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Abstract—A new technique is proposed for upper bounding the
error probability of fixed length block codes with feedback. Error
analysis is inspired by Gallager’s error analysis for block codes
without feedback. Zigangirov-D’yachkov (Z-D ) encoding scheme
is analyzed with the technique on binary input channels and %-
ary symmetric channels. A strict improvement is obtained for
k-ary symmetric channels.

I. INTRODUCTION

Shannon showed [8] that capacity of the discrete memoryless
channels (DMCs) does not increase with feedback. Later
Dobrushin [3] showed that the exponential decay rate of
the error probability of fixed length block codes can not
exceed sphere packing exponent in symmetric channels.! In
other words for the rates above the critical rate, at least for
symmetric channels, even the error exponent does not increase
with feedback, when we restrict ourselves to the fixed length
block codes. Characterizing the improvement in the error
exponent for the rates below the critical rate is the pressing
open question in this stream of research.?

The first work on the error analysis of block codes with
feedback was by Berlekamp, [1]. He has obtained a closed
form expression of the error exponent at zero rate for binary
symmetric channels (BSCs). Later Zigangirov [9] proposed
an encoding scheme, for BSCs which reaches sphere packing
exponent for all rate larger than a critical rate Rz..;.> Fur-
thermore at zero rate Zigangirov’s encoding scheme reaches
optimal error exponent, which is derived by Berlekamp in [1].
Later D’yachkov [4] proposed a generalization of the encoding
scheme of Zigangirov, and obtained a coding theorem for
general DMCs. However the optimization problem in his
coding theorem, is quite involved and does not allow for

UAfter that Haratounian [7] established an upper bound for the error
exponent for non-symmetric channels as a generalization of Dobrushin’s
result, but his upper bound is strictly larger than the sphere packing exponent
for many non-symmetric channels.

2There are a number of closely related models in which error exponent
analysis has been successfully applied, like variable-length block codes, fixed
length block codes with errors-and-erasure decoding, block codes on additive
white Gaussian noise channels, fixed/variable delay code on DMCs. We are
refraining from discussing these variants because understanding those variants
will not help the reader much in understanding the work at hand.

3Evidently Rzerit < Rerit Where Rerg is the critical rate in the non-
feedback case, i.e. the rate above which random coding exponent is equal to
the sphere packing exponent.
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simplifications that will lead us to conclusions about the
error exponents of general DMCs. In [4] after pointing out
this fact, D’yachkov focuses on binary input channels and
k-ary symmetric channels and derives the error exponent
expressions for these families of channels.

Our approach will be similar to D’yachkov’s in the sense
that we will first prove a coding theorem for general DMCs
and then focus on particular cases and demonstrate its gains
over non-feedback encoding schemes. We will start with
introducing the channel model we have at hand and the
notation we use. After that we will consider the encoding
schemes that use feedback and make an error analysis which is
similar to that of Gallager in [5]. Then we will use our results
in different cases, to recover the results of Zigangirov [9]
and D’yachkov [4] for binary input channels and to improve
D’yachkov’s results [4] for k-ary symmetric channels.*

II. CHANNEL MODEL AND NOTATION

We have a discrete memoryless channel with input alphabet
X = {1,2,...,]|X|}, output alphabet ¥ = {1,2,...,|Y|}.
Channel transition probabilities are given by a |X|-by-|Y|
matrix W (y|x). In addition we assume that a noiseless, delay
free feedback link exists from the receiver to the transmitter.
Thus the transmitter learns the channel output at time k before
the transmission of the symbol at time k + 1.

A length n block code with feedback for a message set
M = {1,2,...,[e*®]} is a feedback encoding scheme to-
gether with a decoding rule. The feedback encoding scheme,’
¥, is a mapping from the set of possible output sequences,
/=1 € Yi~l for j € {1,2,...,n}, to the set of possible

input symbol assignment to the messages in the set M
n

w(): (- aM M
j=1
The input letter for the message m € M at time j given
y/ =1 € Y71 is the m*" element of W(yI 1), i.e. U, (y7 7).
Note that when there is no feedback W(yi~1!) = W(j),
vyl =1 e yi—t,

“Indeed same improvement can be obtained within framework of the
analysis introduced by Zigangirov and D’yachkov with some fairly minor
modifications.

