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Abstract—The mutual information is analyzed as a function
of the input distribution using an identity due to Topsge for
channels with (possibly multiple) linear constraints and finite
input and output sets. The mutual information is bounded above
by a function decreasing quadratically with the distance to the
set of all capacity-achieving input distributions for the case when
the distance is less than a certain threshold. Explicit expressions
for the threshold and the coefficient of the quadratic decrease
are derived. A counter-example is provided demonstrating the
non-existence of such a quadratic bound in the case of infinitely
many linear cost constraints. Implications of these observations
for the channel coding problem and applications of the proof
technique to related problems are discussed.

I. INTRODUCTION

In his seminal paper [1], Strassen proved for channels with
finite input and output sets that there exist positive constants
~ and ¢ for which the mutual information satisfies

Ip; W) < C—rlp—pll*  iflp—pl <6 O

where p, is the projection of p to the set of all capacity-
achieving input distributions II in the underlying Euclidean
space, and hence ||p — p.|| is the distance of p to II. Strassen’s
brief and elegant argument relies implicitly on the fact that
for any p ¢ II, the direction p—p, cannot be simultaneously
orthogonal to the gradient of mutual information at p,, i.e.,
orthogonal to D(W | qw), and in the kernel of the linear
transformation relating the input distributions to the output
distributions, i.e., in XCy;,. Strassen’s proof has a gap that can
be fixed by using polyhedral convexity, see [2, Appendix A].
Strassen’s bound (1), plays an important role in establishing
sharp impossibility results for the channel coding theorem, see
[1], [3], [4]. Determining an explicit expression for (4, ) pair
for which (1) holds is also worthwhile because of this role.
One of the claims of Polyanskiy, Poor, and Verdd in [3]
is to establish (1) with an explicit coefficient . They apply
an orthogonal decomposition to write p — p, = vy + v+,
where vy is the projection of p —p, to Ky,. Then they
assert (vo, D(W|lqw)) < —=T|juw|| for some I' > 0, see [3,
(500)]. This claim, however, is wrong for some p’s on certain
channels; see, for example, the channel described in §1I-C.
In our judgment, the issue overlooked in [3] is the following.
The projection of p—p, to the subspace of Ky, that is also
orthogonal to D( W {|qw ) needs not be zero; the principle used
by Strassen in [1] asserts merely that this projection cannot
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be the p—p. vector itself. This principle can be strengthened
using convex analysis to assert that the angle between the
p—p. vector and its projection cannot be less than a positive
constant, determined by the channel. In §III, we establish this
fact for the case with multiple linear constraints. In §IV, we
use this observation to prove (1) with explicit expressions for
~ and § for channels with finitely many linear constraints using
orthogonal decompositions, similar to [3].

Recently in [5], Cao and Tomamichel presented a proof
of (1), in the spirit of [1]. First the cone generated by the
vectors p— p, for p ¢ II is proved to be closed, and then a
second-order Taylor series expansion for the parametric family
of functions {I(p, +7(p — p«); W)}pen at 7 = 0 with a
uniform approximation error term for all p ¢ II is obtained.
Then (1) is established using the extreme value theorem,
the fact that p — p, cannot be an element of Ky, that is
orthogonal to D(W | qw ), and the Taylor series expansion.
Cao and Tomamichel, later generalized their analysis to the
case with finitely many linear constraints, in [6].

In §II, we introduce our notation, and bound the Kullback—
Leibler divergence from below and the mutual information
from above using a Taylor series expansion. In §III, we review
essential concepts and results from convex analysis and prove
the positivity of the aforementioned minimum angle. In §IV,
we prove (1) for any channel with possibly multiple linear
constraints and finite input and output sets. We also present a
channel with infinitely many linear cost constraints for which
(1) does not hold. In §V, we discuss the implications of
the analysis presented and possible applications of the proof
techniques to some related problems.

