EIGENVALUES & IEGENVECTORS
Eigenvalue Problem:

X1 = X1 (1)
X2 = X2 (1)
k X3 = X3 (1)

1
Static equilibrium position

ma = E for each masses;

2
; X .
a:XZC:jtz muXe= Fi1
m: X2 =F>
msXs= F3
ms \L X, FBD of masses:

P()

Elongation in spring 2 = X, - X1
Elongation in spring 3 = X3 - X,

Elongation inspring 1=x; F=kx

T k1X1 Tkz(Xz-Xl) T k3(X3-X2)
ms ) ms ms
l Ko(X2-X1) l K3(X3-X2) l P3(t)
mX, =K, (X, —X;) - KX, = mX, +(K +ko)x1—kx, =0
MX, =Ky (X3 =X;) =K, (X, = %) = MK, =KX, +(K, +k3)X, —KsX; =0
m35<3 = Pa(t) - k3(X3 - Xz) = m3X3 - ksxz + k3X3 = Ps(t)
m, O 0 || X, kitk: —ko 0 || X, 0
0 mz 0 XZ + _k2 k2+k3 _k3 X2 = 0
0 0 my || X, 0 — ks ks || X3 P, (1)
M X K X P
Mass Acc. Stifness Displ.  Applied
Matrix Matrix Matrix Matrix Force

M X +K X =0 For free vibrations P =0



Assume the solution:

x= asin(ot+d) where a:amplitude
®: angular frequency
¢ : phase angle

M =|- w?asin(ot + ¢)|+ K[asin(wt + $)]=0

|- ®*Ma + Kasin(et + ¢) =0
sin(lot+¢)=0 > ot+dp=21 —> dp=2n— ot
Ka=0’Ma leto® =2

Ka=4M a|: General Eigenvalue Problem:

A : Eigevalue

a : Eigenvector
Ka=iAMa (*) GEVP

Premultiply (*) by M ™
M7Ka=1a letA=M"K

Aa=1)a Normal eigenvalue problem (NEVP)

Solution of NEVP:
Ax=41X

(A —Al)Xx =0— homogeneous equation

In order to have a non trivial solution, |A - M| =0
Solution of GEVP:

AX=41BX

(A —AB)x =0 — homogeneous equation for x
In order to have a non trivial solution, |A—AB|=0




Steps to be followed in the solution of an eigenvalue problem.

1. To find the eigenvalues corresponding to A,
det(A—A1)=0or det(A—4AB) =0

where A (I.8. A1,A2,....An) are eigenvalues

|A—21|=0—> P,(4): characteristic polynomial of A
P, (A1) =0 characteristic equation of A

> Ay Ageeen An
2.
Ax=2x AxY=2x"
Ax? = 2,x?
[ ]
o
Ax" =2, x"
Ax" = 2ix"
Example:
26 -2 2 A 00

A=|2 21 4| [A=21|=0 21=|0 1 0

4 2 28 0 0 4
26-% -2 2
2 21-A 4 |=0= (33-75)2+1850—15000) =0

4 2 28— L =(A—20)(L—25)(.-30)=0
A= 20
Ap=25 2213
7\‘ 32 30
Ax? =20 x?



(26 -2 2 ]| x{M X"

2 21 4 ||x®|=20]x

4 2 28)[xY x$)
[26-20 -2 2 P o
2 21-20 4 Xgl) =0
4 2 28-20]|,()) [0

6Xx1—2X2+2x3=0
2Xi+ X2+4x3=0

dependent
Ax1+2%x2+8x3=0

6x, — 2X, =20
Takean arbitrary X, =~ 2X; + X, =—4a
X, =—20 and X, =-o

6 -2 2 6 -2 2 6
orByGEM: |2 1 4| ~»
4 2 8 0 10/3 20/3 0

Example GEVP

0 - 2 1
C= B= CX=4BX
-1 2 12

(C-1B)X=0—det(C-1B)=0

{2/1 A } { (=22) (—1—/1)}
AB= C-AB=
A 22 (-1-4) (2-24)

det(C— 1 B) = —21(2-22) — (-1- 2)(-1- A)
=—41+4°-1-24-3*=32*-61-1

A1 =-0.1547

Ao =2.1547

@ _ ()
Cc x®=,BX

-2

0

2

0

-

—>5(1): — 20

o

-

0 5/3 10/3| %[0 5/3 10/3| »>xW=|-2q

(0]



