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1 Introduction and Background

1.1 Purpose of this Paper

The mathematical theory of hyperbolic conservation laws posed on curved manifolds M was
initiated by Ben-Artzi and LeFloch [1] and developed together with collaborators [2-7]. For
these equations, a suitable generalization of Kruzkov’s theory has now been established and
provides the existence and uniqueness of an entropy solution to the initial and boundary value
problem for a large class of hyperbolic conservation laws and manifolds. The convergence of
finite volume schemes with monotone flux was also established for conservation laws posed on
manifolds.

The purpose of the present paper is to show that the error estimate for finite volume
methods, due to Cockburn, Coquel, and LeFloch [8-9] in the Euclidian setting, carries over to

curved manifolds. To this end, we will need to revisit Kuznetzov’s approximation theory [10-11]
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and adapt the technique developed in [9]. A technical difficulty overcome here is the adaption
of the standard “doubling of variables” technique to curved manifolds. We recover that the
rate of error in the L' norm is of order h'/%, where h is the maximal diameter of an element of
the triangulation of the manifold, as originally discovered in [9].

Recall that the well-posedness theory for hyperbolic conservation laws posed on a compact
manifold was established in [1], while the convergence of monotone finite volume schemes was
proved in [2]. In both papers, DiPerna’s measure-valued solutions [12] were used and can be
viewed as a generalization of Kruzkov’s theory [13]. In contrast, in the present paper we rely
on Kuznetsov’s theory, which allows us to bypass DiPerna’s notion of measure-valued solutions.
Indeed, our main result in this paper provides both an error estimate in the L' norm and, as a
corollary, the actual convergence of the scheme to the entropy solution; this result can be used
to establish the existence of this entropy solution.

For another approach to conservation laws on manifolds we refer to Panov [14] and for high-
order numerical methods to Rossmanith, Bale, and LeVeque [15] and the references therein.
Concerning the Euclidian case M = R™ we want to mention that the work by Cockburn,
Coquel, and LeFloch [8-9] (submitted and distributed in 1990 and 1991, respectively) was
followed by important developments and applications by Kroner [16] and Eymard, Gallouet,
and Herbin [17] to various hyperbolic problems including also elliptic equations. In [8], the
technique of convergence using measure-valued solutions goes back to pioneering works by
Szepessy [18-19] and Coquel and LeFloch [20-22]. Concerning the error estimates we also refer
to Lucier [23-24], as well as to Bouchut and Perthame [25] where the Kuznetsov theory is
revisited.

An outline of this paper follows. In the rest of the present section we present some back-
ground on conservation laws on manifolds and briefly recall the corresponding well-posedness
theory. Then in Section 2 we present the class of schemes under consideration together with
the error estimate. Sections 3 and 4 contain estimates for various terms arising in the decom-
position of the L' distance between the exact and the approximate solutions. The proof of the

main theorem is given at the beginning of Section 4.

1.2 Conservation Laws on a Manifold

Let (M, g) be a connected, compact, n-dimensional, smooth manifold endowed with a smooth
metric g, that is, a smooth and non-degenerate 2-covariant tensor field: for each x € M, g, is
a scalar product on the tangent space T, M at x. For any tangent vectors X,Y € T, M, we
use the notation g,(X,Y) = (X,Y), and |X]|, := <X,X>51]/2. We denote by d, the associated
distance function and by dv, = dvps the volume measure determined by the metric. Moreover,
we denote by V, the Levi-Civita connection associated with g. The divergence operator div, of
a vector field is defined intrinsically as the trace of its covariant derivative. It follows from the

Gauss-Green formula that for every smooth vector field and any smooth open subset S C M

/ div, f dvy = / (f,n)g dvos,
S oS
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where 05 is the boundary of S, n is the outward unit normal along 0.5, and dvgg is the induced
measure on 05.

Consider local coordinates (z%) together with the associated basis of tangent vectors {e;} =
{0;} and covectors {e'}. The differential of a function v : M — R is the differential form
du = (du); e’ = g;ﬁ; e’, where the summation convention over repeated indices is used. The
vector field V u associated with du is given by Vyu = (Vyu)' e; = g (du);e;, where (g")
is the inverse of the matrix (g;;) = ((e;,e;)q). The covariant derivative of a vector field X is
a (1, 1)-tensor field whose coordinates are denoted by (V,X )fc The following formula for the

divergence of a smooth vector field will be useful:
div, (f(u, x)) = du(0y f(u, z)) + (divg f) (u, )

. Ou 1 )
=0,f" . .+ 0; .
P ot g /161 )

We will use the following standard notation for function spaces defined on M. For p € [1, 0]

the usual norm of a function & in the Lebesgue space LP(M;g) is denoted by ||A| 1r(ar;q) and,

1
loc

when p = co, we also write ||h||s. For any f € L. _.(M;g) and any open subset N C M we use

the notation

J 1 dn) = NG [ g oy, Nl = [ o,

1.3 Well-Posedness Theory
We are interested in the following initial-value problem posed on the manifold (M, g)
ug +divg (f(u,-)) =0 on Ry x M, (1.1)
u(0,+) = ug on M, (1.2)
where u : Ry x M — R is the unknown and the flux f = f.(u) = f(u,z) is a smooth vector
field which is defined for all z € M and also depends smoothly upon the real parameter u. The

initial data in (1.2) is assumed to be measurable and bounded, i.e. ug € L (M). Moreover, f

satisfies the following growth condition
ng{\(divgf)(u,xﬂ <C+C"Nul, ueR (1.3)

for some constants C, C’ > 0.

Definition 1.1 A pair (U, F) is called an entropy pair if U : R — R is a Lipschitz continuous
Junction and F = F(u,x) is a vector field such that, for almost all u € R and all x € M,

OuF(u,x) = 0,U ()0, f (4, x).