SNote that this is the general setting we will focus on a particular mapping
to establish our results.
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The probability of observing a y* € Y° conditioned on
message m € M is,

P{y'|60=m} =] WTn' )

=1

A decoding rule is a mapping from the set of all length n
output sequences, YV, to the message set M.

() : Yt > M
We use a maximum likelihood (ML) decoder, which decodes
the message with the smaller index when there is tie. We
assume that messages are equally likely.
ITI. ERROR ANALYSIS
The error probability of the message m € M is,
> P{r0=m}{d(y") #m}
yneyn

where I{-} is the indicator function. Note that for a ML
decoder, for any p > 0, and > 0 we have

Zk¢mp{y"| 0 =k}' g
P {y"|0 = m}"

H{o(y") #m} < (

Consequently

Y P o=m} | Y P{y"o=k}"

yreyn k#m

If we introduce the short hand

Fpm,j(yj) = mgp {?JJ’ 6= m}l—pn |:k§;np {yji 0= k}n

Since all the messages are equally likely Pe = = Zn | AI;T S
Consequently,
Cpinn(y™)
< 3 e @

neyn

If Fp,n,n 1(
Fp7777n 1(yn_1)’

“1) # 0 we can divide and multiply by

Cpmn(y™)
Pe < Z IMIy
neyn

IMI

yneyn

- ¥

yn~1 eyn— 1

Tpnn(y™)
Fp,n,n—l(y“*l)

pnn 1(1’!n 1) Z T

Yn€Y

Lo (y™)
pommn—1(y" 1)

Thus

p,m,n—1

Pe S '—[—£(p7 n»yn

B2 ©)

>

yn—leyn 1
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where £(p,m,y* "1, ¥) is given by,
§= 0 if Tpyn1(y™ ') =0
= Lpoyon(y® . e
2 yney r,,,n,;ilgn)—l) if Tpnn-1(y™ ") #0
Let us define a(p,n, ¥) as
a(p, e \Il) =

Then

je{l,..n} yi-leyi-1
n—1
Po< >0 Reagf—lalpn,¥)
ynkleynfl
(o]

< Lepel o (p, n, )"
< M —1Pa(p,n, ¥)"
< e (pR+Ina(pn,¥)) ®))

Now we find an encoding scheme, ¥, with small a(p,n, ¥).

For that we will focus on the encoding schemes that are
repetitions of the same ‘one step encoding function’.

IV. ONE STEP ENCODING FUNCTIONS

Let QMI be the set of | M |-dimensional vectors whose entries
are all non-negative. Let T be a parametric function,

Tpn(): oMl Ml R

If g has at least two non-zero entries then Y is defined as

1—pn
W (lxm) P am T (s W lxk)"a8)"
Tp,n(q, X) — Z YixX ql_ k£ YIXk) dk (6)
y,m Ymam T (Crpm k)P

else T, ,(q,x) =0.
Let us introduce the short hand,
e(mly’) =P {y’|0 = m}"
then we have
p(mly?) = W (y;|Tm(y"~)"p(mly’ ")

We can write £ in terms of T as follows,

oy’ H W) = Ton(elly’™ 1), 2@ 7h) (O

Note that &(p,n, 371, ¥) depends on the encoding in first
j — 1 time units only through the | M| dimensional vector
@(-|y?~1). Thus if we can find a x, for each ¢ € QMI
such that T, (g, x4) is small, we can use these Y, (g, Xq)
to obtain an encoding scheme ¥, with small a(p,n, ¥) and
consequently a block code with small error probability. These
mappings are what we call one step encoding function.

