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Abstract—For the simple hypothesis testing problem with
randomized detectors, the convex conjugate (i.e., the Legendre
transform) of the type II error probability, as a function of the
type I error probability, is shown to be the reflection through
the origin of the primitive entropy spectrum. By applying the
tail expectation formula to the primitive entropy spectrum, the
type II error probability is expressed as a Riemann integral of
the cumulative distribution function of the likelihood ratio. The
derivation extends to tests between o-finite measures in all non-
void cases. The resulting characterization of the type II error
implies state-of-the-art bounds on the type II error in terms
of the type I error via Berry—Esseen theorem through a brief
analysis.

I. INTRODUCTION

The analysis of the following elementary decision problem
allows us to illustrate the principal novelty of this work and
helps us to delineate our contribution relative to earlier results.
Let Y be a zero mean unit variance Gaussian random variable.
What is the infimum of the lengths of Borel sets &€ satisfying
P(Y ¢&)<e? i.e, what is the value of 3(e)?

B(e)::inf{/ﬁdy :&eB and /R\;p(y)dyge} Vee|0,1],

where B is the set of all Borel subset of R and ¢(-) is the
Gaussian probability density function:
ply)=ae " ¥y € R. (1)

The answer is intuitively obvious: we first determine the
threshold ¢(e) for () such that P(p(Y) < ¢(€)) = ¢, then
B(e) is the length of the set of all y’s satisfying ¢(y) > ¢(e).
The threshold ¢(e) is the e-quantile for the random variable

oY), e (€)= Fo b (c).

Fw_&)(e :=inf{7 : Fyrvy(7) < €}
=(Q7'(2))

whereF,(y)(-) is the cumulative distribution function of the

random variable (YY) and Q~!(-) is the inverse of the
Gaussian @-function defined as

Q7)== /OO o(y)dy

Thus {y : |y| < Q@71(¢/2)} is the set of all y’s satisfying the
condition ¢(y) > ¢(€), and consequently

B(e)=2Q 7 (+/)

Vee (0,1),
Vee (0,1), (2)

vr e R. 3)

Vee (0,1). o))

What we have observed until now, is implied by Neyman—
Pearson lemma and there is nothing new conceptually. The
expressions in (2) and (4) for F (Y)( ) and G(-) allow us to
establish alternative characterlzatlons for 5(-) and to relate
FW(Y)( ) and B(-).

First note that %Q(T) =—p(7), (2), and (4) imply

/ _ —1
Bl =

_ —1
=9 Vee (0,1). (5a)

Then using 3(1 f B

1
Blo)= / o
€ @(V)(T)

On the other hand, 3(-) is convex because /3/(-) is increasing.
Furthermore, ((-) can be described as the convex conjugate
of its convex conjugate on (0,1). Consequently, it has the
following dual characterization

B(€) = sup.,>o A(y) — e
= h('ye) — Ve€

where hi(y) =E[yAl/o(v)] and 7. =1/F_ (). The expectation
of any non-negative random variable is the integral of its com-
plementary distribution function, i.e., E[X] = fOOOP(X>7')d7',
by the tail expectation formula, see [1, (1.30)]. Thus,

h(y)z/OOOP([’y/\ W(Y)} >T)d7'

:/07P<so(Y) >T>d7’

Hence, (5d), the fact that P((1/x(Y)) >7) is non-increasing in
7, and P(1/o(Y) >~.) =¢, imply

5(6):/0%[P<<P(1) >7)—edr
= [ Ip(>) "

The above problem is a simple hypothesis testing problem
with deterministic detectors between the standard Gaussian
measure on R and the Lebesgue measure on R; and ¢(y) is
the likelihood ratio of the outcome y. Then () is the infimum
type Il error (i.e., missed detection) volume (length) when type
I error (i.e., false alarm) probability is less than or equal to e.