If U is also convez, then (U, F) is called a conver entropy pair.
The most important example of convex entropy pairs is the family of Kruzkov’s entropies,
defined for u,c € R by

(U(u, ), Fo(u,c)) == (Ju—cl, sgn(u — c)(fz(u) — fa(c)))
=((uVve—unc), foluVve)— fo(unc)), (1.4)
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where u V ¢ = max{u, c}, u A ¢ = min{u, c}.
Definition 1.2 A function u € L=(Ry x M) is called an entropy solution to the initial value

problem (1.1)—(1.2), if for every entropy pair (U, F) and all smooth functions ¢ = ¢(t,x) >0
compactly supported in [0,00) x M,

J[ @t (5. 900),) dogit
R+><M
// o(t,x) dvgdt+/ U(uo(x))9(0) dvg > 0, (1.5)
R+><]\/[
where Gy (u) = (divy Fy)(uw) — 0,U(w)(divg fz)(u).

For instance, with Kruzkov’s entropies the above definition becomes (for all ¢ € R)

J[ 0o bt (B0, V00),) duyi
R+XM
// sgn(u — ¢) (divy f)(e, ) ¢ dvogdt + / lup — ¢ $(0) dvg > 0.
Ry x M M

The well-posed theory for the initial value problem (1.1)—(1.2) was established in Ben-Artzi and
LeFloch [1].
In the present paper, we are interested in the discretization of the problem (1.1)—(1.2) in

the case where the initial data is bounded and has finite total variation
ug € L>(M) N BV (M;g). (1.6)
In particular, it is established in [1] that in the case of bounded initial data, the following
variant of the maximum principle is established:

w(t) o ary < Co(T, g) + Co(T, g9) llu(s) || oo (ary,  0<s<t<T,

where the constants Cy, C{) > 0 depend on T' and the metric g.

Recall the definition of the total variation of a function w : M — R

TVy(w) := sup /wdivg¢dvg,
llolloo<1 /M

where ¢ describes all C! vector fields with compact support. We denote by
BV(M;g) = {u e L'(M;g) / TVy(u) < oo},

the space of all functions with finite total variation on M. It is well-known that (provided ¢ is
sufficiently smooth) the imbedding BV (M;g) C L'(M;g) is compact.
In fact, an important property of entropy solutions to (1.1)—(1.2) is the following one: u has

finite total variation for all times ¢ > 0 if (1.6) holds and, moreover,
TV,y(u(t)) < Ci(T,9) + C1(T,g) TVy(u(s)), 0<s<t<T,

where the constants Cy,Cf > 0 depend on T and g; see [1] for details. Of course, this implies

a control of the flux of the equation

sup/ |divg (f(u(t,-),"))|dvg < C TV 4(ug).
>0 J M
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However, as noted in [2], this inequality can be derived more directly from the conservation
laws and one checks that the constant C' is independent of both T" and g and only depends on

the largest wave speed arising in the problem.
2 Statement of the Main Result

2.1 Family of Geodesic Triangulations

For 7 > 0, we consider the uniform mesh ¢, :==n7 (n =0,1,2,...) on the half-line R,. For h > 0
we denote by 7" a triangulation of the given manifold M which is made of non-overlapping
and non-empty curved polyhedra K C M, whose vertices in 0K are joined by geodesic faces.
We assume that, if two distinct elements K, Ko € 7" have a non-empty intersection, say I,
then either I is a geodesic face of both K, Ky or s#"~Y(I) = 0, where "1 denotes the
(n — 1)-dimensional Hausdorff measure.

The boundary 0K of K consists of the set of all faces e of K. We denote by K, the unique
element distinct from K sharing the face e with K. The outward unit normal to an element K
at some point = € e is denoted by n. i (z) € T, M. Finally, |K| and |e| represent the n- and
(n — 1)-dimensional Hausdorff measures of K and e, respectively. We set

Pk = Z le]
ecOK
and for each K € 7" the diameter hx of K is

hi == sup dy(z,y).
z,yce K

We set
h:= sup{hg : K € T"},

which is assumed to tend to zero along a sequence of geodesic triangulations. We also assume
that there exist constants 71,72 > 0 such that
yith< T <mh (2.1)

and

v K| < hi pr < 72| K| (2.2)
for all K € .7". This condition implies that (as h — 0)

T — 0, h?r=t = 0.
Finally, we set T'= 7 np for every integer ny.

2.2 Numerical Flux-Functions

As in the Euclidean case, the finite volume method can be introduced by formally averaging the
conservation law (1.1) over an element K € 7" applying the Gauss-Green formula, and finally
discretizing the time derivative with a two-point scheme. First, we define a right-continuous,

piecewise constant function: For n =0,1,...,

ul(t,z) = uly (t,z) € [tn,tnt1) X M, (2.3)
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where
ul ::f U(ty, x) dvg(z),
K
and
ud ::f up(z)dvg (). (2.4)
K
Then, in view of (1.1) we write

= u f (t,x) dvg(x) + f divy f(u(t, z), z) dvg(z)
n+1 u™
o g 2 ) ), ary ),

~ UK
eG(?K

We introduce flux-functions fe g : R x R — R and write

/<f<w<u?<, W) 9) e (1)) AT () ~ forrc (i, ).

e

The discrete flux is assumed to satisfy the following properties:

e Consistency property: For u € R,

Feac(n.) = (1 (0:9). 2 () 0T ) (25)
e Conservation property: For u,v € R,
fe, i (u,v) + fe k. (v,u) = 0. (2.6)
e Monotonicity property:
aife,K >0, ;}fe,K <0. (2.7)
Then, we formulate the finite volume approximation as follows:
uit =l — K| Z@K\d fe, i (W, ug ) (n=0,1,...). (2.8)
e€

For the sake of stability of the numerical method, we impose a CFL stability condition:

T osup N Lip(f) <1, (2.9)

KeTh |K |
where Lip(f) is the Lipschitz constant of f.
2.3 Main Theorem
The main result of the present paper is as follows.

Theorem 2.1 (Error estimate for the finite volume scheme on manifolds) Letu : Ry xM — R
be the entropy solution associated with the initial value problem (1.1)—(1.2) for an initial data
ug € L*(M)NBV(M;g). Let u" be the approzvimate solution defined by (2.3) and (2.8). Then,

for each T > O there exist constants
Co = Co(T, g, |luollL=), C1=Ci(T,g,TV4(uo)),
Ca = Cao(T', g, |luoll L2 (r1:9))
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such that, for allt € [0,T],

lu” (8) = u()| L (assg)
< (Co Mg+ Cy) bt (Co [MIg/2 + (Co C1)'/2) [ M/ n1/2
+

( CO Cg 1/2|M|1/2 (Cl 02)1/2) ‘Mlgly/4 h1/4.

