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Abstract—For the simple hypothesis testing with randomized
tests, the infimum type II error probability/volume [ for a given
Type I error probability/volume threshold ¢ is expressed as a
Riemann integral of the cumulative distribution function of the
log-likelihood ratio: 3(e) = [ e 7|F(7) —¢|*dr for all € > 0.
Measure change identities for 3(-) are derived under various
monotonicity assumptions on the functions relating the Radon-
Nikodym derivative of an auxiliary measure to those of the null
and alternative o-finite measures. These expressions yield state-
of-the-art approximations for 5(-) with briefer analyses.

I. INTRODUCTION

The simple hypothesis testing problem is a fundamental
problem motivated by diverse applications, particularly in
information theory, see [1]—[5]. Its significance for information
transmission was already evident by the time of Strassen’s
seminal work [6]. As pointed out in [6], and employed in
[7], lossless source coding provides an operational justification
for considering the cases when the measure associated with
the alternative hypothesis is a o-finite measure rather than a
probability measure. Specifically, the problem of finding the
minimum cardinality of a subset of a countably infinite set that
has all but e of the probability mass is a hypothesis testing
problem against the counting measure f, with deterministic
tests. While the counting measure 4 is not finite for countably
infinite sets, it remains o-finite for any countable set. Beyond
the lossless source coding, simple hypothesis testing is instru-
mental in characterizing the behavior of the error probability
in the channel coding problem, not only at rates near capacity
[6], but also at other rates [8]-[12].

For any pair of probability measures, Neyman-Pearson
lemma determines the minimum type II error (i.e., missed
detection) probability for a given type I error (i.e., false alarm)
probability for the simple hypothesis testing with randomized
tests. Thus Neyman-Pearson lemma implicitly determine type
II error probability as a function of type I error probability and
vice-versa. Some of the implications of this fact were explored
in [13, Theorems 21 and 22], [14, Theorem 21], [15, Lemmas
1 and 2], [16, Theorem 21], [17] for various parameterizations
and under various hypothesis.

We call the infimum type II error volume as a function
of type I error volume the deterministic test Neyman-Pearson
function (dNP-function) and denote it by 3(-]|Z) when the
measures associated with the alternative and null hypotheses
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are ¢ and w, respectively. If the randomized tests are permitted
then we call it the randomized test Neyman-Pearson function
(rNP-function) and denote it by 5(-|%). That is for any pair of
o-finite measures (w, ¢) on the measurable space (Y,)), we
define dNP-function S(:||%) : [0, 00) — [0, oc] and rNP-function
B(-[%):10,00) = [0, 00] as

Blelld)=
Bleld):=

(1-T)dg Vee€|0,0), (la)

inf
TeT4(v) dew<e/

inf /(1 —T)dg Vee0,00), (1b)

TeT (v):f Tdw<e
where v is any o-finite reference measure in which both w and
q are absolutely continuous (i.e., for which w<v and ¢<v),
T4 (v) is the set of all v-measurable deterministic tests on Y
(i.e., v-measurable function of the form T:Y+— {0,1}), and
T (v) is the set of all v-measurable randomized tests on Y (i.e.,
v-measurable function of the form T:Y+ [0, 1]).

To recall the connection to the lossless source coding, let Y
be a countable set and ) be its power set 29 Then for any
probability mass function w on Y, the minimum cardinality of
a set A CY satisfying w(A)>1—¢ is (e ||w) where { is the
counting measure satisfying #(y)=1 for all y € Y.