II. INFORMATION THEORETIC PRELIMINARIES

For any finite set X, we denote the set of all probability
mass functions on X by P(X). A p € P(X) is said to be
absolutely continuous in a ¢ € P(X), i.e., p<gq, if p(z) =0
for all z satisfying ¢(z)=0. The Kullback-Leibler divergence
D(p||q) is defined for any p, g€ P(X) as

p(z)
>, p(z)In s
00

p=q
PAq

The Kullback-Leibler divergence is a non-negative function
and D(p||q)=0 iff p=gq.

D(pllq):=
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We interpret real valued functions on a finite set X as the
elements of a Euclidean vector space R™. For any |X|-by-|X|
positive semidefinite matrix /A, we define the inner product
(,9a : R* x RY — R and the norm ||-|| ; : RY — R>o as

(f9)a:=f"Ag Vf,g € RY,
I lla:=vVAF5 f)a vf € RY.
When A is the identity matrix, we denote the inner product
and the norm by (-,-) and ||-||, respectively.

We represent a channel with a finite input set X and a finite
output set Y by an |X|-by-|Y| right stochastic matrix W, i.e.
the element in the row z and the column y is the probability of
observing the output letter y when the input letter is z, which
is commonly denoted by W (y|z). Without loss of generality,
we assume that any output letter y satisfies W (y|z) > 0 for
some z € X. The kernel of the channel W is denoted by Ky :

Ky={veR*:|wTy| =0} )

For |X|-by-|Y| right stochastic matrix W and ¢ € P(Y),
D(W||q) is a column vector whose rows are D(W (-|z)]/q)’s.
For any p € P(X) we define the conditional Kullback-Leibler
divergence D(W ||q|p) as

DW[q|p):=(p, D(W||q)).
A. The Mutual Information

For any p € P(X) and |X|-by-|Y| right stochastic matrix
W, the mutual information I(p; W) is defined as

1(p; W):=D(W lgp|p), 3)
where ¢, € P(Y) is the output distribution of p, i.e.,
gp=WTp. @)

The following identity, due to Topsge [7], can be confirmed
by substitution

DWlqlp) = I(p; W) + Dgp|lq) )
for all p € P(X) and g € P(Y). Let p. € P(X) be such that
dp=4p,, then as a result of (5) we have
I(p; W)=D(W ||gp. |p) — Dapllgp.)

=1(p; W)+ (p = ps, DW | gp.)) = Dgpllgp.)- (6)
To characterize the behavior of the identity in (6) in the

vicinity of p, we will bound gyl gp.) from below using
the Taylor series expansion of zIn z around z = 1.

zlnzszlJr%(zfl)zfl(z—l)S Vz € (0,00),

6
and the inequity is strict unless z=1. Thus

—a 2 _ 3
D(qp||qp*) > Zy %(qp(y;p*%z*)(y)) _ %(qp(&)ﬂ* (qu;)(Zy)) . ()

for all p, p. € P(X) satisfying ¢,~<¢,, and the inequality is
strict unless ¢, = ¢, . Furthermore,

Z (40 (¥)— ap. ()
y Ipx (y)

= (CIp —dp, )Tdiag(ﬂ{qp* >0} qp%) (Qp - QP*)

2
=llp—plly,

where A, is the |X|-by-|X| matrix defined as follows

Ay = Wdiag(]l{qp* >0} q,%) wT. (8)
On the other hand using Cauchy—Schwarz inequality we get
G (y) = a5 (y) = D W(ylo)(p(2) - pu(2))
< [AW I - llp = pall;
where || W (y]-)| is

W ()l =4/D_ (W(yle))?. 9
Thus we can bound the second term in (7) to get
2 Ko 3
DAapllgp.) = 5llp = palla, — =llp — o)’ (10)
where k,,_ is defined as
o W l)I®
Fip, =4 Zy (qp*?(ly))2 ’ an

Then using (6), we can bound I(p; W) from above in terms
of I(p.; W) provided that ¢,~<g,, holds, i.e.,

I(p; W) < I(pa; W)+ (p — pe; DW |l gp.))