An |M|-dimensional one step encoding function, X, is a
mapping from OMI o the set XM, ie.,

X: oMl xIMl

With a slight abuse of notation let us extend the definition of
a(p,n,X) to one step encoding functions as follows,

o(p:n,X) = max Ton(a,X(9)) ®)
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Lemma 1: For any p > 0, n > 0, |M| = e dimensional
one step encoding function X, and for any n > 1 there exists
a block code such that

P, < en(na(pnX)+pR) ©)
Proof: Consider the encoding scheme, ¥ such that,
T (™) =Xy’ ™) (10)
As a result of equations (4), (7) and (8) we get,
a(p,n,¥) < a(p,n,X) (11

Using equation (5) we get the claim of the lemma. |
When calculating the achievable error exponents the role of
the minimum of — In a(p,n, X) will be very similar to that
of Eg(p) in the case without feedback, [5].

V. MAIN RESULTS:
A. Achievability of Random Coding Exponent:

In this subsection we will, as a sanity check, rederive the
achievability of random coding exponent for all DMCs using
Lemma 1. Let n = 1—_115. For any |[M| > 1, at each ¢ €
Q consider the set of all possible mappings of messages to
the input letters, X’ M| and calculate the expected value of
Y. (q, x), where the probability of each x € X!M! is simply
given by [[,cx P(z)"®2) where 7(x, ) is the number of
messages assigned to input letter x € X. Then one can show
that, for p € (0,1]

E|T

(@x)] <e®EP vge M 12

P15
where Eo(p, P) = —In)_ (3, W (y|z) ™% P(z))'+* Thus
for each ¢ € Q™! there exist at least one x, € X! such
that

T, 1 (g,xg) S e D (13)

Thus for the one step encoding function X(g) = x, we have
—lna(p7 ﬁp,X) > EO(pa P)

Using this together with the lemma 1 we can conclude that;
Corollary 1: For any input distribution P(-) on &, p € (0, 1],
R > 0 and n > 1 there exists a length n block code of the
form given in equation (10) such that.

P, < en(=Eo(p,P)+pR) (14)
Note that above description is not constructive in the sense
that it proves the existence of a one-step-encoding scheme, X
with the desired properties but it does not tell which encoding
scheme it is or how to find it. Encoding scheme we will
investigate below however does specify an X with the desired
properties.
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B. Z-D Encoding Scheme:

In this subsection we will describe the Z-D encoding scheme
and apply Lemma 1 to this encoding scheme on binary
input channels and k-ary symmetric channels. This encoding
scheme was first described by Zigangirov [9] for binary
symmetric channels then generalized by D’yachkov [4] to
general DMCs. Consider a probability distribution a P(-) on
input alphabet X and a ¢ € Q™!. Without loss of generality
we can assume that® Vi, j € M, if i < j then ¢; > qj.- Now
we can define mapping x for a given ¢ and P iteratively as
follows:

Yo(z) =0 Ve X
— in Yi—1(z)
X = g 2
i(z) = Z qi
1<i<g:x: =2

For assigning 7 € M we first calculate for each input letter,
x € X, the total mass of all of the messages that has already
been assigned to z, v;j—1(z). Then we divide v;_1(z)’s by the
corresponding P(z) values and assign the message j € M to
the x € X, for which P(z) > 0 and 7"1;(—196(;”) is the minimum.
If there is a tie we choose the input letter, z, with larger P(x).
If there is still a tie, we choose the input letter with smaller
index.

1) Properties of Z-D Encoding Scheme: A Z-D encoding
scheme with P(-), will satisfy,

Cm:q}g(x_qm<PL&5 Vee X VYmeM

m) -

(15)

where g; = 7Y aq (). In order to see this, simply consider
the last message assigned to each input letter x € X. They
will satisfy this property by construction. Since the messages
that are assigned to the same letter prior to the last message
have at least the same mass as the last one, they will satisfy
the property given in (15) too. Thus for any ¢ € QM and
any input distribution P(z), the mapping created by a Z-
D encoding scheme, satisfies

gz — P(2)(, >0 Yz EeX VYmeM (16)
Thus
Pk HXk=2}ak ¢ P(x) 2 ot HXE=2} (g2 —(m P(x))
D ktm Gk T X ksm Ok D kpm Gk