The extension of definitions of J3(:||%) and AB(-|) from
the customary setting in which both w and ¢ are probability
measures, to the case when both w and ¢ are o-finite measures
results in a subtlety: for some o-finite measures w and ¢, both
B(e||2) and S(e|2) are infinite for all finite € values. We deem
those cases to be void cases. We will see that non-void cases
are those cases satisfying the following condition:

a(f <) +u(fe<d) <o @

If o-finite measures w and ¢ satisfies (2), then
5(5|%):/Ooo‘w(%>7')—e‘+d7' Ve>0, (3a)
:/Ooo‘wN(d;‘j; <1 )—G‘erT Ve>0,  (3b)

where ¢. is the w-absolutely continuous component of ¢ and
w., is the g-absolutely continuous component of w. To the
best of our knowledge, (3) has not been previously reported,
even for probability measures w and ¢ satisfying w ~ g.
Theorem 1 establishes (3) as part of a more comprehensive
characterization of the rNP-function S(-|%). The remaining
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identities in Theorem 1 are also, to our knowledge, new in both
their specific form and their generality. We note, however, that
expressions equivalent to (11a), (11b), and (11c) have appeared
in [13]-[17] for the case when w and ¢ are probability
measures, occasionally under additional hypotheses.

In §II, we present Theorem 1, which makes the implications
of the Neyman-Pearson lemma explicit and extend Neyman-
Pearson lemma and its consequences to the randomized deci-
sions between o-finite measures in all non-void cases. In $III,
we establish sufficient conditions to express 3(-|%) in terms of
B(:]9) or in terms of 5(-|¥) for an auxiliary probability measure
v. In §1V, we utilize (3) with a change of variable and apply
the measure-change identities of §1II to derive non-asymptotic
approximations for rNP-functions. These approximations hold
under a Kolmogorov distance to Gaussianity hypothesis, which
is satisfied in both memoryless and Markovian settings.

II. NEYMAN-PEARSON LEMMA REVISITED

Definition 1. For any pair of o-finite measures (w, ¢) on the
same measurable space, say (Y, ), the likelihood-ratio £,, ,(-)
and the likelihood-ratio distribution Fy(-|) are defined as

00 if 44—¢
by = av ’ 4a
i {dd; if 440, (4a)
FE(TW)::/]l{eql,‘qu}dw VTER,  (4b)

where v is any o-finite reference measure satisfying w—<v and
q=<v, and w., is the g-absolutely continuous component of w.

Fy(-|¥) does not depend on the choice of v. Furthermore,
with the understanding that /o and 1/ stand for co and 0,
respectively, we have

®)

We call the cases when the likelihood-ratio distribution is
a function of the form Fy(-|¥) : R {0,~} trivial cases. The
case when Fy(7|%) =0 for all 7 €R is called the singular case
because it happens iff w and ¢ are mutually singular, i.e. w L
g. We call the case when the likelihood-ratio distribution is a
surjective (onto) function of the form Fj ( |7q“) : R—{0,~} the
non-singular-trivial case. The non-singular-trivial case happens
iff w / ¢ and ddL‘;:v holds w..-a.e. some € (0, c0).

The likelihood-ratio distribution F}(-|%) might not have an
inverse in the usual sense for some (w, ¢) pairs. Nevertheless,
its monotonicity ensures that it has semi-continuous inverses

for all (w, q) pairs, [18]-[24], called likelihood-ratio quantiles.

lyw = ﬁ (w+q)-ae..

Definition 2. For any pair of o-finite measures (w, ¢) on the
same measurab&e space, the likelihO(ﬁ-ratio quantiles (LRQs)
FeA('|Z}U) :R—R and Fev(~’}1“) : R—RR are defined as

Fe|?):=inf{y e R: Fy(y|y) > €} VeeR, (6a)
F)(e|?):=inf{y e R: Fy(y|¥) > €}  VecR.  (6b)

For any pair of o-finite measures (w,q) on the same
measurable space, the primitive entropy spectrum of w with
respect to ¢, i.e., h(|}1") :[0,00) — [0, 00], is defined as

d
nl)= [ 4 1 (v v
where v is any o-finite reference measure satisfying w—<v

and ¢g=<v, [25, §31]. Furthermore, h(’g’) is a non-decreasing
function satisfying h('y|’q”) =~h(1/y|2) for all v € (0, 00). Thus

(Vv R(LD) = h(y]8) = (AAY)R(L]Y) Yy e(0,00). (8)
Thus for any pair of o-finite measures (w, ¢) and V~y € (0, c0),
“h(1|¥) €A, iff h(y]})eA” Vye{1,2,3}, (9

where A; ={0}, A2 =(0,00), and A3 ={c0}.

