw/ 10280.02T) 47, (149)

y—6

On the other hand for all § € [0,7) and T € [y—4,~] we have

0<q(y>Ly¢>T)<q(y>Ly ¢>7 —0). (150)
The continuity of w from above (i.e., at () imply
limsyo g(y> 4w, >v —6) =0. (151)

(52¢) follows from (32), (149), (150), and (151).

Let us proceed with establishing (52d). First using (32),
(51a), and the definition of right derivative; then invoking the
additivity of the measure ¢ for disjoint events {y : £, ¢ > T}
and {y : 7>4, >~} for 7€ (y,00), we get

v+36

D+ﬁ('y|;”) =limy %/ q(ly,q > T)dT,

¥

b axy -
= q(lu,g>7)—lim Wr2bea>D g7, (152)

510 /.,

On the other hand for all 6 €0, 00) and 7€ [y, y+J] we have

0<q(T24w,q>7) < gy + 02 Lw,g>7). (153)

The continuity of w from above (i.e., at {)) imply
limgsyo q(y 4+ 0> 4w,q>7) = 0. (154)
(52¢) follows from (32), (152), (153), and (154). 0

Proof of Lemma 4. h(v|¥) is non-decreasing and concave in
the pair (w,yq) because the expression in side the infimum in
(48b) is a non-decreasing and linear (hence concave) function
in the pair (w,~q) for all & € ). Then both (53a) and (53b)
hold because pointwise infimum of non-decreasing functions
is nondecreasing and pointwise infimum of concave functions
is concave. (53c) and (53d) follow from the definition of
primitive entropy spectrum in (9). O

C. Proofs of First-Order Stein Lemmas

Proof of Lemma 7. First note that E,[|L,, 4|] is finite because
E,[(Lw,q)?] is finite and E[|X|]* < E[X?] for any extended
real valued random variable X. Then E,lL, 4], and hence
D(w||q) exists and it is a real number.
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Chebyshev-Cantelli inequality implies

R(r|?) < vr < D{wl)q).

0,2
D)7

Then Fi(7|¥) < e for all 7 < D(w|q) — oy/2==. Thus as a
result of (86)

ﬂ@w:/ | Er[®) —e| Fdr.
IR~

Then the upper bound in (87a) follows from Fi(7|¥) <1. Note
that Chebyshev-Cantelli inequality also implies

VT > D(wl|q).

) 0'2
1= F(7]}) € sovDraTa)?

€+4 Thus

Thus 1—F(7]¥) < 175 -

>1rA
as a result of (86)

sely= |
D(wllq)+o

2,
D(w|g)+o

_ o~ Dwlo-oy/5E a0-o)
1+A

for all 7 > D(w||q) + o

e 7T |F|_(7' Z’) —E‘erT

e+A
1—¢

—T
e
e+A
1—¢

1— +
1-d5—e| ar

O

Proof of Lemma 13. As a result of (144) for any ¢ > 0 and
d > 0 there exists a ng(s, ) such that

n<(D—q)n) <6

1

P, (wa,q Vn>ng(s,0).

Thus as a result of (86) for any n > ng(s,e) have

n o _ +

3}1?):/7 e ! |Py (Lug.qp < t)—e|'dt,
(D—=¢)n

S(l—a)e_(ﬁ_o".

5(e

Thus

Ye>0.  (155)

lim sup,, %lnﬁ(s Z}i) <D+

As a result of (144) for any ¢ > 0 and § > 0 there exists a

n1(s,d) such that
Pw(l_wlnﬁq{b>(ﬁ+§)n)§(5 Vn2n1(§,5).

1—¢
2

oo
z}{) :/ 67t|17€7Pw (wa'rqf > t)|+dt,
—o0

/—(D+§)n

Thus as a result of (86) for any n > n; (s,

) have

5(e

v

e_t‘l—e—Pw(Lw{»}q{» > t) |+dt,

> %ef(ﬁﬂ)”.
Thus
liminf, o L B(=[5) > D¢ ve>0.  (156)
(145) follows from (155) and (156). O



D. Proof of Lemma 9

Proof of Lemma 9. Let us denote the random variable f(X)
by V. For any random variable Y, the triangle inequality for
Kolmogorov distance imply

d(Fviz(-),0(5)) < d(Fvaz(-) . Fvav() +d (Frav(-). 2(5))-

Let Y be a zero-mean Gaussian random variable with variance
o? independent of X, and hence V. Then

Feardr)=E[#(75Y)].
On the other hand, the law of iterated expectations asserts
A7) = E[E[L{z4v<n|X]].

Thus using first the triangle inequality for expectations, and
then the hypothesis of the lemma we get

|y iv(T) = FyioT)| < E[|2(75Y) —E[1(zv<r|X]|]
<9 Y.

Thus d(Fyi7(-), Fvsv(-)) < 0.
On the other hand a result of Taylor’s theorem, for all z € R,
there exists a &, between 0 and z satisfying

O(75%) = 8(3) — 2o(3) — 57 (te(t)]_r-c.

On the other hand sup, |ty(t)| = \/ﬁ Thus using E[V] = 0,
we get
7=V _ T 1 2
E[0(73F)] = ¢(7) + 57 7=EV’]
: E[V?]
Thus d(Fv+y('), @(;)) < o2 and lemma follows. [
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