)dr and B(1) =0, we get

Yee(0,1). (5b)

Vee(0,1), (50
Vee(0,1),  (5d)

Vy >0,

Vv > 0.

Vee(0,1), (Se)

Yee(0,1). (50




More generally we denote the infimum type II error volume
as a function of type I error volume by A(-||%), when the
measures associated with the alternative and null hypotheses
are ¢ and w, respectively. If randomized detectors are per-
mitted, then we use 3(-|2). That is for any pair of o-finite
measures (w, ¢) on the measurable space (Y,)), we define
ﬂ(”gv) : [0,00) = [0,00] and /3(|’qu)) : [0700) = [0700] as

/3 inf 1-T)yd Ve >0 6
(6”717) c d(Vl) f dw<€/( ) q €=U, ( a)
Be|d):= nf 1-T)d Ve>0 6b

where v is any o-finite reference measure in which both w and
q are absolutely continuous (i.e., for which w<v and ¢<v),
T4(v) is the set of all v-measurable deterministic tests on Y
(i.e., v-measurable functions of the form T:Y+ {0,1}), and
T (v) is the set of all v-measurable randomized tests on Y
(i.e., v-measurable functions of the form T:Y~ [0, 1]). Then
B(-)=PB(:||2) for the case when ¢ is the Lebesgues measure
and w is the standard Gaussian measure on R by definition.
Furthermore, 3(-) =6(:|2) by (4) because 5(:|2) is the convex
envelope of B(-||%) and S(-) is convex.

The extension of definitions of S(:|2) and SB(:||%) from the
customary setting in which w and q are probability measures,
to the case when w and ¢ are o-finite measures results in a
subtlety: for some o-finite measures w and ¢, both 3(¢|%) and
B(e||2) are infinite for all finite € values. We deem those cases
to be the void cases. We will see that non-void cases are those
cases satisfying the following condition:

o(g2<dz) +u(f<d) <o Q)
In all non-void cases, all of the identities in (5) for 5(+|%), hold
with appropriate modifications, see (21). Evidently, neither
(2) nor (4) is true for arbitrary o-finite measures —or for
arbitrary probability measures— w and g¢. In fact B(-|2) is
not differentiable for some e values for certain w and q.
However, §(+]2) is convex and finite on (0,00) in all non-
void cases. Thus §(:|2) has directional derivatives everywhere
on (0, co). Furthermore, the left and right derivatives of 5(-|%)
are —1/rp([2) and —1/Fy(-|2), where F/\(-|¥) and F)(-|¥)
are the lower semicontinuous and the upper semicontinuous
quantiles for the likelihood ratio, see (12) and (15) for formal
definitions. When the distribution function Fj ( |7q”) is constant
on a subinterval of (0,c0), the inverse function in the usual
sense does not exist; that is why we have to work with
the semicontinuous inverses of Fy(- ’Z’), i.e., likelihood ratio
quantiles F}" ( | q) and F), ( | ) Whenever F, g( |Z’) is invertible
F W) =FAC|o) =F) (-] ) holds, as one would expect.

The functlon h( ) in (5¢) is the primitive entropy spectrum
of the Lebesgue measure on R with respect to the standard
Gaussian measure on R. For arbitrary o-finite measures ¢
and w on the same measurable space, the primitive entropy
spectrum of g with respect to w is defined as

bl [ (42 0 () v

Vy€[0,00),  (8)

where v is any o-finite reference measure in which both ¢ and
w are absolutely continuous, [2, §31]. To obtain the spectral
representation of h(-|1), we use the following consequence of
integration by parts, see [3, Theorem 2.9.3]: for any measure
i and p-measurable function f satisfying essinf, f > 0

/fdu = /Ooo p(f > 7)dr. )

What one learns from (5) that is not explicit in (4) is how S(+),
h(-), and F (Y)( ) are related as functions. Analogously Theo-
rem 1, in the following, describes how (3(:|%) as a function is
related to h(-|2), F/\(- | ), and F)(- ’w) as functions for a pair
of o-finite measures ¢ and w defined on the same measurable
space. In other words, Theorem 1 makes the implications of
the Neyman—Pearson lemma for these relations explicit.