In the singular case, i.e. when w L ¢ holds, h(1|;”) =0
and SB(el|l) = B(e]4) = 0 for all € > 0. More generally in
the trivial case h(:|¥) has the following simple expression
h(y[?) =llw~ll; A (v]lg~|l;) for all 4 € [0,00). Note that a
non-singular-trivial case can simultaneously be a void case. In
the non—void-non—singular-JtrriVial case, rNP-function satisfies
Blelt)=llgly |1~ s | for all e20.

Note that h(1]¥) <e+/3(e|%) for all € > 0 by the definitions
of B(-|2) and h(-|¥) in (1) and (7). Thus we are in the
void case whenever h(l‘}l") = o0, i.e., the condition in (2)
is violated. On the other hand, if (2) holds, i.e., h(1]¥) <oo,
then £(+%) is finite on (0, 00), see Theorem 1 in the following.

For any pair of o-finite measures (w, ¢) satisfying (2), €€

(0, lfw-lly), and y€ [/ (efs), /r(e]7) | let T2 be

q

Vyel0,00), (1)

1 it Og.0>7,
w e—w(ly w . - o
Tow ﬂ if 040 =" and w(ly.,=7)>0, (10)
0 otherwise.

Theorem 1. If a pair of o-finite measures (w, q) satisfies (2),
ie., h(l‘g’) < oo, then (-|%) is a non-increasing, convex, and
continuous function satisfying

ﬁ(d?ﬂ) = SUP,>q h(’ﬂgz) — e VEZO; (I1a)
= h(Veld) — 7ee VYe>0, (11b)
Ye
:/O [w(%; >T)f6}d7' Ve>0, (ll¢)
> +
:/ ‘w(d%>7')—e dr  Ve>0, (11d)
0
qy_ _—1
D-B(elw) =t Ve>0, (lle)
gy _ -1 -
DJrﬁ(E'w) sz(e E) VE_07 (11f)

S S S icti
for any ~y. € { FA) (Vo | Furthermore, the restriction

of B(-|2) to (0,||lw~]||;) is an invertible function with the
image (0, ||g~||,) and there exists a T.€T (v) satisfying both
J Tedw=e and [(1-T.)dg=p(e|%) for all e€|0, ||w-||]-
llw~ly
s = [ g
9B (el3,) (=00, 0)
for any g:(0, - ,)

G~ IS a finite measure, i.e.,

Blel%) = lanll, — / g(F)dr  Ve0.

Veel0, |lwll,], (1g)

Vee (0, lw|,), (11h)

(0,00) s.t. WSQ(')SW~ If

g~|l; < 00, then

11y
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Note that h(y]%) = ¢(lw,q>1/7) +yw(ly,q<1/y) for all
v. Hence the auxiliary variable v in (11a) is the likelihood
ratio threshold in the classical Neyman-Pearson lemma. One
can prove Theorem 1 using this observation, together with the
elementary properties of convex functions and a generalization
of the tail expectation formula for expected value of a non-
negative variable. A complete proof of Theorem 1 is presented
in [26, §3].

In (11c) and (11d), the ‘>’ signs can be replaced by ‘>’
signs because monotonic functions have at most countably
many discontinuities by [29, Theorem 4.30] and any countable
set has zero Lebesgue measure. Hence (4) and (5) imply

seln= [ R -dar  vexo, a2
0
:/ |Fy(L]9)—e[Tar  Wex0.  (12b)
0

As an immediate consequence of Theorem 1, we can express
the convex conjugate 5*(-|%) of 5(+|%) in terms of the primitive
entropy spectrum, as follows

B (A|f):=sup,>0 Az — B(z[})
~[=h(=Alg) ifA<o0,
n o0

if A > 0.
Furthermore, rNP-function S(-|2) : (0, [[w~];) = (0, |lg~|l;)
and rNP-function S3(-|%) : (0,[lg~]l) + (0, [lwe]|;) are
inverses of one another. That is