2 Ko 3
—3llp = pulli, + = llp — pal”.

12)

B. Shannon Capacity and Center

For any closed and convex constraint set A C P(X), the
Shannon capacity Cj is defined as

Ca:=supyeq I(p; W).

As a result of the extreme value theorem we know that the
supremum is achieved because I(p; W) is continuous in p.
More interestingly, [8], [9], there exists a unique Shannon
center g4 € P(Y) satisfying,

D(W||qalp) < Ca

Furthermore, D(g,, ||¢4)=0 and thus g, =gx for any p. €A
satisfying I(p.; W)= Cyx by (5).

We know that ¢, = g4 and D(W/| qalp) = Ca imply
I(p; W) = Cx by (3). The existence of a unique Shannon
center implies that the converse statement is true as well, i.e.,
I(p; W) = Cy implies g, = g4 and D(W ||ga|p) = Cx. Thus
the capacity-achieving input distributions can be characterized
as the elements of A satisfying certain linear constraints, i.e.,

Vp € A. (13)

where II ; is the set of all capacity-achieving input distribu-
tions in A and S is an affine subset of R defined below

y:={p €eA:I(p; W)= Ca}, (15)
Spi={v eRY: (v, D(W||qn)) = Cx & WTv = ga}. (16)
Both A,, and k,,, defined in (8) and (11), respectively, are
same for all p, € II; because ¢g,, = qq for all p, € II4;

hence we denote them by A4 and k4. Furthermore, the non-
negativity of the mutual information, (5), and (13), imply
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D(gp|lga) < Cx and hence ¢,~<qq. Thus for any p, € II
the bound in (12) is

I(p; W) < Ca+(p — pe; DIW|lqa))
2 w3 3
—slp=pulls,, + % o —pull
We denote the kernel of the second term in (17) by Iqu:
Kg:={v eR* : (v, (W] ga)) = 0}. (18)

Note that the kernel of the last two terms in (17) are both
equal to Ky, because

o]l g, > [| W ol >lv ”AA\/m VoeRX. (19

Furthermore, [[v]| , can be bounded from above in terms of
|v|| for an arbitrary v € R* using first the Cauchy—Schwarz
inequality and then the concavity of the function z°/* in z
together with the Jensen’s inequality, as follows:

_ Z (3, W(ylz)v(x))*
y

VpeA. (17)

o4,

qa(y)
IW "ol H vl
< Z aa(y)
2
— [MACIDI S
= ||UH Zy QA(ZJ)(W)
2

< ol Yo e RY. (20)

Recall that x4 is &, defined in (11) for any p, € 11 ;.

C. A Counter-Example for [3, (500)]

Example 1. Let W be a channel with 9 input letters and 8
output letters given in the following

Bfslsy1 B3lsx1 Pfslsxy (11— B)Is
1/ 1/3 /6 O1x5
W = 1/6 1/ 1/3 O1x5 |,
1/3 /s 1/2 01x5
1/3 1/ 1/6 01x5

where 154 is a column vector of ones, I5 is 5-by-5 identity
matrix, O1x5 iS a row vector of zeros, and S is the unique
solution of the equation v/34/0.002 = 357 on 3 € (0,1/2).

With a slight abuse of notation when A = P(X), we denote
the Shannon capacity by C'yy and the Shannon center by gy .
Let us assume A = P(X). Then the capacity-achieving input
distribution is unique and it is the uniform distribution on the
first 5 input letters. Furthermore,

Cw=(1-p8)In5 and qW:[é 8 B

3 3 3
Note that D(W (z)||qw) =

On the other hand K}, =
is given by

_ T
50 xs]
Cyw for all input letters z.

{7s: 7 € R} where the vector s

s=[01xs 2 2 -1 —3]"

Note that (s, D(W||qw)) = 0. Thus (vy, D(W||qw)) = 0 for
any p, where vy is the projection of p—p, onto Ky, considered
in [3]. On the other hand if p puts non-zero probability only on
one of the last four input letters then ||vg|| 7# 0. Consequently,
(vo, DIW||qw)) < —T||wol|, i-e., [3, (500)], cannot be true
for any positive I'.

