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1. BINOMIAL COEFFICIENTS

Binomial coefficients are one of the most common and useful family of real numbers which arise
in many areas of mathematics, especially in combinatorics. A binomial coefficient has two indices, and
the coefficient indexed by r, k is denoted usually by (;) read as ‘r choose k’ . There are many ways to
introduce the binomial coefficients. The one which explains the naming is that, a binomial is an
algebraic expression that contains two terms, for example, x + y, where x and y are real numbers.
Then the binomial coefficient (;) is the coefficient of x*y"~* when we expand (x + ¥)". Due to the
simple and symmetric form of (x + y)7, it is not surprising to face with this expression in almost all
areas of mathematics. There is a combinatorial property of binomial coefficients which dominates all
other properties: when the indices are nonnegative integers and k < n, the binomial coefficient (Z) is
equal to the number of k element subsets of an n element set. This is the reason why we read () as
‘r choose k’ even when r is not an integer and there is nothing to choose. Again for this reason, in
many books this property is taken as definition of binomial coefficients.

Some special cases of the binomial theorem were known from ancient times. For example, Euclid
mentioned the binomial theorem for (x + y)? . In 6t century, (x + y)3was considered in India.
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For a nonzero r € R and a positive integer k, the binomial coefficient (,:) is the coefficient of

x¥ in the power series representation of (1 + x)":

[oe]

A+x)" = Z (;) xk

k=0
where |x| < 1.

Since the k-th derivative of (1 +x)" is r(r — 1) - (r — k + 1)(1 + x)" 7%, we obtain (1 + x)" =

k k
x—, =Yreot(r—=1)(r—k+1) % and consequently

© a® 1 -
Yk=0—; (1 +x) p

x=0

r kv -1 -k+1)
(k):E: k! '

By convention we take (g) = 1foranyr € Rand (g) = 0 for any positive integer k.

Examplel. a) (7)=r,

b) ())="C2

9 (="r=10

d) N = l(l) (_ 1) (_ 2k—3) G VI ¢ o) L G O L € ) L G il
k)] T k\2 2 2 )7 2kkt 24-(2k-2) | 22k-1p1 (k-1)! | 22k-1
2k-2
k=1’

-3y _ (-3)(=4)(=5)(=6) _
e) (4)_74! = 15.

BINOMIAL COEFFICIENTS AND NUMBER OF SUBSETS

If n is a positive integer and k < n, then the expression for (Z) can be written as

(n)_n(n—l)---(n—k+1) (n—k)!_ n!
k) k! (n—k)! k!'(n—k)!

Itis seenthatforn € Z* and k < n, the binomial coefficient (Z) agrees with C(n, k), the number
of k-subsets of an n-set. For this reason, in some sources binomial coefficients are defined to be

the number of k-subsets and the notation (2) is used to mean C(n, k).



(Z) and C(n, k) are two functions which act with the same rule on different domains. In fact
C(n, k) is a restriction of the function (2) to a smaller set. It follows then, a property or identity
proved to be true for (Z) is necessarily true for C(n, k). But a proof given for some property of
C(n, k) isrequired to be extended to (’,:), by checking whether the property is valid for non-integer

values of n.

Combinatorial Proofs and Polynomial Argument

In dealing with counting issues, there are two common classes of proofs: algebraic proofs and
combinatorial proofs. An algebraic proof of a property is achieved by transforming the expres-
sions with the aid of substitutions and arithmetic operations. A combinatorial proof (or bijective
proof or double counting) is achieved by showing that both sides of the equality count the same
thing. In general, a combinatorial proof considers integer arguments whereas an algebraic proof

respects all possible points in the domain.

A property of C(n, k) which is proved to be true algebraically, holds for (Z) (n no more re-
stricted to integers) as well. If a property is proved combinatorically to be true for C(n, k), in order
to extend it to (}), we commonly use an important propery which is known as the polynomial
argument. This argument goes like that: if two polynomials of degree at most d agree at d + 1
distinct points, then they agree everywhere. It follows that if an equality, whose both sides are
polynomials, is proved to be true by a combinatorial proof, then by polynomial argument it holds
everywhere.

n!

k!(n—k)!

n!

O it follows that

For example, from the expressions C(n, k) = and C(n,n—k) =

C(n, k) = C(n,n — k). This is an algebraic proof which automatically covers the case (7) = (")
as well. On the other hand, we can say that C(n, k) counts all subsets with k elements and C(n,n —
k) counts complements of these subsets. Since each subset has a unique complement, C(n, k) =
C(n — k). This is a combinatorial proof and it guarantees the equality only to hold only for integer
values of n, thus it does not directly implies that (Z) = (nfk). But, C(n, k) are C(n,n — k) are both
polynomial expressions which agree on integers, then by polynomial argument they agree every-

where, thus (}) = (,7,) forany r € R.

For integers n and k, if we set C(n,k) = 0 for k < 0 or k > n, then the binomial theorem

(a+b)" = LO(Z)akb”_k where a, b € R can be written as

(a+b)" = Z Cn, k) akbm k.
k=0



LEMMA 1.1. For any real number r and a nonnegative integer k,
- r+k-—1
— (—1)k
()= ()
Proof. A straightforward computation yields

s
()= CPCr=D(r—k+ 1

= (—1)"%(7’ +k—1)-(r+Dr

which gives the desired result. =

The property

(Z) — (1) (—r +kk — 1)

is known as upper negation.

ey

We observe an interesting relation between the binomial ceofficients and the number of k-

subsets. For a set with n elements, recall that (n+;:_1) is the number of ways of choosing k ele-

ments of X if repetitions are allowed. Then we see that (—1)k(_kn) and (2) denote respectively,

the number of ways of choosing k elements if repetitions are allowed and not allowed, respec-

tively.