The rest of the present paper will be devoted to the proof of this theorem, which will follow
from a suitable generalization of the arguments introduced earlier in Cockburn, Coquel, and
LeFloch [9].

Remark 2.2 1. It is sufficient to establish Theorem 2.1 for smoother initial data. When
ug is measurable and bounded on M one can then show the existence of weak solutions to the
initial value problem (1.1)—(1.2) as follows. Let ul € L (M) N BV (M) be such that

%ii%ug = ug in L'(M;g).
Solving the corresponding problem (1.1)—(1.2) for the regularized initial data, we deduce from
Theorem 2.1 that the approximation solutions {u"};~o form a Cauchy sequence in L. More-
over, in view of the (discrete) maximum principle established later in this paper and for every
T > 0, these solutions are uniformly bounded in L*°((0,7") x M). Consequently, there is a
function v € L°°, such that

lim v = u in the L' norm.

h—0
Finally, we note that Definition 1.2 is stable in the L' norm.
2. An immediate consequence of the L'-contraction property is an estimate of the modulus

of continuity in time, that is,
[u () — w"(8)|| L2 (rsg) < C R+ C |t — s,
where the constants C' > 0, C/ > 1 may depend on T as well as the metric g.

2.4 Discrete Entropy Inequalities

We will rely on a discrete version of the entropy inequality formulated by expressing u}?‘l as

a convex combination of essentially one-dimensional schemes. For each K € ", e € 0K, we
define

B = i = | el i) = feuc (e 50) (2.10)
and set
widl = wd = Tk (2.11)
where
= S el fore (g )
PK Sk

Therefore, in agreement with (2.8) we find

ultt = Z le| upt). (2.12)

eE@K
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Remark 2.3 The error estimate will be derived from the family of Kruzkov’s entropies.
Recall that any smooth entropy n(u) can be recovered by the family of Kruzkov’s entropies,

that is,
) = [ Obnle) U ) de.

The result follows for any entropy by a standard regularization argument. Moreover, if (1, ¢) is

any convex entropy pair, then

00) =y [ O2nlE) Fulu.6) de

Define the numerical family of Kruzkov’s entropy-flux as
F. k(u,v,¢) == fex(uVevVe)— fex(uhcvAc). (2.13)

Given any convex entropy pair (U, F), define the numerical entropy-flux F, x(u,v) associated
with F' by

1
F. x(u,v) == ) / Q2U (&) F. ke (u,v, &) dE.
R
Hence, from the condition of the discrete flux we see that F, x(u,v) satisfies

e For u € R,
Foc(uyu) = f<Fy<u>, ne 1 (1)) g AT (1);

e For u,v € R,
F gk (u,v) + Fe g (v,u) = 0.

These properties are inherited from the corresponding properties for the numerical family of
Kruzkov’s entropy-flux.
We are in a position to derive the discrete entropy inequalities. For each K € 7", e € 0K

and u,v € R, we define

He i (u,v) :==u— wK(fe,K(u,v) — fe’K(u,u)),

where
P TPK
K|
Hence from (2.10), H, x (uf, uf, ) = ﬂ?(fel, and by definition of H, -, we have
OuHe ik (u,v) >0, OyHe i(u,v) >0

The last inequality is an immediate consequence of the monotonicity of fe i (u,v). The former

follows from this property and the CFL condition. Moreover, we observe that

He g(uV vV —Heg(uAXNvAN)
- (u\//\—wK (forc(uV A vV A) —f&K(u\/)\,u\/)\)))

- (u/\)\—wK (fe,K(u/\)\,v/\)\)—fe,K(u/\)\m/\)\)))
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=WwVA—uAXN) —wg (fex(@WVANOVA) = fex(WANvAN)
+wi (fex(WVAUuVA) = fer(uAXNuAN))

=U(u,\) — wg (F67K(u, v, ) — Fe g (u,u, )\)), (2.14)
where we have used (2.13). Now, since H, x(u,v) is an increasing function in both variables,
we have

He i(u,v)V He g(MA) < He g(uV A0V A),
He,K(u,v) N He,K()\y )\) > He,K(u AN VA )\),
hence,

He g(uV AoV A) — He g(uAXNUAN)
> (HE’K(’U,,U) VH@,K()H)\)) — (HE,K(u,v) /\HE’K(A,)\))
- U(He,K(ua U)aA)' (215)

Consequently, from (2.14), (2.15) taking u = uf and v = u},_, we obtain

TPK

U(ﬂ‘TIL(J,rel) - U(UTIL() + ‘K|

(FB,K(UYILO uTIL(F) - Fe,K(unKa unK)) <0.
Therefore, we have proved:

Lemma 2.4 (Entropy inequalities for the finite volume scheme)  Let (U, F) be a convex
entropy pair. Then, there exists a family of Lipschitz functions F, r : R?> — R, called numerical

entropy-fluz associated with F, satisfying the following conditions:

e Consistency property: For u € R,
Foe(u,0) = (B (1) meic(0) 0T, o). (216)

e Conservation property: For u,v € R,

Fe k(u,v) + Fe i, (v,u) = 0. (2.17)

e Discrete entropy inequality:

TPK

~n+1y n
U(uK,e ) U(UK) + ‘K|

(Fe,K(u?(,uT;(e) — Fe i (ul, u"K)) < 0. (2.18)

From (2.11) and (2.18), we can write the discrete entropy inequality in terms of u}’(‘;l and
u', that is,
TPK
Ulug'y) = Ulug) + K| (Ferc (ufe, i) = Fexc (ufe, uf)) < Dy, (2.19)

where Dyt = U(uf)) — Ui )).
To end this section we also recall the discrete maximum principle established in Amorim,
Ben-Artzi and LeFloch [2]: For n=0,1,...,np,

< (CA(T 0 ol T),
max |uje| < (Co(T) + max |uk]) Co(T)
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for some constants Co(T), ~6(T) > 0.
3 Derivation of the Error Estimate