III. PRELIMINARIES ON CONVEX ANALYSIS

Let A be a closed convex subset of the Euclidean space R™.
Then by [10, Proposition A.5.2.1], the fangent cone of A at
P« €A is the closure of the cone generated by {p—p, : p€A}:

Ta(p.) = cl(cone(A - p.)).
The normal cone of A at a point p, € A is
Na(ps):={s € R" : sT(p = p.) <0, Vp € A}.
Then by [10, p. 66]
Ta(p) " Na(ps) = {0}
The projection of p onto A is the unique point satisfying

Vp € R”,

Vp, €A (21)

Pa(p) = arg min [|p — p.||
P EA
see [10, p. 46]. Then by [10, Theorem A.3.1.1]

P =Pa(p) <= (P —pe,5 =) <0 Vs A (22)

A closed convex set A C R”™ is polyhedral iff there exists
a finite index set J4, vectors {f, € R™},c5,, and constants
{b, € R},e5, such that

A={peR":(f,p) <b VieIx}. (23)
We denote the set of active constraints at p,. by J.4(p.), i.e
dalp)={t€9n: {fp)=b} Vp.eA (24

Then the tangent cone and the normal cone at any p, € A can
be characterized via J 4 (p«) as follows,see [10, p. 67],

T/l(p*) = {p € R™ : <f27p> S 0 Ve gﬂ(p*)}a
Na(p.) = cone({f : 2 € da(p:)})-

Thus both 74 (p.) and N4 (p.) are closed convex polyhedral
sets, as well.

S is an affine subspace iff there exists a finite index set Jgs,
vectors {f;, },e5, and constants {b, },c5, such that

Thus an affine subspace S can be interpreted as a closed
convex polyhedral set for which all constraints are active at all
points p, € S. Hence, the tangent cone and the normal cone
will not change from one point of S to the next and they can
be denoted by 7s and N instead of Ts(ps) and Ns(p.). If
S is non-empty then 7s and Ns are

Ts={peR":(f,p) =0 Vi€Is},
Ns = span({f, : 1 € Is}),

where span({f, : ¢ € Js}) is the subspace spanned by f,
vectors for 2 € Js.

(25)
(26)

27

(28)
(29)

Lemma 1. Let A be a closed convex polyhedral subset of
R™, S be an affine subspace, and 11 be their intersection, i.e.,
II:=ANS. Then

Tia(ps) = Talps) NTs  Vp. €I, (30)
Nu(ps) = Na(ps) + Ns  Vp. €101, (31)
(Ta(ps) ﬂNH(p*)) N7Ts = {0} Vp,. € II. (32)
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The angle 0, defined in (33), is uniquely determined by the
active constraints at p, for A and S, i.e. by {f,},c5,(p.) and
{f.}reas. Furthermore, 0, is positive for all p, € II and the
angle 011, defined in (34), is positive.

)arccos ('PTIS,(,(lv)' ), (33)

(34)

0p, = inf
VETa (P« )N (P«

91‘[ = infp*en Hp* 5
where we let 0, =% if Ta(p.) N Nu(ps) = {0}.

Note that 6, is the minimum angle between 7s and
Ta(p) NN (ps). Similarly 0y is the minimum angle between
Ts and Up*eH Ta(ps) DN (py).

Proof of Lemma 1. 11 is a closed convex polyhedral set be-
cause any affine subspace is a closed convex polyhedral set
and intersection of two closed convex polyhedral sets is again
a closed convex polyhedral set. Furthermore,

In(ps) = Ja(ps) Uds(ps) Vp. €ll.  (35)

Note that (30) follows from (25), (28), and (35). The identity
in (31) follows from (26), (29), and (35). Furthermore, (32)
follows from (30) because Tr1(p.) NN (p«) = {0} by (21).