In other words, with Z-D encoding scheme, the mass of the ¢
is distributed over the input letters in such a way that; when
we consider all the mass distribution except an m € M, it is
a linear combination of P(z) and 05 4’s for 2’ # X,. Using
this decomposition of the input distribution together with the
convexity of the function 2” for p > 1 and Jensen’s inequality

SIf this is not the case for a g, we can rearrange the messages m € M,
according to their g, in decreasing order. If two or more messages have
same mass, ¢, we order them with respect to their indices.
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we get,
[Ez W (ylz)" 35 10 Hxk=2}ax } P
Zk;ﬁm 9k
P
_ ¢mP(z) 2 o trm HXe=2}(gz—(m P(x))
- [Z W(yla)? (ol 4 et Tumele )]
< [, Wla)"Pa)]” (1= PEDW ()
ST ; —r a7
TFEXm
Let us define f,, as
_ % K
fm = D W (ylm) 07 (Zezpt VXTI (15)

Using equation (17) we get,

fn < gt quW Ylxm) P [ZW ylz)"P(x)

+ Y P(’”)C’")ZW Ylxm) PO (y]2)”"

p

2 kpm 9k
TEXm
< bm B m(P,p,n) _ Hxcrm (PT)
T 2ik#Em o © ¥ + (1 Zk# )6 )

< emax{Bxm (Popsm) st (P}

where Vi € X, B;(P, p,n) and p;(pn) are defined as,

Bi(P,p,m) =1ny  W(yli)"'~*" (Z P(w)W<y|w)">

max
z#%,zEsupp(P)

pi(pom) = In Y W (i) W (yl)”
Y
Consequently for p > 1, n >0,

1—pn
e WWxm) P am (s W ylxk)"ax)?

Ton(g, xp) = =2 T
P tm " (Cpzm a6)?
1—
_ Zm an (Zk;ém qk)me
- 1-pn
zm Qm" (zk;ﬁm qk)P

< emaxzesupp P(:) max{ﬂz(P,P,ﬂ),le (/"7)}

Thus for p > 1 for all input distributions P and for all > 0,
max{8z (P, p,n), pa(pm)} (19)

max

1 Xp) <
na(p,n, P) " zesupp P(+)

For certain channels the property given in equation (19)
together with Lemma 1 implies that sphere packing exponent
is achievable on an interval of the form [Rpcrit, Rerit)-
Corollary 2: If for a DMC,

—Eo(p)

on an interval of the form p € [1, pp.]. Then

X) = —Eo(p)

Inea/%( e (75 Tp ) < (20)

lna(p7 T+p° Vp € [LpDc]

Proof: In order to see this, first recall that for the P(-) that
maximizes Fqo(p, P), satisfies, [6, page 144, Theorem 5.6.5],

Eo(p, P*) = Bo(P*, 145,p)  Va € supp(P¥)
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Now the statement simply follows the equation (19) |
Recall that sphere packing exponent is given by

= max Fy(p) —

R
p=>0 P

E.p(R)
Thus for each R there is a corresponding pg, which is the
maximizer of the the expression above. As a result of Lemmal
and Corollary? for the rates with pg € [1, pp.) sphere packing
exponent will be achievable as error exponent for the channels
satisfying condition given in equation (20). Two families
of channels that satisfy the condition (20) are Binary input
channels and k-ary symmetric channels.
2) Binary Input Channel: The binary input channel case has
already been addressed by D’yachkov. We simply rederive his
results here. DMCs for which |X'| = 2 are called binary input
channels.
For p > 1, n > 0, using equation (19) we get,

alp,n,X) < emax10o(Pmp),Su(Pimsp)uo(pm).ua (e} (21
For the rates for which pg € [1, pp.| this will lead to sphere
packing exponent. For the rates for which pr > pp. we
will simply minimize the expression in equation (21) over
P,n and p to find the best possible error exponent achievable
with this scheme. For the rates such that pr € (0,1) using
the definition of f,, given in equation (18) and certain
monotonicity argument one can also show that sphere packing
exponent is achievable. We do not present those arguments in
the interest of space.

3) K-ary Symmetric Channel Let us consider k-ary sym-
metric channel with 0 < € < £ — , Le.