Using the identity (_kr) = (—1)k(r+£_1), for any r € R, we obtain the power series represen-

tation of as

1
a-xr

1
=07

(1—-x)

=2, (e
2



It follows that S 2?=o(n;k)xk+". Since (n;;k) = (n;k) and (Tg) = 0 for integers

(1_x)n+1
xTL
m < n, we can write the power series representation ofm as
[ee]
=2 ) @
—_—— = x".
(1 —x)n+1 n )
k=0

BASIC PROPERTIES

Let X be set with n elements. It has only one subset which contains no elements, namely the
empty set and it has only one subset which has n elements, the set X itself. This means that

C(n,1) = C(n,n)=1 and by polynomial argument

(g)z(:)zL reR.

For each element x, X has a unique subset with one element (the subset which includes only
x) and a unique subset with n —1 (the subset which excludes only x). Then C(n,1) =

C(n,n — 1) = n and by polynomial argument

O)=()=-r rer

C(n, k) and C(n,n — k) count respectively, the subset with k elements and subset n — k ele-
ments. If we associate each subset with its complement, to each subset with k elements there cor-
responds a unique subset with n — k elements. Then C(n, k) = C(n,n — k) and by polynomial ar-

gument

(£)=(rzk)’ r € R,k € Ny

From the definition it follows that if n is a positive integer and k > n, then () = 0. That is

(Z)=0, r k€N, k>r.

By convention we may define the binomial coefficient (D for negative integer k by setting
(o) = 0:

(T)=0, reRkEN".

The following theorem gathers the identities which are useful in computations which involve

binomial coefficients.



THEOREM 1.2. Let r be a real number, k and m are nonnegative integers. We have the following

identities.
D=0 ®
()=7(-) “
=" ) ©)

"G50 ©
)+ G-)=0) %
=0 ®
(GG = () ©

Proof. All the identities can be obtained by simple algebraic manipulations. Identities (3), (4)

and (5) are obtained by quite similar steps:

T r! r (r—1) r (r—1
(k):k!(r—k)z:r—k'k!(r—k—n!:r—k< k )

r r! r (r—1)! ra—1
(k)zk!(r—k)!=E'(k—1)!(r—k)!=E(k—1)'

N r! _r—k+1 r! _r—k+1 T
(k)_k!(r—k)!_ Kk G-D'r—k+D! &k (k—l)'

The difference and sum of (3) and (4) give the identities (6) and (7):
r—1 r—1 r—k k\ r—2k v
( k )_(k—1>=( r _?)(k)z r (k)
r—1 r—1 T
( k )+(k—1>:(k)'

(8) is obtained as follows:

rN,/mr—m r! (r —m)!
(m)( k )=m!(r—m)!.k!(r—m—k)!




B r! (r—k)!
_k!(r—k)!.m!(r—k—m!)

-

(9) can be proved as

T\ m rl m!
(m)(k) :m!(r—m)!.k!(m—k)!

_ r! (r—k)!
Tk —k)! r—m)(m-k)!

S]]

which is the desired result. m

Identity (4) is known as absorption property. Now we provide a combinatorial proof for this

identity. First express (4) as

T r—1
k() = r(k - 1)'
The left hand side counts the number of pairs (x, S), where S c {1,2, ..., v} with k elements and
x € S. There are (;) choices for S, and for each of these there are k choices for x. The right hand

side counts the same thing in a different order. First choose x (there are r choices) and then

choose the other k — 1 elements among the remainig r — 1 elements there are (;:1 choices.

A combinatorial proof of identity (9) is as follows. In a group of n students, just m students
are wearing hats and exactly k of these students have ribbons wrapped around their hats. Now

consider the identitiy
—k
-6

The left hand side counts the ways of first choosing m students to wear the hats and then
choosing k of these, to wrap ribbons around their hats. Right hand side counts the ways of first
choosing k students to wear hats with ribbons and then choose m — k students out of remaining

r — k students to wear hats without ribbons.



PASCAL’'S IDENTITY AND PASCAL’'S TRIANGLE

Identity (7) is particularly important and is known as Pascal’s? identity. In this section we

examine this identity in more details and we give a combinatorial proof for it.

Pascal's Identity is a useful theorem of combinatorics which is often used to simplify compli-
cated expressions involving binomial coefficients. For a selection of k = 1 objects from the set
{1,2, ...,n} there are two choices. The selection contains n or does not contain it. A selection not
containing n has to be composed of the remaining n — 1 elements thus, it can be composed in
C(n — 1, k) different ways. If the selection contains n, then we have to choose the remaining k — 1
elements out of n — 1 elements and for this choice we have C(n — 1, k — 1) possibilities. Then we

conclude C(n, k) = C(n—1,k) + C(n — 1,k — 1), and by polynomial argument
(n) _ (n—l)_l_(n—l)
k) \k—1 k /)
Naturally, the identity makes sense for 1 < k < n. It is seen that Pascal’s identity is also the

basic recursion for the binomial coefficients. Starting with the initial condition (g) = (, this iden-

tity enables us to compute all binomial coefficients recursively. Pascal’s triangle? is a way of listing

binomial coefficients as below:

L Blaise Pascal (1623-1662), French mathematician, physicist, writer and philosopher.

2 pascal’s identity and triangle were known long before Pascal by Chinese scholar Jia Xian, six hundred years before Pascal. Work of Jia Xian
has passed us by Yang Hui (1238-1298). In Iran the triangle is known as the Hayyam triangle, named after Omer Hayyam (1048-1131).


http://www.artofproblemsolving.com/wiki/index.php?title=Combinatorics
http://www.artofproblemsolving.com/wiki/index.php?title=Expression

Pascal’s identity implies that each term of the array (except the rightmost and leftmost terms
at each row) is equal to the sum of two terms in the row above which lie above-left and above-
right. A simple construction of the triangle proceeds in the following manner. In row 0, the top-
most row, the entry is 1 (that is, (8)). Then, to construct the elements of the following rows, the
elemets at leftmost or rightmost columns are always 1 ((E) and (g)). For the remaining terms, add

the number above-left with the number above-the right of the given position. First 8 rows of the

Pascal’s triangle are shown below.