In §II, we first provide a very brief overview of some of
the related prior work, then describe our main contributions.
In §III, we define the likelihood ratio, its distribution, and
its quantiles formally for arbitrary ordered pairs of o-finite
measures on the same measurable space and review some
elementary properties of h(-|2) defined in (8). In §IV, we state
Theorem 1 and discuss some of its immediate implications.
In §V, we first express 5(-|2) as a Riemann integral of the
distribution function of the log-likelihood ratio, i.e. FL(|;”)
using Theorem 1, see (26). Assuming the Kolmogorov distance
of Fi(-|¥) to a Gaussian distribution is less than one, we
approximate In 5(:|2) using (26), see Theorem 2. This leads
to a state-of-the-art non-asymptotic approximation to In 3(-|%)
for the memoryless case via the Berry—Esseen theorem, see
Proposition 1. In § VI, we discuss the implications of these re-
sults and the non-asymptotic spectral approach for information
transmission more broadly.

II. PRIOR WORK AND MAIN CONTRIBUTIONS

The importance of hypothesis testing problem, and of the
B(-]2) function in particular, was already clear for information
transmission problems by the time of Strassen’s seminal work
[4]. Furthermore, as pointed out in [4] and employed in [5], the
lossless source coding problem provides a concrete operational
justification for considering 5(-|2) and (B(-||2) for the case
when ¢ is not probability measure. The hypothesis testing
problem recognized to play a crucial role for understanding
the behavior of the error probability in the channel coding
problem, not only at rates close to capacity [4], but also at
other rates [6]. The hypothesis testing problem is now a key
tool for analyzing and understanding information transmission
problems, [7, Ch. 1], [8, Ch. 3 and Appendix 5.A], [9, Ch.
5 and 11], [10, Ch. 1 and 4], [11, Ch. 10, 11, and Part III].
The interest in finite-length (i.e., non-asymptotic) analysis and
exact asymptotic analysis in information transmissionproblems
revived the interest in 5(-|2) and 5(+||4) functions [12]-[17],
be it with the notation B(e|2) =F1_(w||q).

The upper-semicontinuous likelihood ratio quantile F év( |“’)
and its natural logarithm (i.e., In F’ ( | ) the log-likelihood
quantile) have been introduced and analyzed by many authors
under various names. F’(-|%) is denoted by s in [4, (2.5)].
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Inspired by [10, Ch. IV], In FZV . Z’ is called information
spectrum divergence in [17, (2.9)], the classical entropic infor-
mation spectrum in [18, (2)], the relative entropy information
spectrum (and the divergence spectrum) in [19, p. 7044].
For probability measures w and ¢, the primitive entropy
spectrum of h(-|w) is related to the primitive divergence
spectrum d ( ;"), commonly used in the spectral representation

of f-divergences reported in [20]-[23]:
d([7) =1Ay=h(7[7)  VYve[000).  (10)

The quantity ﬁh(v “) is called Bayes loss in [21, (66)] and
a posteriori loss in [22, (2.25)]. The primitive entropy spectrum
h(|1q“) is denoted by 1, 4(-) in [23, §IIL.A].

Motivated by an expression equivalent to [13, (76)] and
inspired by f-divergences [24], the divergence E.(w||q) was
defined in [12, (2.141)] for all probability measures w and ¢
such that w is absolutely continuous in ¢, i.e., w<g¢, see also
[25], [26]. One can show for all probability measures w and

q satisfying the hypothsis w—<g, that
Ey(w]lq)=1-h([7) ¥y€[0,00). (D)

The main contributions of this work are the extension of the
hypothesis testing problem to o-finite measures, the identities
in (21) and (26), and non-asymptotic approximations for
In B(-]2). The extension to o-finite measures yields a unified
treatment of closely related problems.