3.1 Fundamental Inequality

From now on it will be convenient to use the notation Qr := [0,T] x M. In this section we
derive a basic approximation inequality on the manifold M, that is, we derive a generalization

of the Kuznetsov’s approximation inequality for the L' distance
[u™(T) = w(T)| L1 (ar9)-

Before proceeding we need to introduce some special test-functions and make some preliminary
observations.
Let ¢ : R — R be any C* function such that suppy C [0,1], ¢ > 0, and [ ¢ = 1. For each
t' € R, 2’ € M be fixed, each 6, ¢ > 0 and all t € R, x € M, we define
/|2 )2
pdttU:Z;;w(“_;;|)v Ye(;2') = ;lw((¢xifvn )7 (3.1)
where we use the Riemannian distance. Observe that ps(t;t') = ps(t';t), Ye(z;2") = Y (25 ),

and
/ ps(t; ) dt =1, / Ye(x;2") dvg(z) = 1.
R M

Clearly, 1. is a Lipschitz function on M with compact support contained in the geodesic
ball of radius €, hence 1), € W (M) and by Rademacher’s theorem [26] it is differentiable
almost everywhere. Moreover, there exists a constant C' > 0, such that for #'-a.e. t € R and
H"-ae. v €M

C C
ps(GON < o0 0BT < oy,
C C
Welwia)l < L0 Vovelzsa)l < (3.2)

If v: M — R is a locally integrable function on M, then there exists a sequence of smooth
functions {v™} defined on M, such that

lim v =wv on LY(M;yg).

m— 00
As in Kruzkov [13], in the case of manifolds we can establish the following approximation

result.

Lemma 3.1  Given a bounded and measurable function v: M — R and € > 0, the function

Vi [ waia) ofa) = o) dog (o) oy o
satisfies

lim V, = 0.
e—0

Proof First, consider the case where v is smooth on M. Let z, 2’ be two points on M and,

v :[0,1] — M be a minimizing geodesic with v(0) = = and (1) = 2’. Therefore, for some
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¢ € (0,1) one can write
0(o) = o) = o2 (1) = (O] = | gy (w0 )E)

=|(autron. (r)| < o] o)

< Vgvlloo dg(x,x’).

Then, applying the inequality above and using (3.2), we obtain
Vom [ [ detasa) ol) - v(a)| doy (o) doy (o)
MJM

< [TV (Ba(0) ey
S CM|[Vgvls €,
where V, (Bw(e)) denotes the volume of the geodesic ball of center x and radius €, and the
constant C' > 0 does not depend on e.
Finally, suppose that v is measurable and bounded on M. Since M is compact, v is integrable

on M and there exists a sequence of smooth functions {v™} defined on M converging to v in

L'(M; g). We then conclude with a routine approximation argument. O
For each p,p’ € Qr, p:= (t,z), p' := (', ), we consider the special test function ¢ defined
by
o(p;p') == ps(t;t') Yela;a').

Therefore, as 0, € — 0, the support of ¢ is concentrated on the set {p = p'}. For convenience,
we introduce the following piecewise approximation of the functions ps and ¢.. Forn =0,1,.. .,
we define p(t;t),

po(t;t) = ps(tniist) (L€ [tn,tni1)),
Ps(t:t) = pa(titngn) (' € [t thia)), (3-3)

and for all K € Z", we define ¢ (x;2'), ¢! (z;2') by the averages of 1.(x;2’) along each
interface, that is
be(wia') = 4 de(y;a')dly(y) (v € K,a' € M),
0K

Ol (zya') == . Ye(z;y")dUy(y') (z € M,z € K). (3.4)

The following estimate will be useful.
Lemma 3.2 The functions ¥, ¥, defined by (3.1), and (3.4), respectively, satisfy the estimate
~ h
sup [ [Blaia’) = o) doy(a) < €
zeM JM €

where C' > 0 does not depend on €, h > 0.



1052 LeFloch P. G., et al.

Proof Given K, let 2/, 2 be two points on M and K, respectively. Analogously to the proof

of Lemma 3.1, we could write

(s ') — el 27)| < /aK ey a') — elas ') dT, (y)

< Ve h<e
where
IVge(c; $/)| = Ssup |Vg¢e(y;x/)|~
yeOK
Now, we integrate the above inequality on M and obtain
/M |the (25 2") — e (a5 2")| dug (') < egl hVy(Be(e)) < C i O

Moreover, we define the corresponding approximations ¢", ¢"' oo, 8th/¢, V_Z(b and Vgltb
of the exact value, time derivative and covariant derivative of the function ¢, respectively:
" (p;p') = ps(t:t) Ye(m;a’), ¢ (p3p) = F5(t: 1) Ye(;2'),
0ro(p;p) = Oups(t:t) Ye(wsa’), O dlps;p) := Opps(t;t)) ¢L(w;2)),
and h ! / ’
Voo(;p') = ps(t;t') Vye(w; '),
Vo d(p;p') = ps(t;t) Viibe(w;a').
Analogously, for convenience we introduce a piecewise constant approximation of the exact

solution wu, that is,
a(t, z) = u(ty,x), (t € [tn,tns1),x € M). (3.5)

Remark 3.3 1. Note that u represents the entropy solution to problem (1.1)—(1.2), while
u” denotes the piecewise-constant approximate solution (2.3) given by the schema (2.8). By
definition we have " = u".

2. The zero-order approximations of the test function ¢, that is, ¢ and qﬁh' are due to the
explicit dependence of the flux function with the spacial variable.

3. One denotes by 0y, V; respectively the time derivative and covariant derivative with
respect to ¢’ and xz’ variables.

Next, let us define the approximate entropy dissipation form

nge(u,uh) :z/ @g’e(u,uh(t’,x’);t’,x’) dvg(z")dt’,
Qr

where

@g (u,uh(t/,x');t’,x/)

,€

—— [ (i) - utte. ) 00
+ (sem(u(t,2) — (¢, 2 ult,2), ) — S a'),2), Vi) ) dog )

+ // sgn(u(t,z) — uh(t/,x')) (div, f)(uh(t/,:r/),:zr) o dvg(x)dt
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[u(0, ) —u"(t',a")|$(0) dvg (x / (T, x) —u"(t',2")|(T) dvg (). (3.6)
M

Here, the term @f{s(u,uh;t',x’) is a measure of the entropy dissipation associated with the
entropy solution u. Observe that @ defined by (3.5) appears in the first term of the right-hand
side of (3.6). This is due to the fact that the time derivative of u" needs special treatment, as
was observed in [8].

