Forced Vibrations of Structural Systems:

Pa(t)
— ——> x Consider a 2 storey building under the effect of time dependent
. ;m, / 2 loads P;(t) and P(t).
2|/ / _
— /2 k% X F=ma
P(t) ,; m /’ 1
ST m, m,
1], K <—{T 1+ —> <1 1>
A AN KiX1 Ka(Xo-X1)  Pa(t) Ka(X2-X1) Pa(t)

mlxl = Pl(t) - klxl + kz(xz - Xl)
m,X, =P2(t)—k2(X2 'Xl)

m, 0 || x1 N kitk2 —k2| x1| |P1
0 m,][x2 -k2 k2 |[x2] |P2

M X K X P

MX+KX=P, if P=0(freevibration), Ka=AMa

24E\l, | _24E,l,
Cp3 20 p3
1 2

(K-AM)a=0

T 1T Ty X =QY
x=[a® a@ a® |y, |=Qy and x=QY
d d d Vi X=QY



« a® S 7 0 0 ¥ | |« a® S
« a® SlMa® Ma® Ma® |y, |+l a® >|Ka® K
« a™ S \’ Vollynl [« a™ Sl
< Q(l)T = || P1
| g(Z)T .
mT
«— a = 1| Pn

ROLYRE ROLVROY A

(T O 2Tk |lyn] [aOTp

a0TMa®=m,, ka®=7Ma® ana a@Tp =P, where 2., = of

M’ Vo |+ ;M . yo|=|P. |or
0 M|V, 0 oM [lyn| [P,
Yoty = Pi*  fori=1,..,n

Example: m; = m, = 20 kg ki =k, =6.10* N/m py(t) =0 p2(t) =1000 N fort>0
=0 fort<0

12x10% —6x104} M_{ZO 0}

|5—xm|=oand 5{ A A =
—6x10%  6x10 0 20

12.10°- 200  —6.10
-6.10°* 6.10" — 201

K-AM|= =0 9 then




h, =7.85x10° rad?/s2 %, =1.15x10%rad?/s?
o, =34rad/s
®, =88rad/s

(K=AM) g(i) =0 => Normalized eigenvectors are obtained as follows:
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Y. +34°y = y, +34%y, = 22.345

. P; y,+88"y,=-22.383
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Y, (1) = A;sin 34t + B, cos 34t + %

Yy, (t) = A,sin 88t + B, cos 88t —%

y, (t) = A;Sin 34t + B,c0s 34t +1.94.10
y, (t) = A,Sin 88t + B, c0s88t —2.84.10°°
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Initial conditions:  x(0) =0— y(0)=0
X (0) =0— Y (0)=0
0=B; +1.94.10% — B, =-1.94.10°

Y, (t) =34 A;c0s34t — 34 B, sin 34t and Y, (0) =0 then 34A; =0 »A; =0

y1 (t) = 1.94.10 (1-cos 34t)
Similarly,
0=B,-2.84.10° — B, = 2.84.10°

y,(t) =88 A,cos88t —88 B,sin88t and y,(0) =0 then 88 A,=0 > A, =0

Y2 (t) = -2.84.10°° (1- cos88t)
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Further Properties of eigenvalues and eigenvectors:

if Ax=Ax = (kivl(i))

Theorem: 0
Ay=ry = (p.¥Y")
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Theorem : Eigenvalues of A_l are reciprocals of those of A and eigenvectors are equal to those of A .
Theorem : Eigenvalues of an orthogonal matrix are absolutely equal to unity.
Theorem : If Ax=Ax then A"x =) "x Where nisa positive integer.

HE. Try to prove them.

Expansion of a vector in terms of eigenvectors of a matrix.

Ax=4x- (1,x")

A known vector Z can be expressed in terms of eigenvectors in matrix form.
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2=CxY+Cox? + ... +Cox™ where ci=y" 'z

Solution of a linear system using eigenvector expansion:
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for a 3x3 system:
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A issymmetricthen A=A".
Therefore A & AT have same eigenvalues.
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Theorem : if Ay, Ay,...... A, are the eigenvalues of a matrix A, then,

i tr A=A+ Ao+t 2, and Qi detA= 4 4 A,

Proof of D] =|A|, D=Q"AQ ,then det(Q " AQ)=detQ "detAdetQ= ﬁdetédet Q=detA

detQ:detA:xlxz ..... 7\41
Execise: Show (i)
A few more properties of matrices:

- if A and B are symmetric matrices,
then A+ B is also symmetric
- if A and B are symmetric — AB is also symmetric

- A= (A’l)n = A’l,A’l,A’l ........ A’l n: is a positive integer
n times