To the best of our knowledge, the identities in (21) and (26)
have not previously appeared in this particular form. Never-
theless, they do follow from the Neyman—Pearson lemma by
employing elementary properties of convex functions and (9).
Furthermore, for probability measures w and ¢, expressions
equivalent to (21a), (21b), and (21c) were reported before
with different parametrizations and at times with additional
hypotheses, see [12, (2.147) of Theorem 21], [27, Theorem
21], [28, Lemma 1 and Lemma 2], [29, (4.1) and (8.35)],
[30]. Irrespective of their prior appearance, the significance of
the identities in (21) and (26) lies in the spectral interpretation
and the proofs they enable.

Most prior works approximate 5(-|9) by first approximating
F, e\’(-w), primarily because F, ZVHZIﬂ) can be readily approxi-
mated using existing bounds on Fg(-’j;’). The identity (21g)
provides a straightforward yet tight method for converting
bounds on FZV(~|§’) into bounds on 3(-|2). Theorem 2 can
be established using this method by invoking (25) and (27a)
to bound FZV(- ]Z’) More importantly, one can avoid discussing
likelihood ratio quantiles completely, and convert bounds on
Fy(-]¥) into bounds on 3(:|%) directly by invoking (21d). This
is how Theorem 2 will be proved.

For any § € (0,1/2), Proposition 1 provides a non-asymptotic
approximation for In 5(:|2) on (4,1 — ) with a uniform O(1)
error for the memoryless case via (27d). This is qualitatively
equivalent to the corresponding results in [4], [12], [31].
For the memoryless case with ~, o, and ¢ values given in
Proposition 1, (27b) and (27c) were previously reported for
the case when ¢ is a probability measure in [28, (9) and (13)],
under the assumption that Y is countable. We became aware
of [28], after the initial submission of this work to ISIT 2026.

III. THE LIKELIHOOD RATIO, ITS DISTRIBUTION, ITS
QUANTILES, AND THE PRIMITIVE ENTROPY SPECTRUM

Recall that the Lebesgue decomposition theorem holds not
only for finite measures but also for o-finite measures, see [32,
Theorem 5.5.3] and [2, §32, Theorem C]. As a consequence,
Radon-Nikodym theorem for finite measures generalizes to
the o-finite measures, see [3, §3.2], [2, §31, Theorem B]. Thus
for any two o-finite measures w and v satisfying w—<v, there
exists a non-negative v-measurable function 9%, called the

dv?
Radon—-Nikodym derivative of w with respect to v.

Definition 1. For any pair of o-finite measures (w, ¢) on the
same measurable space, the likelihood ratio ¢, ,(-) and the

(cumulative) distribution function F} (|“’) are defined as

q

00 if 49—0
Ew = dv ’ 12a
sq {d(?iuq,\, if % >0’ ( )
Fy(r]3):= / Ly, <rydw VreR,  (12b)

where v is any o-finite reference measure satisfying w—<v and
q=<v, and w.. is the g-absolutely continuous component of w.

Note that £, , :E/;:I holds (w+ ¢)-a.e., for any likelihood
ratio Z/;:] associated with another reference measure v satis-
fying w=<v and ¢<v. Thus Fg('w)) does not depend on the
choice of v. Furthermore, with the understanding that % and
é stand for co and 0, respectively, we have

lyw = éwl,q (w+q)-ae.. (13)

If w is a probability measure, then Fy(-|%) is the cumulative
distribution function of extended real valued random variable
4., in the probability space (Y,Y, w), as its name suggests.
However, we do not assume either w or ¢ to be a probability
measure; we only assume both of them to be o-finite measures.
Note that the distribution function Fj ( | ;") depends only on the
absolutely continuous components of w and ¢ in each other,
as an immediate consequence of Definition 1:

Eo([9) = Fe(-[5)

where ¢.. is the w-absolutely continuous component of g.