0 —1][x® 2 1][x@
=-015
12 |[x® 12|

—x$) =-030x{"-015x§  :0.30x,-085x,=0
dependent
x+2 x5 =-015x{? -030x5’ :-085x,+2.30x,=0
let X1 = a
=08 037a x¥-| ¢
02.30 -0.37a

a2+0137¢2=1 o= +0.94

1
x® = J_r0.94{ 7} —normalized eigenvector. (Normalization wrt length of a vector.)
C x?¥=,,Bx?
= 7> 2— 22
0 —1][x? 2 1][xP
=215
12| x® 1 2| x®

—x? =4.30x? +2.15x %
—x& +2xP =2.15x? +4.30x

4.30x,+315%x,=0
dependent
315x,+2.30x%x,=0
letx; = a
o

315 @
x2=——a:—0.73a X =

4.30 {—0.7305}

a’+0534°=1 a=10.81

1
x? = 10.81{ } —normalized eigenvector. (Normalization wrt length of a vector.)
-0.73



Properties of eigenvalues and eigenvectors:

Def1: A matrix A is said to be positive definite if XTA>_( > Qfor an arbitrary vector

X.
Remark : if components of a wvector can be written as:
X5 + x5+ x5 =1=> positive definite in quadratic forms. Unit vectors are always
positive definite quadratic forms.

Def 2:  Eigenvectors are said to be orthogonal if they satisfy g(i)Tg(D =0 fori=]j.

Def 3:  Eigenvectors are said to be orthonormal (mutually perpendicular and unit

vectors); if they satisfy: g(i)Tg(D = 3jj

Def4:  Eigenvectors are said to be orthogonal wrt. a matrix C, if they satisfy:

x0Tc xD=0 iz

Theorem Given a square matrix A which is:
- Real
- Symmetric
- Positive definite
Then:
) The eigenvalues of A are real

i) The eigenvectors are orthogonal
iii)  The eigenvalues of A are positive

Diagonal form of a matrix:
Def : ModalMatrixQ =[x x(@ ... x(M]  x(0):are eigenvectors

If D is the digonal form of A, then,

(%7 0 0 0]
0 220 0

0 0 0 ap



Example :

(10 -6 0] a,=1 0 /42 1/V2
A=|-6 10 0| 2,=4 xM=|o| x@=|yy2| xO=|-1/12
|0 0 1] A =16 1 0 0

0 V2 1/V2 ] 0 0o 1
Q=|0 1Yv2 -yv2| Ql-|y2 Y2 o
10 0 N2 -1V2 o
[0 0o 1]10 -6 0|0 2/¥2 1/V2 | [1 0 ©
D=[1/vV2 12 o0f|-6 10 0|l0 1/v2 -1/V2|=[0 4 O
1/V2 -1/V2 of[o 0 1|1 o0 0 0 0 16

Theorem : If A is a symmetric matrix, then the modal matrix Q is orthogonal.

Q' =Q'

Square root of a matrix:

let D be a diagonal matrix:

d, 0 0 0]
0 d,,
D=| 0 Ay
| 0 d., |
d, 0 0 0fd, 0 O 07 [d} ©
d22 O d22 0 d§2
D’=DD= dss 0 dss _| 0
| 0 d,J O dw] [ O




Jd, o0 0 0 |
0 Jd,
then, D = 0 das
0 d,, |

1/2

forany matrix A, A"?=Q D'?Q* A"

>
I
1>

|n general Al/n :9 I:_)l/ng-l or An :9 I:_)n9-1

Example:
10 -6 0 0 Yv2 12
A=/-6 10 0 Q=0 Yv2 -1Yv2
0 0 1 1 0 0
100
Ql-qf D=0 4 0
0 0 16
A1/2 =Q DlIZQl
0 /v2 1/J2{[1 0 o] 0 0o 1
AY2_|o yV2 -1/V2|lo 2 o||YV2 V2 0O
1 0 0 |lo 0 4||1/V2 -1/¥2 0
3 -10
-1 3
0 0 1
n
Note : trace of A=tr(A)= X ajj=a; +8z + .o +a

=1