Analogously, reversing the role of u and u”, we define
nge(uh,u) :z/ @g’e(uh,u(t,m);t,m) dvg(x)dt,
Qr

where

o (u u(t,x);t, x)

//T W (', ') — u(t,z)|OF ¢

+ (sgn(u"(t', ') — u(t,2)) (f(u"(t',a"),2') = f(ult,@),2"), V5 ) dvg(«')dt’

[ st ()~ uttn) (i £ (ut).a") 6 doy (o)
— | u"0,2") = u(t, 2)|¢(0) dvg(x / [u"(T, ") —u(t, )| (T) dvg ().
M
Observing that Oy ps(t;t") = —0ips(t; '), Vitbe(w;2") = =V yibe(w;2") and adding the terms

Es c(u,u") and Ej(u",u), we get the following decomposition:

E(}ie(u, uh) + E(’ie(uh7 u) = Rf{e(u, uh) — S(}ie(u, uh), (3.7)
where
R(;Euu //T/ (T, ") — u(t,=)| ¢(t, 2; T, 2" )dvy (" )dv, (x)dt
+ / / /M (¢, 2) — u(T) 2)| (T, a3 ', o Yo, (x)dvy (')t
— // / [u(0,2") — u(t,z)| ¢(t,2;0,2")dv, (z")dv, (x)dt
oM
— // / [u(',2") — u(0, )| ¢(0,2;t', 2" )dvy (z)dv, (')t , (3.8)
Qr J M
and

S(;Euu //QT//T |a(t, x) — ul (¢, 2")| e (25 2)

— |u(t, ) — u(t', 2| P (5 2 )) Orps(t;t') dog(a')dt' dvy(x)dt

//Q //Q sgn(u(t, ) —u(t', x ))(<(f(u(t,3:),sc) — f(uh(t’,x’),x)) ps(t;t")
= (flult,z),2') = fu"(¢',a"),2") ps(t:1"), Vyvbe(z:2"))
+ (divy, Hut,z), )" — (div, f)(uh(t’,x’),sc)th) dvg(z")dt' dvg(x)dt. (3.9)
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Passing to the limit as d,¢ — 0, we expect that Rf{e(u, u”) converges to

(T, 2) — w(T, )| dvg (=) —/ [u"(0,2) — u(0,z)| dvy(z),
M M

and, if w is replaced by u and the exact differentials in time-space are used, then the term
S(’{E(u, u™) is expected to converge to zero.

Finally, we obtain the basic approximation inequality which is derived as a lower bound for
the term Rf{e(u, ul).
Proposition 3.4 (Basic approximation inequality) — The L' distance between the approzimate
and the exact solution satisfies

/ [uW(T,z) — w(T, x)| dvy(x) < C / [u"(0,2) — w(0,2)| dvg(z) + C(1+ TVy(uo)) (€ +3)
M M

+C sup (8P (uu) + B (u,u") + B (u", ),
0<t<T ’ ’ ’

where the constant C' > 0 may depend on T and also on the metric g, but do not depend on h,

€, T, and 0.

Proof First, we write (3.8) as
R?,e(uauh) = R1 + Ra + R3 + Ry,

with obvious notation. For R, we simply observe that R > 0. To estimate Ry, we consider

the following decomposition
[WM(T,2') = ult,@)] = [ (T,a) = w(T,2")| = (W (T,a) = u(T,2')| = [u"(T,a") = (T, )
= (lu"(T2) = (T 2)| = [ (T,2!) — u(t, )]
> [uM(T,a") = w(T,2")| = |u(T, ) — u(T,2")| - |u(t, z) — w(T,z)|.
Then, using this decomposition in the expression R;, we have
Ry :/ / [W(T,2") — u(t,z)| ¢(t, z; T, x")dv, (z')dvy (x)dt
QJm
1
>, [ W) — Ty ()
M

(€ +C TV () 4 (C+C TV, () 6).
Analogously, we obtain

Ry > — [u"(0,2") — u(0,2")| dvg ()
2 Ju

- ; ((C+C TV, () €+ (C+C TV, (up)) 6),
and

Ry > — //Q ps()u"(t',2") — u(t',2")| dvy(z")dt

- ; ((C+C TV, () €+ (C+C TV, (up)) 6).
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Hence adding all these inequalities, we get
2R§,€(u U / [u" (T, 2") — u(T,z")| dvy(z / [u"(0,2") — u(0,2")| dv,(z")
- 2//@ ps(t) [u(t' 2"y —u(t',2)| dvy(2)dt
=3((C+C TV,(ug)) € + (C+C TV,(uo)) §).
Finally, by a simple algebraic manipulation we deduce from the above inequality that
/M\uh(T, ') —u(T,2")| dvg(2') < A+ 2//62 ps()u" (', 2") — u(t',2)| dvgy(')dt,
where
A /M (0, 2) — u(0,2")]| du, («')
3 ((Cl(T) + CU(T) TV (ug)) € + (Co(T) + CL(T) TV,y(up)) 5)
+2 (S(’{g(u,uh) + Ege(u, uh) + Ef;fe(u, uh))

Then, applying the Gronwall’s inequality, we get

/ (T, 2) — (T, 2')| dvy(2') < 3 A.
M

3.2 Dealing with the Lack of Symmetry
In this subsection we estimate the lack of symmetry in the term Sge(u7 ul).

Proposition 3.5 (Estimate of Sgie(u, u))  The following inequality holds

h h
() <C (14 fuale=) 1001 +€ (14 T ) (5 + ),

where the constant C > 0 may depend on T and the metric g, but do not depend on h, €, T,
and 9.