(14)

Definition 2. For any pair of o-finite measures (w, ¢) on the
same measurable space, the likelihood ratio quantiles (LRQs)
FM|%) : R—R and FY(:|%) : R—R are defined as

FMe|?):=inf{y e R: Fy(y|¥) > €} VeeR, (15a)
F)(e|):=inf{y e R: Fy(y|}) > €} VeeR. (I5b)
As a result of (14), we have
F(CG) = F/([52) and  FACID) = F/(C[5). (6)

The LRQs are the semicontinuous inverses of Fz(-|g’), this is
why we imitate the notation in [33], [34] and denote them with
F)(-|¥) and F)’(-|¥). A brief description of semicontinuous
inverses of monotonic functions and properties of likelihood
ratio quantiles that are relevant for our purposes can be found

in [35, §2].
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For o-finite measures w and ¢ on the same measurable
space, h(-]2):[0,00)+— [0, o], defined in (8), satisfies

h(0[%) =0, (17a)
h(v14) = h(~]%7) Yy e (0,00), (17b)
h(wIZ,)ZqN(dq“ S7)+7w(dq”>7) Yy e(0,00), (17¢)
h(1|8) =~k (1A ]7) Vy€(0,00), (17d)

Note that h(7|2) is non-decreasing in ~. Thus (17d) implies
(V)LL) = h(ylh) = AAY)A(A[E)  Vye(0,00).  (18)
Thus for any pair of o-finite measures (w, ¢) and V¥~ € (0, 00),
“h(1|¥) A, iff h(y|)eA” Vye{1,2,3}, (19

where Ay = {0}, Az = (0,00), and Az = {c0}. We call the
case when h(vy|%) = oo for all v € R+ to be the void case.
As a result of (19), the condition in (7) is a necessary and
sufficient condition for the non-void cases for i(-|%), as well.
A more detail discussion of primitive entropy spectrum and
its properties can be found in [35, §2].

IV. A SPECTRAL NEYMAN—-PEARSON LEMMA

Note that (6) and (8) imply h(1]%) < 5(e|%)+e forall e > 0.
Thus whenever the condition in (7) is violated, i.e., whenever
h(1]%) =00, we are in the void case for 5(:|2), as well. When
(7) holds, i.e., h(1]%) < oo, the function S(:|%) is finite on
(0,00), see Theorem 1. Similar to what we have observed for

Fy (|}1") in (14), LRQs in (16), and A(-|%) in (17b), we have
Bl =B(1%). =A([%)- @O

Consequently, 3(e||2) = B(e]4) = 0 for all € > ||w.||,. The
behavior of the function 5(-|2) is characterized in terms of
h(-|2), F/(- | ), and F)(- | “) by Theorem 1 whose proof can
be found in [35 §3]. Theorem 1 is nothing but the Neyman—
Pearson lemma strengthened with various spectral relations
and their implications.

and

Theorem 1. If (w, q) is a pair of o-finite measures satisfying
(7), then 5(-|%) is a non-increasing, convex, and continuous
function satisfying

Blelg) = SUP~ > h(vl%) — Ve>0, (21a)
= h(7e]%) — e Ve>0, (21b)
Ye
:/ {w(qu >T) }df Ve>0, (2lc)
0
oo +
:/ w(dz>r)—e[ar  vezo0, Q1)
D_ ==t 21
Bleld) FA(e[2) Ve>0, (21e)
D5 (eli) = Fem) Ve>0,  (21f)

€

14

for any . € { \/(1| ) F/\( 1| )vo .

of B(-|2) to (0,||lw~]||;) is an invertible function with the

Furthermore, the restriction

image (0,||g~||;) and there exists a T. €T (v) satisfying both
[ Tedw=e and [(1-T.)dg=p(e|) for all e€]0, ||w~||]-

||7U~H1
mez/ g(r)dr
0B (e|1)  (~00,0)

for any g:(O, ||w~||1)_>(07

vee [0, unll,],  2lg)

Vee (0, [Jw~lly), (21h)

00) s.t. WSQ(')§W~ If

||, < oo, then

m%ww%m—ﬁgmw Ve 0.