330
1] 4 6 41
[ 51010 5 1
[ 6 15 20 15 6 [1
[ 7 21353521 71

[l 8 28 56 70 56 28 8 [1]

Sums of Row, Column and Diagonal Entries

Row n of Pascal’s triangle consists of the terms (2), k =0, ...,n. Consequently, the sum of all
terms in a row is the number of all subsets of a set with n terms, that is }}}_, C(n, k) = 2™. Since
the right hand side is not a polynomial we can not directly write ZLO(;) = 27. But, using the

power series expansion (1 + x)" = ¥7(7) x* of (1 + x)” with x = 1 we get

Z (Z) = (10

k=0

In Pascal’s triangle we consider some particular sequences

feth column: (9, (41, (542), .
k-th NW-SE diagonal: (’;), (k-;l), (k;—Z)’
n-th NE-SW diagonal: ) s (n;k), ., (1) (thelast term is (Zﬁ) if n is even;

(g‘: BZ) otherwise).



Observe that the identity (’f) = (k’ii) implies that the k-th column and k-th NW diagonal are

composed of equal terms.

When we arrange Pascal’s triangle in the following manner, it is more clear to understand why

the sequence (’,‘;), (k;crl), (k;crz), ... is called the k-th column.

0 0 ()

0 0 0 0 0

00 0 006 6006

0000 5000 HRERERE

HO 6O HRHRORGEN HO OO0
HO660 0 O6 6000 000600
HOOO000 HOOO000 HOOO00C
HOOO0000 00000000 00000000
OOOOO0000000000000 O0000000C0

) () @) G G) () G ) 6 G ) G 2 () () (6
GOOBOOOE OOEAEAEOEOE ©OO6 6O 6 Q-
GOEEOOOEE OOEEEE EOEE GEEGEEE 666

3rd column 3rd NW-SE diagonal 8th NE-SW diagonal

The following theorem gives the sum of first k terms of the n —th column.

THEOREM 1.3 (Upper Summation Formula). For any nonnegative integers n and k, the sum

n+1y,

of first n terms of the k-th column is (k+1 :

()=o) o

Proof. Since (Z) + (,1() +--+ (kzl) = 0, we have to compute the sum (E) + (k;c'l) + (k,tz) +

n
i=0

NS (”;1) + (;) Replace (11:) with (’;E) Then, by Pascal’s identity, the sum of first two terms is
k+3

Gera k41

k1 ) Continuing in this manner

). Now the sum of first two terms of the resulting sequence is (
n+1

we reach the sum (k+1 .



An illustration of the proofis:
(k+1)+<k+1)+(k+2>+(k+3)+ +(k+n—1)+<k+n>
k+1 k k k k k )
k+2
()
(£5)

(k+4)
k+1

(i'+1)

n+1
k+1

n+1

k+1) is obtained. m

Eventually (

Combinatorial Proof. The number of ways of distributing m candies to k + 1 children is
(m;k). Now consider the problem of distributing at most m candies to k + 1 children. This means
that we distribute 0 or 1 or 2 ... or m candies. Then the number of ways of distributing candies is

',z) + (kzl) + -+ (m;k) = ZI’;};"(;{) On the other hand, when we distribute some of the candies,

say t < m candies, to k + 1 children, there are m — t candies left. Then we can consider a ‘k + 2'nd
child who is taking the remaining candies. So the number of ways of distributing some of m candies

to k + 1 children is same with the number of distributing all of m candies to k + 2 children which

is given by (™). Then we conclude

m+k
Z (i)_(m+k+1)
L \k) \ k+1
i=k
which gives the equality (11) after the substitutionn =m+ k. =

COROLLARY 1.4 (Parallel Summation Formula). For nonnegative integers n and k, the sum of

. . (m+1y,
first n terms of the k-th NW-SE diagonalis (. ):

20 =G 02

=0

Proof. Since(k:'i) = (k;i), result follows directly from the previous theorem. m
Denote the sum of n-th NE-SW diagonal entries by S,
For n=0 we have S, = (g) =1

Forn=1 Si=())=1



Forn =2 52=((2))+((1))=2
Forn =3 Ss=C)+(3) =3
Forn =4 S4=(g)+(i)+(§)=5

First terms of the sequence {S,} are 1,1,2,3,5, .... This resembles the Fibonacci sequence {f,} =

0,1,1,2,3,5, ... each of whose terms, starting from the third, is the sum of preceding two terms.

THEOREM 1.5. The sum of n-th NE-SW diagonal entries is the Fibonacci number f, 1.

Proof. From the computations above we have Sy = f;,S; = f,. Now it is sufficient to show that

the terms of the sequence {S,,} satisfy the recursion S,, = S,,_; + S,—, for any integer n > 3. We

have
[n/2]
n—k
Sn = Z ( k )
k=0
[n/2) [n/2]
_1+Z(n—k—1)+ (n—k—l)
- k k—1
k=1 k=1
[n/2] [n/2]
_Z<n—k—1>+ <n—k—2)
a k k
k=0 k=0
=Sp-1 1 Sn

which proves the assertion. m

FINITE SUMS INVOLVING BINOMIAL COEFFICIENTS

In the previous section we have shown that the sum of the n th row terms of Pascal’s triangle
is 2™, namely Z’,ZZO(Z) = 2™ Unfortunately, we do not have any closed form to express the partial

sum
m
n
D ()
k=0
Now consider the alternating partial sum Z}}:O(—l)k(@. Let n > 0, then by substituting x =

1in(1—x)" = gzo(—l)k(;:) x*, we immediately have

Z(—uk (Z) — 0. (13)
k=0



Since (—1)¥ = 1 for even k and (—1)* = —1 for odd k, if n > 0, then (13) can be written as
;cleven(;cl) - Z;cl odd(;cl) = 0.