Proof Step 1. From (3.9) we write
Sgb,e(u’uh) =51+ 5o,
with obvious notation. Consider the decomposition S; = S] + 57:

s —//T//T(h](t,x)uh(t/,:zz/)||u(t,m)uh(t/,x')>

Vel;2") yps(t; ') dvg(x)dt" dvy (z)dt,

Sy = //T //T|u(t,x) —u(t', 2| Ops(t;t)

(156(95; ) — ol (x; 33')) dvg(z")dt" dvg(z)dt.
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Using (3.3), (3.4) and the definition of 4, it follows that

|S'|<// tx—utac|/ Ve(a; 2 )dvy (2 )/ |01 pe(t; )| dt" dvy(x)dt

<T 5 Sup a(t) — w(t)ll L1 (ars9) sup % we(x z')dvy(z")dl ()
te[0,77] eThJOK

< C’T:; (C+C TV,y(up)).

On the other hand, to estimate S} we integrate by parts

Sy =— // // sgn(u(t,z) —u(t', 2")) us(t, ) ps(t;t')
(1/; (z;2") — ! ( x’)) dvg(2")dt’ dvy(x)dt
] ) <l o r58) (s ) = ) ) oy oy )

-]/ |u<o,x>—uh<t’,x'>|p(s(t')(&e(x;x’)—zzg(x;x'))dvgm’)dt’dvg(x)
M JJQr

g//T//T lue(t, )| ps(t:t) [e(@sa’) — pl(;2")| dvg(2))dt dvg(x)dt

+/M //QT (Iu(Tw)—uh(tﬂx’)lps(T;t’)JrIu(O,x) —ut (', 2")| p5(t’))
[Ye(w;2’) — Pl (w;a’)| dvg(a')dt dvg ().

Hence, we conclude that
1571 < 0" (1 (04 0TV, ) + 1M (O 4 C o 2=) ).

Here, with some abuse of notation we have written u, dvy(z") to denote the integration with
respect to the measure u;.

Step 2. Finally, in order to estimate Sy we observe that

So ://QT //ngn(u(t,x) —u(t',2")

(o (folult, @) = fur (ult,2)), Vgthe),, + (divy flas (ut 2))16) s
= ({00 (fo (" (t',2)) = for (u" (', 2")), Vgthe) , + (divg f)o(u"(t',2"))0c) fs
+ {far (u(t, 7)) = for (" (t',2")), Vgtoe)g (P — P5)
— (v} ), (ult,2)) (8" — ¢h’)) dvg (2')dt' dvy (z)dt,
where o, (fz(u(t,x)) is the parallel transport of the vector f,(u(t,z)) from the point z to a’.

We use that f is a smooth vector field on M. For x € M fixed, u € R fixed and € > 0 sufficiently

small, using the Landau notation O(-) we write
(00 (fo(u)) = far(u), Ve (z;2")) g + (divy f)(u, 2") e (x;2")
= (Vo f) o (w) k(z:2"), Vgthe(z, a'))g + (tr Vi f) (u,2') te(z,2") + O(dy (2, 2))
= (V5 1), (), Vg (k(z;2") Ye(x;2))) g + O(2),
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where k(x;2') is the tangent vector at x of the minimizing geodesic from z to z’. Analogously,

we have

(0 (fo (W) = f(u",2"), Vgtbe(252")) g + (divg f)(u", 2) te(z;2")
= ((V;f) (uh, 2, Vo (k(z;2") e(z; ")) g + O(é?).

Now, denoting the Lipschitz (1, 1)-tensor field I as
I(t,z;t', 2 = (V;Fw/)(u(t,x),uh(t',m’)),

we have |Sa| < |S5| + 55| + O(e), where

So= [ [ (@it ). 9y koo’ vl ) s g o)

sp= [ [[ swntu— ) ((fuultsn)) = fota(¢.2)), T g0, 5~ 77)
— (div} £, (u(t,2)) (6" — qsh')) dvg (2')dt' dvy (z)dt.

The term SY is estimated as in the final step of Item 2, we focus on S} term. Applying the

Gauss—Green formula with respect to the x variable, it follows that
// / (I(t, 2"t 2"), Vg (k(z;2") e(x; x’))>gﬁ5 dvg(2")dt' dvg(z)dt = 0.
Qr JJQr
Therefore, subtracting the above expressions from S5, we obtain
15| < C'T (C+C TV,(up)) e,

where, we have used the fact that, due to the compactness of M and the regularity of the
flux function, the function V, f(u, ) is uniformly Lipschitz continuous for u in a compact set.

Combining this result with the estimation of S5, that is,
T h
s < ((C+0 TV ) + ! (€ + Cllullm) 01l ),

we complete the proof of the proposition.
3.3 Entropy Production for the Exact Solution
We now consider the approximate entropy dissipation associated with the exact solution.

Proposition 3.6 (Estimate of the quantity E('{e(u, u™))  The following inequality holds

h
Ef o (u,u) < C Mg (1+ [luol|z) + C (1 + TV,(uo)) o

where C' > 0 may depend on T and the metric g, but do not depend on h, €, T, and §.

Proof 1. For each ¢ € R and in the sense of distributions we have
Ui(u(t, z),c) + divy Fy(u(t, z), c) + sgn(u(t, z) — ¢)(divy f)(c, ) <O0.

Now, we set ¢ = u'(¢,2’) for each (¢/,2') € [0,T] x M fixed. Since u is an entropy solution
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o (1.1), forn =0,1,..., we have
(Ut ¢ ) = Ut 0 0) Y0
M
— / " / (Fp(u(t,z),u (', 2"), Ve (x;27)) g dvy (x)dt
tn M
+ /t o /M sgn(u(t, x) — uh(t',x’))(divg f)(uh(t’, z'), z) Ye(x;2") dvg(z)dt < 0.

2. Next, multiplying this inequality by ps(¢;t') = ps(tnr1;t) and summing the first term

in time, it follows that
—nil/ u(tn, x), )(pa(tn+1;t’) - ps(tn;t’))we(x;w’)dvg(x)
- //QT<Fw(u(t,J;),uh),nge(x;a:’)ﬁ(;(t;t') dv, (x)dt
[ sttt x) —uaivy o) el i) doy )i
U(u(T,z),u™)ps(T; ' )pe(; 2" dvy ()

+

— [ U, 2),u")ps(t )3 2wy () < 0.