If Ta(ps) N Nu(pe) = {0}, then 6, = T by definition,
else v = Py, (v) +Pas(v) and ||Pars(v)]| # O for any v in

Ta(ps) "Nm (ps) because v ¢ Ts by (32). Thus W <1
whenever v € Ty (ps) NN (ps).
P7g(v)
sup Ll sup P72 ()
VETA (P+) N1 (ps) VETA ()N (p+):|v]| =1
= P75 ()]

max
VETA (P« )NNT (px):] v =1

Note that we can replace the supremum with maximum
because norm and projection are continuous and supremum
is over a compact set.

There are only finitely many distinct possible 74 (p.) sets
for p. € A and finitely many distinct possible Ny (ps) sets for
p« € II. Thus there are only finitely many distinct possible ¢,
values for p, € II. Consequently the infimum 6y is positive,
as well. O

We apply Lemma 1 to II ; defined in (15) and S, defined
in (16). For any closed convex constraint set A, (14) holds
and S is an affine subspace. Thus the hypotheses of Lemma
1 holds whenever A is determined by finite number of cost
constraints, i.e., whenever A is polyhedral. Thus for any A
determined by finite number of linear constraints the minimum
angle HHA between 7:9.A and TA,HA is positive, i.e.,

O, >0 (36)
where 01, and T4, are
Tau, = UMHA Ta(ps) VN, (pe), 37
3 if Tam, =0

Furthermore, as a result of (28) the tangent 7:§A of S, is
Ts, = K4 N Ky, (39)

where K ;, and lelq are defined in (2) and (18), respectively.

IV. MAIN RESULT

Theorem 1. Let W be a |X|-by-|Y| right stochastic matrix,
i.e. a channel, and A C P(X) be a closed convex polyhedral
constraint set, i.e. a constraint set that can be characterized
by a finite number of linear constraints,

KB
Ip; W) < Ca—yallp—pl*+524 |p—p.]°> Vpell), 40)

where p.:=Pn  (p), the positive constant k. is defined in!

(11), and positive constants v and 6, the set HiL are

2
sin” 0
_ Ty

= inf vl% s 41a

b 2 veic;ﬁn/\fsﬂ;||q;\|:1” IFas (41a)
-1

o= (k5 + i) IDOWlaw)l, @)

Hi[:z{pEAl Hp—PHA(p>H S(S} (41c)

Proof of Theorem 1. Let v be p—p,, and vi, va, v3 be v’s
projections to the orthogonal subspace Ts . ICﬁl N J\/'SA, and

{BD(W|lqa) : B € R}:

V=P P (42a)

vi:=P7; (v), (42b)

UZ:ZP)CﬂﬁNSA (1)) (42¢)
. (v, DW]lga))

U =B gn® W llaa)- (42d)

Note that span(7s,, K% N Ns,, D(W|qa)) = R*. Thus

v = v + vy + v3. 43)

On the other hand using (17), we can bound I(p; W) from
above for any p € A as follows

I(p; W) < Ca+(v, AW | qa)) —Lllvll%, +5&lv]®. @44)

Let us proceed with bounding the terms in (44). Note that
the sign of the inner product (v, D(W||g4)) cannot be positive
because otherwise (13) would be violated. Thus

(v, AW lga)) = (vs, AW [ga))
= —llusll - 1D(W lga)ll- (45)

IRecall that (11) defines xp, but gp, = qu for all p, € IT, and thus xp,
has the same value for all p. € II ,, which we denote by k4.
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On the other hand,
2 2
olla, = llv2+wslly,

2
> (llvall g, = llvslla,,)

2
> |lualla, =2 llvalla, - llvsll4,,

®,

>valla, —26% - vzl - llvs]]

©

> g lloal® =263 - ] - ]

= o + sl 2 (TR oall) - s
2 w

> g llvz + va]* = 2]l P oy

R W

> 2y - |lo]* = 2fjo] P2 g (46)

where (a) follows from the triangle inequality, (b) follows
from (20), (¢) follows from the definition of v4 given in
(41a), (d) follows from (41b) and ||va]| V [Jus]] < ||v]|, and
(e) follows from (38), which implies ||v1|| < [|v|| cos 1, and

(40) holds for all p € qu as a result of (44), (45), and (46).