Remark 1. In (21c) and (21d) the ‘>’ signs can be replaced by
‘>’ signs because monotonic functions have at most countably
many discontinuities by [38, Theorem 4.30] and any countable
set has zero Lebesgue measure. Hence (12) and (13) imply

sl = [ TR -dar
= [ E G e

Furthermore, the convex conjugate 5*(-|2) of B(-|2) can be
determined using (21e) and (21f) to be

1))

Ve>0, (22a)

Ve>0. (22b)

B (AlL):=sup, > Az — B(z[3) VAER,  (23a)
—h(=X2) if A<
_[-hA ia<o, o)
00 if A > 0.

V. APPROXIMATION FOR (%)

To employ classical limit theorems and finite-sample bounds
for sums of random variables in approximating [(:|4), we
need to express (22b), i.e., (21d), in terms of the distribution

function Fi(:|¥) of the log-likelihood-ratio.

Lu,g:=Inly 4,

F|_(T|Z“IU):=/]1{|_w7q§T}dw
Then for any pair of o-finite measure w and ¢ we have
R(r|Y)=F, (exp(T)‘Z’) vreR.

If w and ¢ also satisfy (7), applying the change of variable
T7=e¢~° in the integral in (22b) and invoking (25), we get

et = [ e |ls]z) [ as

Theorem 2. If w is a probability measure and q is a o-finite
measure satisfying

(24a)

vreR. (24b)

(25)

Ve>0.  (26)

|F(y—oz]y) — Q(z)] <6 Vz € R, (27a)
forayeR aoc >0 andadc(0,1), then

5(6‘Q)<e—vw Vee (5,1) (27b)
- o(o)V2r 1)
7 Qe=Q 7 ctd) _

Blelg) = AL Vee (0,1-0), 27¢)

ﬁ(e\&):%e—ww—ﬂﬂ Vee (5,1-6—Q)), (27d)

5(0+0.5)v27
(1-6—€e)A(e—0)"

where 7= Q" (¢), ¥(z)= Q(x)) and |A] <

e(z)’
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Proof of Theorem 2.

56 Do [ ey oal) o a,

b ©
<e 70/
C Q7
(:')e_'ya/

where (a) follows from (26) for s=v—oz, (b) follows from
the hypothesis (27a), (¢) follows from the fact that Q(-) is an
invertable and decreasing function. Then (27b) follows from
(28) established below for A= Q! (e—

[ e@er-aome=[ /
:/_oo (1) /_OO e’*dzdr,
[
e

Qo=
op(o)V2r”

e”*1Q(z)+5—¢| "du,

(e=9)
€| Q(z)+6—e|Tdz,

e”(Q(x) 7)drdz,

(r— U)dT

= (28)
(27¢) is established using the lower bound on F(y—oz|?) in
(27a) by following a similar analysis.
To establish (27d), first note that as a result of (27b) and
(27c¢), there exists a ¢ € (e—J,e+3) such that
4y _ o= D(w 1 2e=Q7(9)
/8(6|w)_e g(¢)_1n W(U)\/ﬁ .
Since ¢(-) is continuously differentiable, as a result of Taylor’s
theorem there exists ¢g between ¢ and e such that

9(¢) = g(e) + (¢ — €)g'(¢0)-

Q1 (¢)) 1
@) #(@- (@) and

la)+9(¢)  where

(29)

On the other hand ¢/(¢) = _5((;:@,

(a) /2
7,
19'(60)| < Fo=g-T@e) T-oIran”
O Nz
S Wo—q T(e19) T—d0)Ado’