Then Y i even(;:) =Xk odd(;:) =2""tor

and

which means that, for any nonempty set, the number of subsets with an odd number of elements

is equal to the number of subsets with an even number of elements.

Moreover, for the partial sums we have:

Scor()-con ()

The equality for partial sums can be obtained as follows:

m o B m o n m o n—1
NG EEEDNC N (i EDYC A (Y
k=0 k=1 k=1
m—1 -1
_ _kn—l _mn—l_ _kn—l
=2 () e e ()= ()
k=0 k=0
n—1
()
m
The binomial formula (1 + x)™ = ﬁ=0(2) x¥ is very useful to obtain interesting identities.
For example, differentiating both sides we have n(1 +x)""! = ¥_, k() x*~*. By substituting

x = 1 we get

Zn: k (Z) = n2n1, (14)

k=0

Now we provide a combinatorial proof of (14). In a class with n students we wish to choose a
committee and a chairperson for that committee. Right hand side counts the number of ways of
choosing the chairman (n ways) and then among the remaining n — 1 students, choosing other

members of the committee consisting of any number of members, probably empty (2"~ ways).



Left hand side counts the number of ways of first choosing some committee of k members ((Z)

ways) then among choosing a chairperson among them (k ways). As k may take any value, k =

0, ...,n, by summation we obtain the equality.

It should be noted that, a set with n elements has (Z) subsets ech of which contains k elements.
Then the total number of elements in these subsets is k(Z) This observation leads us to an inter-

pretation of (14). The sum on the left hand side is the total number of all elements in all subsets
of the set. On the other hand, each particular element of the set appears in exactly 2! subsets. It

follows that the total number of all elements in all subsets is n2"~! which is the right hand side.

Since the set has 2" subsets, the average number of elements of a subset is g

Differentiating both sides of the binomial formula once more we get
n
n
nn =D +0m2 = k(= 1) () #2
k=0

which gives the identity ¥_o(k* — k)(}) = n(n — 1)2"72 for x = 1 . Then we have
n
2 n — n—2
’;k () = nn+ 1272 (15)

Now for arbitrary r, s € R we write

Z (;l)xm =[1+x)

m=0

=1+ A+

Il Il
Mg 5 ~
. ipV]s
Ms ° <

EP

/N —
S @« =
N—— 3
e %\ N——
- ~—

v Mg
R 3

S

Ny ~

%)
N————
],
v

Comparing the coefficients of x™ we obtain the identity which is called Vandermonde’s con-

volution:

SOC)-() a6



For a combinatorial proof of this equality, notice that the right hand side counts the number of
ways to choose a group of m students from a class of r students. Assume that there are s > m
girls and r — s boys at the class. The left hand side counts the same thing according to cases de-
pending on the number of girls i on the committee, which can range from 0 to m. Since in such a

case, there are (Z) ways to select the girls and (;l__sk) ways to select the boys, the number of such

committees is (; ) (775 ). Now the result follows.

When s = 1 Vandermonde’s convolution gives Pascal’s identity in the form
(r)_(r—l)_l_(r—l)
k) \ k k—1/)
For s = 2 we obtain the identity
(r)_(r—2)+2(r—2)+(r—2>
K\ k k-1 \k—-2/
In Vandernomnde’s convolution, by taking r = 2n and s = m = n, for a positive integer n we

obtain

i (:)2 - (Znn>' (17)

k=0

Now let n, k be positive integers. Using (2) we write

k+1

i . X
()
k+1 (1 — x)k+2

X xk=J
1- x)j+1) <(1 _ x)k—j+1>

O=) (X))

©
i=0

Il Il

= =
Q/\ A/
I

Il
Mg
-~
<9
N——
~
k‘
| o
~
N———
=
Q
+
o
+
[

n+1

By comparing the coefficients of x™** we obtain

I -GT)

n+1

Note that, taking j = k in (18) gives (11) in the form Z’fnzo(?) = (k+1 .



To obtain a generalization of (14), we apply the binomial formula to (2 + x)™ in two different

ways:

C+0"=1+1+x)"

and

By comparing the coefficients of x* in these expressions, we have
C k
n n .
— n-—i
E(k)(i)_(i)z (19)
k=i
for any nonnegative integers n and i. By substitutions i = n —m, and k = n — i the identity

(19) gives X7 o(7) (7?__;1) = (])2™ which can be rearranged to write

n
ny/n—k n
— m )
z(k)<m—k)_(m)2 ' (199
k=0

To have a combinatorial proof of this equality, we generalize the idea which is followed for the

identity (14). Now our model is to choose a committee and i distinguished members of this com-

mittee. Rest of the proof is similar to that of (14).



BINOMIAL INVERSION FORMULA

In this section we develop a technique, known as binomial inversion which has many

interesting applications .

LEMMA 1.6. If nand m < n are positive integers, then

2. () () =cnmsp.

Proof.

Comparing the coefficients of x™ claim follows. =

The transform of a given a sequence {f, }, under binomial inversion is the sequence {g,}

with
In = Z(_l)k (Z) fr-
k=0

THEOREM 1.7 (Binomial Inversion Formula). The transform under binomial inversion is an

involution.That is, if {f,,} and {g,} are sequences such that

then



Proof. We simply compute the transform of {g, }:
> v (a= Yo ()Y e (s
= Z)(_Dk;( O ()
- Z(—l)ifii(—l)k O
-y s

The last term we have obtained is f;,. =

If {g,} is the transform of {f,,}, we call these sequences a binomial inversion pair. An

alternative version of the theorem is as follows.