We are left with establishing the positivity of v,4. Note that
{veKy NNs, @ |lv] =1} is a closed and bounded set, i.e.,
a compact set, thus the infimum in the definition of 4 given
in (41a) is a minimum, i.e., it is achieved by some v,. If the
minimum value in (41a) is zero then v, € Ky, by (19); on
the other hand v, € K% by hypothesis. Thus v, € Ts, b
(39). This, however, is a contradiction because v, € NSA by
hypothesis. Hence, v4 is positive. O

Theorem 1 assumes A to be polyhedral. The following
example demonstrates that this assumption is not superficial.

Example 2. Let scP(X), A, W, and pgeP(X) be

T
s=[2 2 4" a={peP@:llp-sl < 35}
10 —2cos 8
W=1]0 1 p5:s+% cos B+ V3sinf|.
0 1 cos B — v/3sin 3
Then Cp = W2 T, = {po}, and qu = [3 3]".

Furthermore, the boundary A can be described parametrically
as follows OA = {pg : B € (—m,7]}. One can confirm
by substitution the following closed-form expressions for

|lps — poll and I(pg; W)

lps = poll = Z5|sin 3|,
1 1 2B
5+ 3sin” 5
s W) =02 = Dlay o). a5, = |1 775053
2 3 2

Using D(gp, || apo) < llps — p0||A together with (12) we get

In2— —sm4 [3 + ;gsm6 8> I(pg; W) >1In2 — %sin4§.

Thus the decrease of mutual information with the distance
from II; can not be claimed to be at least quadratic as in (1),

because for the points on A, i.e., on the boundary of A, decay
of the mutual information is much slower, it is proportional
with forth power of the distance, rather than the second power.

V. DISCUSSION

We have bounded the mutual information from above by a
function that is decreasing quadratically with the distance to
the set of all capacity-achieving input distributions 1I 4, for
channels with finite input and output sets and with a finite
number of linear constraints, i.e., with a polyhedral constraint
set A, in Theorem 1.

We assumed the output set of the channel is finite, however,
the same analysis applies for the case of countably infinite
output sets provided that x4 is finite. There are, however,
channels with finite input sets and countably infinite output
sets for which not only k4, but also one or more of the entries
of Ay are infinite, see [2, Example 3]. Unfortunately, for
such channels we do not have the Hilbert space structure we
had before. Nevertheless, one can use Lemma 1 together with
Pinsker’s inequality —in place of (7)— to establish (1) for all
channels with finite input sets and countable output sets, see [2,
Appendix B]. Evidently, this analysis extends to any channel
with measurable output space and finite input set. This analysis
recovers (1) for classical-quantum channels whose density
operators are on a separable (rather than finite dimensional)
Hilbert space, see [2, Appendix C]. Under appropriate techni-
cal assumptions, one can obtain (1) for Augustin information
[11]-[14] using the same framework too. However, in each
of these extensions one relies on tools that are specific to the
problem at hand, as expected.

Example 2 demonstrates that if the convex constraint set
A is not polyhedral, then the decrease might be slower than
quadratic with the distance to II ;. One way to address this
issue might be calculating the distance not to II ; but to the
hyperplane II ; + 7s, or its intersection with the probability
simplex. Such a modification recovers the quadratic decrease
with the distance at least for Example 2. Another remedy to the
issue raised by Example 2 is working with a distance related to
the vector D(W{|ga) and the norm |-, instead of the usual
Euclidean distance. Alternatively, one can work with a distance
related to the vector D(W|| ¢4 ) and the total variation norm of
the corresponding output distributions. These approaches are
inspired by characterization given in (6).

Another interesting question for this line of work is the
determination of the best coefficient for the quadratic decrease
for a given channel and polyhedral constraint.
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