© 4y

= ¥(20) (1—¢0)Ado”’

ANG

—~
s
=

\ /7\'/2

2 _
o + 1) T=go)rgs

7(1—%%)7 (30)
where (a) holds because Q(r (1)\/7/2 for all T > 0,
by [39, 7.1.13], (b) holds because kp() and Q1(-) are both
decreasing functions and ¢g € (€—9, €+9), (¢) holds because
¥(-) and Q~1(-) are both decreasing functions, e+0 <1—Q(0)
by hypothesis, and Q~!(1—¢)=—Q*(¢) for all € € (0,1),
(d) follows from [39, 7.1.13], (e) follows from vo2+1<o+1.
Thus (27d) follows from (29), (30), and ¢ € (e—9,e+5). O

<(o+

—

€

<(o +0.5)

~

Proposition 1. Let w; be a probability measure, and q; be a o-
finite measure satisfying | D(w;||q:)| <oo forall t€{1,...,n}
foran n€Z+, w be w=Q}_w, ¢ be g=®}_,q;, and T be

3
r-y" / 42— D)

Iff(Lw,q—D(w||q))2dw > 0, i.e., the variance of Ly, 4, which
is defined in (24a), under w is positive, then (27b), (27¢), and

(274d) hold for v=D(w||q) and o= \/f(Lw,q—D(qu))de
and 6=0.56T/o® whenever § €0, 1).

dwt.

Proof of Proposition 1. (27a) holds as a result of Berry—
Esseen theorem [40]-[42] because L, 4 = Zt 11n dw’

calculate the first moment and variance of L,, 4 using Fub1n1 S
theorem [3, Theorem 3.4.4], giving us the expression for
and 2. Then proposition follows from Theorem 2. O

VI. DISCUSSION

One of the primary motivations for considering o-finite
measures is the fixed-length e-lossless source coding problem
which aims to characterlze B(e||%,) for the counting measure §.
Since B(el|%) =[B(¢|%)] for all non-negative € and probability
mass functions w (see [36, Remark 1], [37]), Theorem 2 can
be invoked to approximate /3 (eru) Specifically, by applying a
non-universal (Markov chain specific) Berry-Esseen theorem
[31, Theorem 21], Theorem 2 improves' the best known
upper bound [31, Theorem 19] and recovers the best known
lower bound [31, Theorem 20] with better constants for time-
homogeneous, irreducible, aperiodic Markov sources, see [36,
Proposition 3], [37]. Furthermore, substituting [31, Theorem
21] with Nagaev’s result [43] yields similar approximations for
more general abstract time-homogeneous Markov measures w
and ¢, see [37].

The characterization in (26) facilitates the application of
Watson’s Lemma alongside classical limit theorems for sums
of random variables to derive sharp approximations for (%),
see [37]. Analogous to the proof of Theorem 2, this approach
decouples the approximation of 3(-|4) from hypothesis about
the underlying structure of w and gq.

The characterization 3(-|9) in Theorem 1 enables exact
measure change identities for 3 functions, see [35, Lemma 7],
[36, Theorem 2], [37]. For the memoryless case, when invoked
together with Proposition 1 the measure change identities re-
covers non-asymptotic approximations for 3 (e‘ " ;")
under the hypothesis |b,| = O(y/n), that are as tight as
the state-of-the-art non-asymptotic bounds in [44]-[48], with
much less effort, see [35, Theorem 3] [36, Proposition 2], [37].
The analysis extends to the Markovian case [37], obtaining
such results for the first time.

Non-asymptotic spectral representations similar to Theorem
1 for other information transmission problems are likely to
lead to not only new and sharper approximations, but also to
new connections such as the ones between /3(-|2) and h(-|%)
established in Theorem 1.

1 [31] points out that [31, Theorems 19] can be improved but only by
“extending the involved proof of” [31, Theorems 17].
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