THEOREM 1.8. If {f,,} and {g,,} are sequences such that

In = Zn: (:) fier

k=0
then
n
k(M
=) D0V ( ) g m
k
k=0
Example 2. If we let {f,} to be the constant sequence f, = 1 forn = 0,1, ..., then
n n
n n
— —_n _
k=0 k=0

By binomial inversion we have

i(—l)"-’?k Z( D" (1) g = fo
k=0

which gives

,Z:o(_z)k ()= o



Example 3. Letn and i < n be positive integers. If f,, = (7), then X¢_o(})fie = Zr=o(}) (’f) =

(?)2"4 = g, and by binomial inversion
n
(i) =A
C k
- ;)(—1)""‘ () ()2
C Kk
DISRInES
k=0
< k
o g ()
So we obtain

Scor ()= care ()

GENERATING FUNCTIONS

THEOREM 1.9. For a fixed real number r, generating function of the sequence {(;)} is

i (;) x¥ =1 +x).
k=0

Proof. Assertion is just rephrasing the definition of binomial coefficients. m

THEOREM 1.10. For a fixed nonnegative k, generating function of the sequence {(7)} is

k

Z‘) (1 _xx)k+1

Proof. Assertion follows from equation (2). m

THEOREM 1.11. A bivariate generating function of the binomial coefficients is

o O 1
Zz(k)xkynzl—y—xy'

n=0 k=0



Proof. Write the power series representation of FE—

1 [ee]
—_— = 14"
1-y(1+x) nZOy
— n n k
_Zy Z(k)x
n=0 k=0

Then, claim follows. m

THEOREM 1.12. A bivariate generating function of the binomial coefficients is
Z Z (n I k) = 1 .
n=0 k=0 1 X y

: : : 1
Proof. Just write the power series representation of rE—

#_I_}/)=Z(x+3’)n
2.

n=0

MSEMS

<n + k) kym

=
Il
o

This completes the proof. m

THEOREM 1.13. The exponential bivariate generating function of the binomial coefficients is

Y arm (k)P

n=0 k=0

Proof. Writing the power series representation of e**” leads the proof directly. m

MULTINOMIAL COEFFICIENTS
Binomial coefficients are generalized to multinomial coefficients as follows. For a non-nega-
tive integer n and non-negative integers k4, k,, ..., k- such that k; + k, + --- + k,, = n, multinomial

. . n .
coefficient (klka:---:kr) is

( n )_ n!
kl,kz,...,kr _kll"'kr!.



n

ek ) is the binomial coefficient (,:l ) It is also easy to
1, 2 1

Note that the multinomial coefficient (

verify that

AR O G | G
A VA A e )

. . . . n . . . ki ko . ky . . n
Multinomial coefficient (kl,kz,...,kr) is coefficient of x; *x,% --- x," in (xy + -+ x,)" in
(o]

2 : n ki k k
n _— 1,82 L Kr
(X1 + x5+ +x)" = (k I k)xl X5 Xy
10182, vy g
kqkg,mkyr=0
kit tkp=n

SOME OTHER PROPERTIES

- Binomial coefficient (Z), where 0 < k < n,is divisible by a prime p if and only if n is a power
of p.

- Letk,m > 1and n be nonnegative integers. At least one of (}), ("+*), ("+?), ..., ("+*) is not
divisible by m.

- Let k and n be positive integers and p be a prime. If (,",) + p and (}) t p, then ("}*) t p,
except the case, when n + 1 is divisible by p.

- Lucas Theorem. Write the positive integers n and k in a prime base p:

n=ngp* +ng_1p* 1+ +np+ny,

k=lkip®+kyop@ 4+ kyp + ko.

0= () Gei) - () )
= dp).
(k) (kd) (kd_1 ke N\ie,) (@04P)
- Ifnisapositive integer and p is a prime such that (p — 1)|n, then

(p i 1) * (2(pn— 1)) * (3(pn— 1)> o (Z) =1 (modp)

- Ifp = 5isaprime, then

Then



TABLE OF BINOMIAL COEFFICIENTS

n\k |0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
0 |1
1|1 1
2 |1 2 1
3 (1 3 3 1
4 |1 4 6 4 1
511 5 10 10 5 1
6 |1 6 15 20 15 6 1
7 |1 7 21 35 35 21 7 1
8 |1 8 28 56 70 56 28 8 1
9 [1 9 36 84 126 126 84 36 9 1
10 (1 10 45 120 210 252 210 120 45 10 1
11 (1 11 55 165 330 462 462 330 165 55 11 1
12 (1 12 66 220 495 792 924 792 495 220 66 12 1
13 |1 13 78 286 715 1287 1716 1716 1287 715 286 78 13 1
14 |1 14 91 364 1001 2002 3003 3432 3003 2002 1001 { 364 91 14 1
15 |1 15 105 455 1365 3003 i 5005 6435 6435 5005 3003 | 1365 455 105 15 1 !
16 |1 16 120 560 1820 4368 8008 11440 12870 11440 8008 | 4368 1820 560 120 16 1
17 |1 17 136 680 2380 6188 | 12376 19448 24310 24310 19448 {12376 6188 2380 680 136 17 1
Table of binomial coefficients (Z) for0 <n<17.
EXERCISES
1. Letn,m be positive integers. Prove the following.
n n n
D) () < e 9 () =n (77
i P n—1
b) Y 0k ()km = nt " 2y (200~ k
k n—k\_ .
=0 f Z(k)( n—k>_4'
n k=0
0 Z(—1)n+11(n) - H, 1
] k\k ’ g (n—l)(k+1)!=nl
n k=0 k n
m?2 n /2n
0 S =2
2. Letn,m be positive integers. Provide combinatorial proofs for the following identities.

o ()=

n
2

)+n2,

n

) Z k3 (:) =n%(n+3)2"3,

d)

= &
||M= Il
o -



3.