B(Beld)]) =€ Vee (0, [lw-),), (14a)
B(Belg)]E) =< Vee (0, [lg]l,)- (14b)

Remark 1. §(-|%) < B(-|%) because T%(v) C T(v). When
q is the counting measure f, we have an exact expression
for B(-[|2): According to (la), to calculate 3(e||%) we need
to find an A CY with fewest number of elements satisfying
w(Y \ A) <e; the cardinality of this set is 3(e||%). For € values
for which A satisfies w(Y \ A)=e¢, we have 3(e||%,) =B(e|%).
On the other hand, 6(6“1”;? < ﬂ(e| 1) < ﬂ(eHU) + 1 whenever
w(Y\ A)<e. Since B(-||%,) is integer valued, we get

B(el|%) =TB(el%)T Ve > 0.

III. MEASURE CHANGE IDENTITIES

13)

15)

Assumption 1. w and ¢ are o-finite measures satisfying (2)
and w J/ gq, i.e., satisfying h(1|}1") € (0,00), and v is a
probability measure satisfying v ~ w., and

dv __ dw.
fe=r(%)
for a function f of the form f : (0, 00) — (0, c0), where w..

is the g-absolutely continuous component of w. Furthermore,
(€, v) is defined in terms of TZ:” defined in (10) as

(16a)

wa-a.e.,

0 if e=0,
(e, v)i= /Tg;;vdv if e (0, [luwnll,), (16b)
1 if € > |lw|l;,

ol

for any y € [1/F,Y(e

Z,) 9 I/FZ/\(e

The Csiszar-dual ]7: (0,00)—R of a function f of the form

f:(0,00)—R is defined as, see [13, (2)], [30, (29)].
Fl@)=z f(1)) vz € (0, 00).

Theorem 2. Let measures w, g, v and function f(-) satisfy
Assumption 1. The Csiszar-dual f of f defined in (17) satisfies

amn

b — f(%) q~-a.e. (18a)
If f:(0,00)— (0, 00) is increasing and bijective, then
Bleld) =B(m (e, v)[7) Ve>0, (18b)

If £:(0,00) (0, 00) is decreasing and bijective, and | g~ ||
is finite, then

Alele)=llg~lly =B(1—=m(e, v)[])  Ve=0. (18c)
If f:(0,00) = (0,00) is increasing and bijective, then
e=F(1—n(e,v)]3) Vee [0, [|w~]y].  (18d)

Iff: (0,00) — (0, 00) is decreasing and bijective, and ||w-~ ||,
is finite, then

e=llunll, ~Blr(e,0)[¥)  Ye€l0, fuwell,].  (18e)
Proof of Theorem 2. First note that,
dv _ dg~ dv -ae. and o = du~ -a.e
dw = dw dg~ g~-a.c. dg~ T dgq q~-a.cC.
dw

Then (18a) follows from (16a) and (17). On the other hand,
[26, Lemma 5] and Theorem 1 imply that 3+, € (0, 00) s.t.

/ (1-Te2)dg=B(c|2)

/ Tg;” dw=¢

Let us first consider the case when f(-) is an increasing and
bijective function.

(a) v v
B (7|92 0 (22> £ ) + b o (22 <00
(_b) dw~ 1 1 dw~ 1
2o ) e ()
(©)
= Bleli) + grgmie v),

where (a) follows from (7), (b) follows from (16a) because
f(-) is increasing and invertible, (¢) follows from (10), (16b),
and (19). Thus S(7(e, v)|9) > B(e|?) by (11a). On the other
hand B(m(e,v)|9) < 5(e|2) by (1b), (16b), and (19) because
T&Y € T(v) by [26, Lemma S]. Thus (18b) holds for all
€€ (0, ||lw~|l;). The e=0 and e > ||w.~ ||, cases, are evident as
a result of v ~ w. and Theorem 1. Proofs of the remaining

cases are similar, see [28]. ]

VGE(O,H’LUNHI), (19)

vee (0, lwll).  (20)