J,
/.
By the definition (3.5) of @ we have the identity
| vttt a).a )(m( w15 ) = paltn; ) V(s 2"y ()

tni1

= [ vttt sttt o) vy o).

tn
Therefore, nge(u, u™) is bounded above by
J[ ] vata.atom)

(ZZ’E(I; &) — e(z; x’)) dvg(x)dt dvy(z")dt'.

3. By integrating by parts the above equation with respect to ¢, it follows that

I _//QT //T u™)D,ps (1) (Ve — ) dvg(x)dt duy(z")dt’

nTl

_ Z/ // (s, ), ") = U ultn, ), u")) (e = 9)

P5(tns1;t")dvg(2)dt" dvg(x)
/ // u") (e — Ve) ps (T3 t') dvg (2 )dt’ dvg ()
MJJIQr

_ /M / / U0, u") (e = ) (¢) duy ()’ doy(z),
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and thus

np—1

I< 7;) T/M //QT [ue| ps(tny1;t) (e (s 2") — e (32 ) |dvg () dt dug(z)
+ /M // (|u(T, x) —u(t' 2| ps(T;t') + |u(0,z) — Uh(tlyw')lpg(t’))_

[e(w;a’) = el a)| dug(2')dt' dvy(w)
<0 (1 (€40 T, 00) + 1, (€ + C o)),

4 Entropy Production for the Approximate Solutions
It remains to control the approximate entropy dissipation form for the approximate solution.

Proposition 4.1 (Estimate of the quantity E('is(uh7 w))  The following inequality holds

h
Egl’i(uhvu) <C (1 + ||u0||Loo) (6 —|—T+6)|M|g

ht/

2
+ C (1 + Juoll L2(a:)) . |M\;/2,

where C' > 0 may depend on T and the metric g, but do not depend on h, €, T, and §.
Once this estimate is established we can complete the proof of the main theorem, as follows.

Proof of Theorem 2.1 1. First, by (2.1) there exists y1 > 0, such that 7 < ~; h. Moreover,
without loss of generality we can take § = e. Therefore, combining Propositions 3.4 and 4.1
together and denoting

Ao(T) = C (1 + Juollz), AT = C (1+ TV, (up)),

A(T) = C (1 + [luollz2(arsg))
we obtain
C
2

||Uh(T) _U(T)HLl(M;g) < (.l[/,l 671 +2L0+E1 6),

where
L_y = Ao(T) | M|y h+ Ay(T) h+ Ax(T) [M|/? h'/2,
Lo = Ao(T) [M |y h + [[u"(0) = w(0)[| 11.(arsg):
ILy := Ao(T) |M|g+ A (T).

Then, minimizing with respect to €, we obtain

H’U,h(T) - u(T)”Ll(M;g) <C (\/E—l L, + EO)

2. Next, proceeding as in the proof of Lemma 3.1 and by (2.3), that is, u"(0,2) = u%, we

have
I — wollziarsg) < / f o) — o) |dvy (2) dvy ()
MJK

S ||Vgu0|\L1(M;g) h = TVg(uo) h
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Consequently, it follows that
[(T) = w(D)l| 2 arsg) < (Ao(T) My + A(T)) C b
+ (Ao(T)MIY2 + (A0(T) Ay(T))"?) € |M[L/2 h1/2
+ ((A0(T) Ax(T)) M1/ + (A1(T) A2(T)) ) € [a]}/* 114,

which completes the proof of Theorem 2.1.

Proof of Proposition 4.1 1. Fix K € 7" and e € K. For (t,x) € [0,T] x M fixed, we set
¢ =u(t,z) and u(',2') = u, for (¢',2') € [t}, 1}, ;1) x M, (n=0,1,...) and we define

B (') = f be(:y') ATy ().

Therefore, by Definition 3.4 and analogously to Lemma 3.2, it follows that

~ el ~
dl(zal) =) z|nl YL o (a327),
eCOK

. - h
/ (s a) — F (50")] dug(2) < C
M €

where the positive constant C' does not depend on h,e > 0. Now, we write the local entropy

inequality (2.19) for K and, since it is also valid for K., we obtain respectively

K K

(v o) - v o) + 7 (oo g o) — Foxcluue.)) < g,

PK ’ ’ DK )

K, K.

|p | (U(unKt,le’ C) - U(“?ﬂyd) + T(Fe,Ke (u}l(ﬁvu}l(’ C) - FeaKe (u%ﬁvu?{eﬂc)) < |p ‘DTIL(Jg,le
K. K.

We sum the two above inequalities and from (2.16) and (2.17), we obtain

K K.
Kl vt o - vige.o) + P (Ui o - v, o)
PK ’ PK. < ¢
1 By (€)= By (e )0y T o)
K K
<! ‘D;;+5+| €|D;;+le. (4.1)
Pk ’ PK. <

2. We multiply inequality (4.1) by |e] 7,/;26 and sum over all e € K and K € T

Kl . . ]
> Moo i, ¥ KU

ecOK Kegh
Keagh
7 [ B e i) )
Kegh oK
K 7 n
< 3 ®heg, pon, (4.2)

ecOK
Kegh
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where we have used

K€| n 7 K n
> Moo - ¥ Moo,

ccor PKe eCOK
Kegh Kegh
| Kl - K| ;
n / . n !/
Z P U(uKe,mc) dje,e - p U(uK,e’ C) we,e?
ccox +Ke ccox UK
Kegh Kegh
/ i / i /
> f (e €)inek(y))g L. dT -, f (Uhey €)me k() UL ATy (),
ecOK ecOK
Kegh Kegh
Since u’}{"l is a convex combination of u"+1 and the Kruzkov’s entropy U is convex, we have

by Jensen’s inequality

n " |€| n
SKIU@EY Pl < Y K] Ut 4L
Kegh cCOK PK

Kegh

Therefore, from (4.2) we obtain

> IKI(UE™ o)~ Ul 0)) vl =7 /6 Ay (e ) me i (4)g el ) Ty ()

Kegh KeTh
Kl - K . o
< 3 Bhepg, per e s g ua o @ - )

ccox PK ccorx PK

Keagh Keagh

b1 3 [ ey (Falasi) — belass)) Uy (0 (1.3
ecOK V€
Kegh

3. Applying Gauss—Green’s formula it follows that
|| By i) mesc )y el at ()
= /K (divyy For) (ufe, €)the (w3 ") dvg(2) +/ (Fpr(ufe, €), Vitbe(z;2")) g dug(2).