10.

11.

12.

Evaluate

2) ZZO(—DRkn(Z,f), d) ZZZO(Z)Z"-”,
RDWRSRICES) 9 2 )
MUY

Let A be a set with n elements. Show that

xuy|=2"
-7

X,YcA

Z Xny|=2

X,YcA

Let A be a set with n elements and X,Y are two arbitrary subsets with |A| = |B| = k elements.

Compute the expected values of |[X N Y| and |[X U Y.

Show that for any nonnegative integer n, the equation (‘;) + (’2’) + (;) = n has a unique solution.
Show that if 8|n, then the number of subsets of {1, ..., n} whose number of elements is divisible by
4is 2"2 + 2271 Discuss the case when 8  n.

Let p be a prime and n, k nonnegative integers. Show that
P—1\_ 1\
a) (P 7) = (-1 (modp)

b) (i) =0(modp)k=1,2,..,p— 1.

c) (27?) = (—4)" ((p _nl)/z) (modp) wheren < pz;l

Kk
Show that the coefficient of x* in (1 + x + x? + x3)" is Z (OG-
i=0

In this question we focus on parities of binomial coefficients in Pascal’s triangle.

a) Prove that the number of odd binomial coefficients in n-th row of Pascal triangle is equal to
2", where r is the number of 1’s in the binary expansion of n.

b) Prove thatif n = 2¥ — 1 for some k, then (T':l) isodd forallm = 0,1, ..., n.

c) Let n be odd. Show that the set {(711), (TZL), ,(::l)}, where m = (n — 1)/2, contains an odd
number of odd integers.

d) Prove that in the first 10 rows of Pascal’s triangle, the percentage of odd coefficients is less

than 1%.

, e a 41
Let k be a fixed positive integer. Show that — ) =02 —

x—i

Let k be a fixed positive integer. Find the local maximum value of the function f(x) = i)



LiIST OF BASIC IDENTITIES INVOLVING BINOMIAL COEFFICIENTS

In the following, n, m and h are nonnegative integers, r and s are real numbers.

Basic Definition

(r) -1 (r—k+1)
m/ k!

(Tl) _ n! Factorial
m’/~ m!(n—m)! Expansion

() =0

(£)=(Z)=1
(D=(")=r
()=(",)="5"

Symmetry

() =G 2

Factoring
r r r—1
=7 )

(r) _ L(r - 1) Absorption

m m\m-—1 mz0
r r—m+1 r
(m) = m (m — ]_) m#0
Basic Identities
)_( 1)m< —r—l) Upper
m Negation
r—1 r—1 r—2m,r
m ) ( 1) r (m) r#0

Basic Recursion
Pascal’s Identity

D=0
D=0

Trinomial Revision

“
(
() 62)=G)
(
"

Generating Functions
T
k — r
Z (k) xfF=1+x)
k=0

k
(Z) X" = 1 _xx)k+1

n 1
() =15

(n+k)x"y" _ 1
1—-x—y

Z 1 n+k Ly = Xty
NCEROIRNE: ye=

nk=

* -n 1
2V () =5y

Row-Column-Diagonal Sums

n

(n) —on Lower
k)~ Summation

=
o

m .
n n—1 Alternating
Z(—l)k( ) = (—1)'"( ) Lower
pr k m Summation
n .
2()=G1) e
- k k+1 Summation
i=
n .
Z (k + l) — (n + 1) Parallel
- i k+1 Summation
i=
In/2]
n—k
Z ( K ) = fps1 Column Sums
k=0
Finite Sums
n
Z ( n ) = on-1 Number of
2k Even Subsets
k=0
n
Z( n ) — on-1 Number of
e 2k+1 0dd Subsets
n
Z k (n) = pon-1 Sum of Subset
k Cardinalities

e (:) = n(n + 1)2"2

k=0
Sums of Products
m
2. ()G =G i
2 2
) =) o

Z (:) (7]:1) = (Tll) 2mm ngnset Subset

Binomial Inversion
Z( D () fe = fu= Z( e ()
o
On = kzno( Ve fu= Z( 0 (7) e



2. HARMONIC NUMBERS

The sum of reciprocals of first n positive integers is n-th harmonic number. Harmonic numbers
are important in many brances of mathematics, especially in number theory. Harmonic numbers are
called harmonic series as well. They are closely related to the Riemann zeta function, and appear in

the expressions of various special functions.

For each positive integer n, the n th harmonic number H,, is defined as

H—1+1+1+ +1
no 2 3 n

and by convention Hy = 0.

HARMONIC NUMBERS AND LOGARITHMIC FUNCTION

AsH, = Y74 %and the logarithmic function computes In(n) = fln % dx harmonic numbers can
be visualized as the discrete version of the logarithmic function. In fact, the similarity is quite be-

yond just being visual. For example, we may compare the derivative :—x Inx = i of the logarithmic

function and the finite difference AH;, = ﬁ of the harmonic number.


https://en.wikipedia.org/wiki/Number_theory
https://en.wikipedia.org/wiki/Harmonic_series_(mathematics)
https://en.wikipedia.org/wiki/Riemann_zeta_function
https://en.wikipedia.org/wiki/Special_function

[t is easy to observe that forn > 1,
Inn<H,<1+Inn.