=]

Ly Jl—e
"”(Z'”)_{Kf_l oy

Note that for any p > 0,7 > 0 and = we have

= pz(pn)
—In [(1 —e) (m)”"
i () ]

Furthermore note that for any p > 0,7 > 0, z € X and for
P(x)=1/K

B(p,n) = Bz(P, p,n)
=1In[(1 —e)!=P" 4 (K — 1)(ﬁ)1—pn]
+ I+ S ()]

w(pn)

Thus as a result of equation (19), for p > 1
Ina(p, n, X) < max{B(p,n), u(pn)}

For K = 2 case these expressions are equivalent to those
of Zigangirov in [9], which were specifically derived for

BSCs. For K > 3 case these expressions result in a strict

(22)
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Fig. 1. Spherepacking exponent, error exponent obtained using the equation
(22), D’yachkov’s exponent expression in [4] and random coding exponent
are plotted for a k-ary symmetric channel with kK = 4 and € = .3/4.

improvement over [4]. Equivalent of equation (22), in [4] has
Bp(p,n) instead of B(p,n) where,

Bplp,m) =In [(1 — ' ~o(Ugdl 4 B (zsq)7)e

)77
+(K = (=) R + Kl (z)™)

Note that
eBlPim) _oBp(pym) _ (=" (K—l)(Ke_l)n p
(K—1)Pn(1—¢)Pn _( K + K )
—gen | (K=D)(g=7)""
_ ((1 I;) + 1? L)

For p > 1 as a result of Jensen’s inequality E [z]° < E[2”].
Thus B(p,n) < PBp(p,n) for all p > 1 and n > 0.
Consequently equation (22) leads to «a(p,n,X)’s that are
strictly smaller those in [4] for all p > 1. Using Lemma 1
one can convert this improvement into tighter bounds on error
exponent. Figure 1 shows the resulting error exponents for a

particular channel.”

4) Remarks on Z-D Encoding Scheme: The two example
channels we have considered do not reveal the main weakness
of the Z-D encoding scheme. Consider the following four-by-
four symmetric channel W (y|z),

1—e¢ € 0 0
0 1—¢ € 0
Wulz)=1| o 0 1-¢
€ 0 0 1—¢

The error exponent of this channel is equal to sphere packing
exponent at all rates. In order to see why recall, [6, page
538, exercise 5.20], VR > O there is a fixed list size Lp
such that for any n > 1 there is a length n block code with
with [e®] messages and decoding list size Lr with error
probability Pe < e~ Fs»(F)n_ Using log, Ly extra channel

7Indeed D’yachkov’s expression for k—ary symmetric channel is strictly
worse than that of Zigangirov for k = 2 case too.
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uses transmitter can specify the correct message among the
decoded list without any errors, if the correct message is in
the list. Since this extra time will become negligible as n
increases we can conclude that sphere packing exponent is
achievable for this channel, when there is feedback.
However when we consider the Z-D encoding scheme we can
not reach the same conclusion. Clearly we should choose the
P(z) to be the uniform distribution. Consider for example
the ¢, such that ¢ = [0.5 0.5 0 0 ...]. Any smart encoding
scheme would assign the first two messages into input letters
that are not consecutive. But Z-D encoding scheme will not
necessarily do so. Considering similar ¢’s for low enough p’s
one can show that Z-D encoding scheme leads to an «o(p, Flp)
such that In a(p, %p) > —FEy(p). As a result this will imply
that Z-D encoding scheme will have an error exponent strictly
less than the sphere pacing exponent.
On the other hand for all such ¢’s with this kind of anomalies
we observed, we were able to find a modification of Z-D en-
coding scheme, which employs a smarter encoding scheme
for the first |X’| messages and performs optimally. However
we have yet to find a general modification on Z-D encoding
scheme that works for all ¢ € Q.

VI. CONCLUSIONS

In addition to the improvement in k-ary symteric channel,
maybe more importantly, simplicity of the analysis gives us a
better understanding of the Z-D encoding scheme in general
DMCs. 8
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