K
Then, from (4.3) we deduce that

> KU o) = Uluge.c

Kegh

B /tn+1/ (le; Fx,)(uh(t/,$/)7C)wE(-T;x/) dv!](xl)
t M

<y Eheg, pprye o '\e|U G o) (F— i)

t"n+1
_ /t, /M<Fz’(uh(t/7x/)’ 0)7 v/gwe(x; iL’/))g dvg(l_/)

ecdK ecdK

Keﬂh Keﬂ’l

/ S [ () (L lasa) = delasy)) Uy ).
n ecOK

Kegh
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By algebraic manipulation, we see that the expression

> KI(Ui e) = Uluie, o)) o

KeTh
t/n+1
— / / <Fx/(uh(t',:c'), ), V’gzbe(:zr; z')) g dvg(z)dt’
t, M
tln_H hogt 1 s ! ! / /
+ ) Msgn(u (t',2") — ) (div}, f)(c, 2" )oe(x;2") dvg(z")dt
is bounded above by

< / n+1/ sgn(u”(t',2') — c) (divy f)(u" (', 2"), 2" )pe(x;2") dvg(2”)dt!

+ Yy '|e Joopty 3 '|ew Wl ) (3~ 0L..)

ecOK ecOK
Keﬂ“ Keﬂ“
"Jrl / 7 /
[ [ ey (i)~ i) )
t ecOK
Kegh

Now, we multiply this inequality by p§(t:t") = ps(t;t,,, ;) and summing with respect to time

variable, i.e. ¢/, we obtain that the expression

N Z / p5(tvtn+1) ps(tit; )) Pz 2) dvg (')

n=0

[ B 2.0, Ty ), st doy (o)
b [ sl o) = o) (v, e olwia’) g ) doya)it

+ | U@, '), 0)ps(t; T) Wl (w;2') dvg(a')

M

— | U@"(0,2"),c)ps(t) ¥l(x;2") dvg(a)

M

is bounded above by

< // sgn (u" (', ') — ¢) (div), f) (u" (¢, 2"), 2" Ve (w;2') ps(t; 1)) dvg(a')dt!

np—1

K|
+ Z Z |6| weepé(tt)D?(Tel

n=0 ecdK
Ke?h

nmr— 1
+ ) Z | | Uuptts o) (0L =4l.) ps(t:t)
n=0 ecoK
K¢ 9”

b 3 e L 0 s () — a0 ) a0t
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4. Following the lines of proof of Proposition 3.6, we can also derive the identity
| vtk >(pa<t, fhr) - (t;t;>)¢g<x;x'>dvg<x'>
/ [ U )0 Bl i oy )

Then, the term E5 (u”,u) is bounded above by

s E
JL (S 5 et i, o Jasyapa
T

n=0 ecdK
Kegh

//QT (nT 1 "e' Uuid ) (9L = de) ﬁé(t;t’))dvg(x)dt

n=0 eeaK
Ke 7h

Jr//T/M(uh(TvI/)“(tvx)Pé(t§T)+|uh(O,:E’)u(t,x)|p5(t))

e (52") — P (2;2")| dug(2”) dvg(z)dt
L LE

/| (div!, F)(ufe,a’) — (div), £) (ule o)
/>

5. We write (4.4) as Fy + Es + E3 + E4 + E5 with obvious notation. In order to estimate
Fy we recall that

Kegh
P5(t:t") Ye(m; 2") dvg(2")dt’ dvg(z)dt

/ Fy(ufe,c) _Uy’(Fy(unch))‘g

KeTh
[l (25 3") — ve(2yy')| Bs(t:t) dTy(y')dt dvg (z)dt. (4.4)

Dn+1 U(unK+el7 C) o U(ﬂ?(—f_el’ C),
and
u’}(+el — 12’}(+el =7 fK (diV; f) (w2 )dvg ().
Therefore, we can write
Dyt =7 (0l f (v, 1) o) dey (o) +O(r) ).

Then, we have

b ff, 2
Qr J0 KeTh

+CT M|y (1+ [fuol|z=) T
< C'TIMlg (1+ JuollL=) (7 +€),

/‘le (ufe, ") = (div), f)(uf, z )| #; 5L dug (')t

where we have used the fact that for every compact K the function Vg(divg f) is uniformly
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bounded in K x M. Now to estimate Fo, we observe that

TLTl

Yoy '||U mH ) (dL— ) = 0.

n=0 ecdK
Keﬂh

Moreover, from [2] we recall the uniform bound

nTl

2}}: |MW”1 W2 < JuolZaarsgy + C”

n=0 ecdK
Keﬂ”

for some the constant C” > 0.

Hence, we have

b= //T(nTl e g, - v, 0)

n=0 eEBK
Keﬁ”

(aﬂg%mwy%mm

nTl

<Y 5 B g | [ Ji - oo
n=0 ecdK
Ke?h
np—1 ‘
< C’Yl Z Z | | }un-i-l n+1| 7
n=0 ecdK

Kegh
where we have used (2.1). Applying Cauchy—Schwartz’s inequality, we obtain

np—1

1/2
E, <C% (T|M| 1/2( Z Z ||e‘ ’un+1 n+1| T)

n=0 ecdK
Keﬂ’l

1/2 h1/2 2 1/2
<Oy (1M1 " (luolaqary + OD))

h1/2

<Cy(1+ lluolzzang) . IMIY2

The terms E3 and F, are estimated in the same way that we have already done, that is,

h
Es < C[Mly(1+ fJuollz=) _,
By < CT [M|g(1+ ||uol|z=) €
Finally, we estimate the last term, that is,

pK n n
B [ [ KIS R~ ko)
Qr J0 | | OK

Keﬂh

h
< CTIMy(1+ uollz)

where we have used the condition (2.2).

z[;;(:v,m) Ye(z3y | ps(t;t") dU o (y")dt' dvg(x)dt
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