YA VA
- Hn <ltlnn Hn>1n n

SR | ] T —
i 3 X 4

X 1 8 X

Following figure illustrates the graphsof y =lnx,y =1 +1Inxandy = H,.

It follows that a rough approximation for H,, is
H, = Inn.
The observation H,, > Inn implies divergence of the sequence {H,,}. Below theorem proves
this fact with a different approach.
THEOREM 2.1. The sequence {H,} is divergent.

Proof. Write

k—1 groups, sum of each >1/2

1 "1 1 11 1 1 1
Hye=1+4s+ 4= +-t+-+-+=+dtoog—++

2 3 4 5 6 7 8 2k-1 41 2K
R~ < - I °
2 terms 4 terms 2k-1 terms
smallest 1/4 smallest 1/8 smallest 1/2k

It follows that for k > 1,
Hye > 1+ =

which implies that {H,,} is divergent. m



THEOREM 2.2. For any integern > 1,

n
1+E<H2n <n

Proof. First inequality is already obtained in the proof of previous theorem. For any positive

integer n, we have H,, <1 + Inn. In particular foranyk > 1, Hy)x <1+ kln2<k. m

THEOREM 2.3. H,, is an integer only whenn = 1.

Proof. Let n > 1 and b be the least common multiple of the integers 1, ..., n. We can write b =
2%m for some odd integer m and k > 1 such that 2% < n. Then bH,, = ? + g + -+ % + o+ % and

exactly one term on the right hand side is odd. Therefore, the sum on right hand side is odd. Since

b is even, H,, cannot be an integer. =

GENERATING FuncTiON OF {H,}

THEOREM 2.4. Generating function of {H,,} is

ln(1 — x) Z H

1

k
Proof. By integrating both sides of =¥ ox¥, we see that —In(1 — x) = Z,‘f:l% is the

1-
1
2

W ><

generating function of the sequence 1,-,-, ... of reciprocals of natural numbers. Consequently,

)

—In(1—x) - li—x is the generating function of the partial sums of reciprocals of natural numbers,

namely the harmonic numbers. m

GENERALIZED HARMONIC NUMBERS - A BETTER APPROXIMATION FOR H,,

For any integer r > 1, the generalized harmonic number H,(f) is defined as follows

n 1
Hr(lr) = Z _T
k=1k



Since the series Y.5—o 1/k" is convergent when r > 1, we can define

n
1
— 1 — g
¢(r) = lim E = Ho
k=r

The function z » {(2) is called Riemann3 zeta function. Euler has proven that if n is a positive

integer, then
((n) = C

for some positive integers p and q. No such representation in terms of 7 is known for the values

{(2n+1).

Some values of ¢ function are

2

A
¢(2) =5
7(3) = 1.20205 -
7'[4
= 5) =1.03692 ---
(4) 90 ¢(5)
7'[6
= 7) = 1.00834 ---
{(6) 945 ()
. , o X7 o 1/1\!,
Derivative of the function F(x) = i=1T:Zi=1;(;) is
211 1w /1
Fo=) =) =220
i=1 i=0
_ 1 1
=-= T
1=
_ 1
- _x(x -1
_ 1 1
Tx (-1

3 Georg Friedrich Bernhard Riemann (1826-1866), German mathematician.



It follows that Inx —In(x — 1) = [ G - (xil)

)dt = [F'(x)dx = F(x) = [ﬁo%(i)l Then we

k 1, 1 1 1 : : _
have In-— = —+—-+—~+ - which is convergent for k > 1. Write the equations for k =
2,3,::,n
1, 1
k=2 ln2—ln1—5+ﬁ+---
1, 1
k=3 ln3—ln2—§+ﬁ+---
k = Inn—In(n—1) =>4+ — + -
=n nn —In(n )—n 5

Term by term summation gives

Inn —In1 =Hn—1+%(H7(12)_1)_{_%(1_17(13)_1)_{_...

=Hn—1+i%(1{,§")—1)
k=2

or

[o¢]

H,—Inn= 1—2%(1{}1")—1).

k=2

The limit lim [1 — Ve % (H,(Lk) - 1)] =1- 21?:2%(((’{) — 1) exists and its value y is known as

n—oo

Euler4 Mascheroni® constants¢, that is

o 1
1-) =Gm -1 =v.
k=2

Now we have

1 1
lim (H, —Inn) = 1_5(((2)_1)_5(((3)—1)— =y.

n-oo

As a precise approximation for H,, we can write

H, =Inn+vy.

4 Leonhard Euler (1707-1703), Swiss mathematician. One of the greatest three mathematicians of all times.
5 Lorenzo Mascheroni (1750-1800), Italian mathematician.
6 y=0.57721 56649 01532 86060 65120 90082 40243 10421 59335 93992 ---



In fact

1 &
=lnn+y+-—- =

+ 0<e, <1.
2n  12n2 ' 120n% &n

Two useful bounds for H,, are given by the following inequalities:

< H -lnn-y<-—,
2 TRV S0
1

24(n + 1)2 <H"_ln<"+5>_y<24n2'

FINITE SUMS INVOLVING HARMONIC NUMBERS

In this section we compute the first nine of the following finite sums:

n
ZHk=(n+1)H _n
k=1

n
z H =+ DHY —HY Y

_ n(n2+ 1) ( e 1)

iHl ("7 ) sz~ 1)
k=i

Hy,

- —((Hn)2 + H?)

Q== 2a)

() #e= (1) @t~ Ho)



PROPOSITION 2.5. Partial sums of harmonic numbers and generalized harmonic numbers are
as follows:

H,=Mm+1)H,—n

H = (n+DH —HT .

=T

=
Il
iy

Proof. For the partial sums of harmonic numbers

=Mm+1H, —n.