Theorem 2 is inspired by the information theorists approach
to large deviations analysis, which can be traced back to [8]-
[12]. The tilted probability measures defined in the following
is considered in [8, Theorem 5] for o € (0,1). For all a €
R\{0,1}, both f(-) and f(-) associated with v, satisfy the
monotonicity assumptions of Theorem 2.
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Definition 3. For any pair of o-finite measures (w, q)
satisfying w £ ¢, let p(:|¥) : R (—00, 00] be

u(a|g’)::ln/(ﬂ%)o‘dq~

I ={a eR: u(a“]“) < oo}

VaeR, (21a)

(21b)
The tilted probability measure v, is defined for all o € JV,
as a w.-equivalent measure via the following relation

%::ew(am(%)“ we-ae.,  (2lc)

Note that u(‘ | }1") is a convex function as a result of Holder’s
inequality [31, Theorem 2.11.1]. Thus J7 is an interval.
Furthermore, the tilted probability measure v, also satisfies

(22)

w

q)(dd%)l_a

dvy, _ —pla B
quw — € ( g~-a.C..

Remark 2. In the non-singular-trivial case 3y € (0, c0) such
that /(a|¥) =1In|/g~ |, +alnvy holds Vo € R. Furthermore,
non-singular-trivial case is non-void iff ||¢||;, and hence
|lw~]|, is finite. Thus v = llw~li /g ), Vo = ®~/Jlw~|,, and
(€, Vo) =¢/|lw~|, for all &« €R and for all € € [0, ||w~|],] in
the non-void-non-singular-trivial case.

Note that v, ~ ¢. holds and v, satisfies Assumption 1 by
definition. Furthermore,
(a) If a<0, then f(-) is bijective and decreasing.
(b) If a>0, then f(-) is bijective and increasing.
(c) If a<1, then f(-) is bijective and increasing.
(d) If a>1, then f(-) is bijective and decreasing.
Then for o-finite measure w and ¢ satisfying (2) and w [ ¢,
Theorem 2 implies for all € € [0, [|w.~||,], that

lally = B(1=7(e,va)|d,) if @<O,

Blele) = § N~y (1=m(e, va)) if =0, (23a)
B(m(e, va)|2) if a>0,
B(1—m(e va)li) if a<l,
€= [lwaly7(e, va) if a=1, (23b)
Jwell, =B(m(e, va)|y) if a>1.

Furthermore, invoking (14), we can express the function
(-, va) [0, |w~]l;] = [0,1] in terms of € and S(e|%).

(23) implies certain non-trivial conditions for finiteness of
,u(a|7q“). For example for the non-void case, i.e., when (2)
holds, if [[g||; =oc, then p(a|¥) =00 for all a <0 because
otherwise (23a) would be violated. Similarly, for the non-void
case, i.e., when (2) holds, if ||w~||; = oo, then ,u(a|7q“) =00
for all &> 1 because otherwise (23b) would be violated.

In the following we will invoke the measure change identi-
ties in (23) with the help of following observation

D(vallq) = p(a|?)+aE, [Inly 4] VaeTly, (24a)
D(va||w) = p(a|d)+(a—1)Ey [Inly, 4] Yaey, (24b)
where E, _[-] is the expectation for random variables on the
probability space (Y, ), v,). The identities in (24) are present

in [8, Theorem 5], for the case when Y is finite set and w and
q are probability measures.

IV. APPROXIMATIONS FOR RNP-FUNCTION
Both classical limit theorems and finite-sample bounds for
sums of random variables can be used together with (3) to
bound ((-|9). To that end, let us first express (3), i.e., (12), in
terms of the distribution function of the log-likelihood-ratio.

Lu,g:=Inly 4, (25a)

FL(T!E”)ZZ/H{LH,,QST}dw
Then for any pair of o-finite measure w and ¢ we have
FL(T’Z’) =Fy (exp(7)|;”) vreR.

