
EIGENVALUES & IEGENVECTORS 

Eigenvalue Problem: 

 x1  = x1 (t) 

 x2 = x2 (t) 

 x3 = x3 (t) 
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FBD of masses: 

 

Elongation in spring 1 = x1 F=kx 

Elongation in spring 2 = x2 - x1 

Elongation in spring 3 = x3 - x2 
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Assume the solution: 

 

x= asin(t+) where a : amplitude 

   : angular frequency 

    : phase angle 
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K a M a      : General Eigenvalue Problem: 

 : Eigevalue 

a : Eigenvector 

K a M a         (*)   GEVP 
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a aA   Normal eigenvalue problem (NEVP) 

 

Solution of NEVP: 

A x I x       

 0x)IA(  homogeneous equation 

In order to have a non trivial solution, 0IA   

Solution of GEVP: 

A x B x      

 0x)BA(  homogeneous equation for x 

In order to have a non trivial solution, 0BA   

 

 

 

 

 



Steps to be followed in the solution of an eigenvalue problem. 

 

1. To find the eigenvalues corresponding to 
nxnA  
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Example GEVP 
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Properties of eigenvalues and eigenvectors: 

 

Def 1:  A matrix A  is said to be positive definite if 0x A x
T

 for an arbitrary vector 

x . 

 Remark : if components of a vector can be written as: 
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2 1x x x   positive definite in quadratic forms. Unit vectors are always 

positive definite quadratic forms. 

 

Def 2: Eigenvectors are said to be orthogonal if they satisfy jifor    0x )j(x
T)i(  . 

 

Def 3: Eigenvectors are said to be orthonormal (mutually perpendicular and unit 

vectors); if they satisfy:  ijx )j(x
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Def 4: Eigenvectors are said to be orthogonal wrt. a matrix  C , if they satisfy: 

 ji     0x )j(  Cx
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Theorem  Given a square matrix A  which is: 

 - Real 

 - Symmetric 

 - Positive definite 

    Then: 

i) The eigenvalues of A  are real 

ii) The eigenvectors are orthogonal 

iii) The eigenvalues of A  are positive 

 

Diagonal form of a matrix: 

Def :   rseigenvecto are:x      )i(x )n(.....x )2(x )1(QMatrix  Modal   

 

If D  is the digonal form of A , then, 
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Theorem : If A  is a symmetric matrix, then the modal matrix Q  is orthogonal. 
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Square root of a matrix: 

 

let D  be a diagonal matrix: 

 



























nn

33

22

11

d0

.

.

.

.

d0

d0

0...00d

D  

 













































































2

nn

2

33

2

22

2

11

nn

33

22

11

nn

33

22

11

2

d0

.

.

.

.

d0

d0

0...00d

d0

.

.

.

.

d0

d0

0...00d

d0

.

.

.

.

d0

d0

0...00d

DDD

 

 



then, 



























nn

33

22

11

d0

.

.

.

.

d0

d0

0...00d

D  

 

for any matrix ,A  A A A      QD  QA 
-1


2/12/12/12/1

 

 

In general 
-1n/1n/1

QD  QA     or    
-1nn

QD  QA   

 

Example: 

 

A 























 



















10 6 0

6 10 0

0 0 1

0 1 2 1 2

1 2 1 2         Q 0

1 0 0

 

 




















1600

040

001

D               QTQ 1
 

 
-1

QD  QA
2/12/1

  

 

   

02121

02121

100

  

400

020

001

 

001

21210

21210

A 21

















































  

 

 























100

031

013

 

 

Note : trace of nn2211 a...........aa
n

1i
aij)A(trA 



  