If w and ¢ also satisfy (2), applying the change of variable
T=e" 7 in the integral in (12b) and invoking (26), we get

B(eld) :/_ 6_5|F|_(s|f]“) —E‘ers

In the following, we will consider the case when Kolmogorov
distance between FLHZ’) and a Gaussian distribution is
bounded non-trivially. Let us first recall the definitions of the
Gaussian probability density function ¢(-), the Gaussian Q-
function @(-), and the Gaussian Mills ratio ¥(-):

VreR. (25b)

(26)

Ve>0. Q7

4,0(7‘)::\/%6_’2/2 VT € R,
Q(T)::/ o(z)dz VT e R,
W(z):=AY Vr € R.

Theorem 3. If w is a probability measure and q is a o-finite
measure satisfying

|FL(y—oz|Y) — Qz)| <6 Vz € R, (28a)
forayeR, ao >0, and a 6€(0,1), then
gy =y Qe=Q 7 (=)
B(dw)ée w(a)\/ﬁ VGG((;, 1)7 (28b)
q —4 Q(e—Q 7 (e+9)) B
Ble|l)>e ——ove Vee (0,1—0), (28¢)
Bleld) =M e T A Yee (5,1-0—-Q(0)), (28d)
§(0+0.5)v2m

where 7= Q7' (¢) and A satisfies |A| <
Proof of Theorem 3.
8 e [ IR (ol de,

(I=5—€e)A(e—0)"

) e .
<e 70/ e”?|Q(z)+d—¢| " de,

— 00

© Q7 (=) N
=e a/ e7|1Q(z)+d—¢| " de,
where (a) follows from (27) for s=v—oz, (b) follows from
the hypothesis (28a), (c) follows from the fact that Q(+) is an
invertable and decreasing function. Then (28b) follows from
the identity [26, (75)] for A= Q~!(e—J). (28c¢) is established
using the lower bound on FL(’}/—O'ZC“;/) in (28a) by following
a similar analysis. Derivation of (28d) from (28b) and (28c),
is identical to the derivation [26, (73)] from [26, (72a)] and
[26, (72b)], see [27] or [28] for a complete proof. ]

Authorized licensed use limited to: ULAKBIM UASL - MIDDLE EAST TECHNICAL UNIVERSITY. Downloaded on November 07,2026 at 17:35:39 UTC from IEEE Xplore. Restrictions apply.



2026 14th Iran Workshop on Communication and Information Theory (IWCIT)

Proposition 1. Let w; be a probability measure, and q; be a o-
finite measure satisfying |D(w;||q;)| <oo forall te{1,... n}
foran n€Z+, w be w=Q}_w, q be q=®7_,q:, and T be

n 3
T:thlet[ In %—D(wtﬂqt)‘ } .

If Vyllwg > 0, ie, the variance of L. 4 under w is
positive, then (28b), (28¢c), (28d) hold for v = D(w||q) and
0 =+/Vulluw,¢l, and 6 = 0.567/s* whenever 6 € [0,1).

Proof of Proposition 1. (28a) holds as a result of Berry-
Esseen theorem [32]-[34] because L, 4 = Zt 11n d“” . We
calculate the first moment and variance of L., 4 using Fub1n1 s
theorem [31, Theorem 3.4.4], giving us the expression for ~y
and o2. Then proposition follows from Theorem 3. O

Proposition 2. For some a € R+ and n€Z+, let (wy, q;) be
a pair of o-finite measures satisfying u(am‘) € R+ for all
te{l,....,n}, wbe w=QY_jw, q be q=Q@}_1q, Vo, be the
tilted probability measure as defined in (21c), and T be

r-Y B BECD

Assume D(vy||q) and D(vy||w) are finite, c=1/V, [Ly 4] is
n (0,00), 0=0.567/0* satisfies 6 <1/4, and let €(-) be

_ —D(vallq) Qlao—0Q""(#))
5(¢> =e ga(aa)\/g

Ifa€(0,1) and ¢ € (20, 1-20), then there exists a A satisfying
both |A| < 26 and

o Doty Q-0 02)
/B(E(d)) | q) =€ p((1—a)o)V2r ’

if « € (1,00) and ¢ € (20,1—20), then there exists a A
satisfying both |A| < 20 and

wy  —D(wa|lw) Q(a=1)0=Q 7} (¢+4))
Be@)] ) =llwll, e (o D)o)Var

Furthermore, if 6 < 1/8 and ¢ = ve~Pwall)) holds for a ~
satisfying

In §2= — B, [In 2=

Vo e (0,1).  (30a)

(30b)

. (300)

Q(ao+0.31) Q(ao—0.31)
plaovar =7 S olaivar (30d)
then 3¢ satisfying both €] < 22+ (|1—a|o+2.2)8v/2r6 and
T 0(a, 0)e~ Dvallw)+e if a<1,
Bl =37 * @2k e (30e)
il =5 B, ) D0+ if 051,

— (Hao)) = Wa — 1) (v27) .

Proof of Proposition 2. (28b) and (28c) of Proposition 1,
(21c), (23a), (24a), and (30a) imply that |7(e(@), vs) — ¢| <6
for all ¢ €(6,1—4). Then (30b) and (30c) follow from (28b)
and (28c¢) of Proposition 1, (22), (23b), and (24b). Derivation
of (30e) from (30b) and (30c) is identical to the derivation of
[26, (82h)] from [26, (82b)] and [26, (82¢)] in [26]. O

where 0(c, o)

For the memoryless case, Propositions 1 and 2 recover state-
of-the-art bounds with briefer analysis and, occasionally, with
sharper constants, see [6], [14], [15], [35] for Proposition 1
and [36]-[41] for Proposition 2.

Note that Theorem 3, does not make any explicit assumption
on the structure of w and ¢, hence it applies to all cases in
which the Kolmogorov distance of FL(|}1”) to the Gaussianity
is bounded non-trivially.! Let us consider the fixed-length
lossless coding of Markovian sources as an example.

Let Y, be a finite set, Y{" be the n-fold the cartesian product
Y1 with itself, w{* be the probability mass function of a time—
homogeneous, irreducible, aperiodic " order Markov chain
with transition probabilities IV, and § be the counting measure:

wf () =wi () [T, W(wly=t) vorevi. Gla
fyr) =1 Yyl €Yt (31b)
Then [35, Theorem 21] asserts that 34 € (0, 00) satisfying

’FL(ﬁn—E\/ﬁm’;Uf)—Q(x)‘S% VzeR,n€Z+, (32a)
where D and & are

D= lim &D(w[|2), (32b)

o= lim 3> (ol (y") = Dwt'[19)wf (u'). - (32¢)

Proposition 3. For some n €Z+, let w* and § be the measures
described in (31). If ¢ > 0, then (28b), (28c), and (28d) hold
for v =Dn and 0 =&+\/n, and § = A/yn for D, G, and A
described in (32).

Proof of Proposition 3. (28a) follows from (32a) and hence
the proposition follows from Theorem 3. O

For the fixed-length lossless coding of time—homogeneous,
irreducible, and aperiodic Markov sources, the identity in (15)
and Proposition 3 improve upon best upper bound previously
established in? [35, Theorems 19] and recover best lower
bound previously established in [35, Theorems 20] with better
constants.

The bound in (32a), i.e., [35, Theorem 21], was established
by relying on [42]. By invoking Nagaev’s original result [42]
directly instead of (32a), Proposition 3 can be extended to
more general abstract time-homogeneous Markov measure w
and ¢. This extension allows for the establishment of results
corresponding to Proposition 2 for the Markovian case as well,
see [28].

V. DISCUSSION

We believe Theorem 1 is not an isolated result and it is
possible to develop non-asymptotic spectral representations for
other information transmission problems. In light of this, a
non-asymptotic variant of the information spectrum method
of [4] appears more attainable than previously thought. Such
spectral representations are likely to yield not only sharper
results but also new connections, such as the relationship
between S3(-|2) and h(-]%) established in Theorem 1.

IThe characterization in (27) decouples the approximation of 3(:|{) from
assumptions on the structure of w and ¢ and facilitates the application classical
limit theorems for sums of random variables to derive sharp approximations
for B(}Z,) with the help of Watson’s Lemma, see [28].

2 [35] points out that [35, Theorems 19] can be improved but only by
“extending the involved proof of” [35, Theorems 17].
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