For the partial sums of generalized harmonic numbers we have

This completes the proof. m

We could obtain the first equality of the above proposition using the generating functions. Let

{S,} be the sequence of partial sums of harmonic numbers, namely {S,} = H; + ---+ H,,. Since

ln( In(1-x) 1

1-x

generating function of {H,,} is — , generatlng function of S, is — . That is

(oo}

BLCsS z ) (Z H)

On the other hand —In(1 — x) =72 15 and % =Yz x/~1 so we get



EER R Y

i=1j=

=Y (2 )

=1
= Z((n + DH, —n))x™
n=1

It follows that S,, = (n + 1)H,, — n, in other words

n
Z =Mn+1H,—n

k=0

Now define {¢,,} to be the sequence of partial sums of {S,,}, thatis &, = S; + S, + - + S,,. Gen-

erating function of {S,,} is — l(r;(_l;;), so generating function of {¢,,} is — l(nl(j;;):
ln(l —-x) - "
- Ya = Y (Vs
i=1

= z (Z((k + 1)H, — k)> X"

n=1 \k=1
n(n

- Z ((n FDH, - Z ka>x".

n=1 k=1

which implies that
n
nn+3
£, = (n+1)Hn—¥+Zka.
k=1

On the other hand

[oe]

=% DYAGOK
_ oox_i = j+1\
=272 (%)

NI»—k

2%2”“)"”

=% Z(}+1) L1




Nlb—\
||M8

( = <(n+1—k)(n+2 k)))
Z k
k=

1

N 3n® +5n\
_ E;(m +1)(n + 2)H, — T)x
so that
2
¢n = %<(n +1)(n+ 2)H, — w>

Now we have

3) 1 3n% +5
(n+ i, -2 Dt = 5<(n +1)(n + 2)H, - %)

which can be rearranged to write

n 2
>kt = %(((n D +2) = 2(n+ D)Hy +nn+3) - w)
k=1

2

1 n> n 1 n> n
=§ n(n+1)Hn—7+§ = 5 Tl(‘l’l+1)Hn+1—7—§

which simplifies into

PROPOSITION 2.6. For any positive integer n,

n
nn+1) 1
ZkH": 2 (H"“_E)’

Zn: Zk: H; = (n ! 2) (Hpi2 — Ha).

k=1 k=i



Proof. In the paragraph preceding the statement of the proposition, the first equality has been

obtained already. The second equality follows easily from the first one:

iim = zn:((k+ 1)H, — k)

k=1 k=i k=1
n

= > GkHy + He = 1)
k=1

_n(n+1)
2

nn+1)

1
(Hn+1 _E) +(n+1H, —n—

_ (n+ 1)2(n +2) ( s ;)

(n+1)(n+2)

By writing = (";2) and% = H, we obtain the desired equality. m

PROPOSITION 2.7. For any positive integer n,

Proof. We write

k=1 k=1i=1 i=1 k=i i=1
n n
5 ) 1 1
= (Hn) - —H;_, = (Hn) - Z? (Hz - 7)
i=1 i=1
n n
, 1 1
= (Hp) —z?Hi +z—2
i=1 i=1

Hy

which results in 2 Zﬁﬂ? = (H,)* + HT(LZ)' u

PROPOSITION 2.8. For any positive integer n,

n

St -t
,Zl(_l)k_l () = Ha.

k=1



Proof. We compute the sum on the right hand side of the first equality:

n

Y (T 1Y e ()

k=1 k=1

iz 0)

—11 1-1)"
=~(1-1-1M

B 1
=
Similarly, for the second one we have:
n 1 n—1
k-1 (M Z_ k n
Z( 1) k(k) =1 k+1(k+1)
k=1 k=
n-1
_ k l)
_Z( D k+1z<
i=k
n-1 i i
_ 1k l)
Yy =D k+1<
i=0 k=0
n-1i+1 1 .
i
S8l
2 20y
i=0 k=1
n-1
_ 1
L1+

I
o

4
= H,.
Since Yi_o(—1)*(}) = 0, we can write — ¥_,(—D¥(}) = ZiZo(—D*(})- We use this equal-
ity to prove the last inequality:
n

S v (!

k=1

k
> ()7

1i=1

S

k=i

i
NGE

=
Il

Il
'M:
~| =

-~
]
[



Note that, the equality ¥_,(—1)'(}) = (=1)(";"), which holds for all integers 0 < nand t <

n, is used in the proof.

A one line proof of the last equality is obtained once we notice that, from the second equality,

{H,} is transform of {%} under binomial inversion. Thus the third equality follows immediately.

PROPOSITION 2.9. For any positive integers n and m
> ()= (37 3) (s =)
m/"F T \m+ /UMY m 1)
k=m

Proof.

k=m k=mi=1
n k
=22
B i\m
k=mi=1
n m n k
1/k 1/k
=2 2kt 2 2 7)
L \m L \m
k=mi=1 k=m+1i=m+1



_(n+1>H 1 zn: (i—l)
T \m+1)" m+1 m
i=m+1
n+1 1 n
_(m+1>Hn_m+1(m+1)
_(n+1>H 1 (n+1) 1 ( n )
“\m+1) ™ n+1\m+1) m+1\m+1
n+1 1 n 1 n
= )2 A -
(m+1> ntl m+1(m) m+1(m+1)
n+1 1 n n
= H,.,——— .
(m + 1) "om+1 <(m) + (m + 1)>
Now, usmgtheldentlty( )+(m+1 = 7’;111) we obtain the desired equality. m

AN INTEGRAL REPRESENTATION AND EXTENSION TO REAL NUMBERS

. . oo 1-x" -1
A direct consequence of the identity ﬁ =1+x+--+x"1is

With the transform u = 1 — x in the above integral we get

1-1-w"
Hn=f 1-a-w"
0

u

_ fol [Z(—Dk-l (Z) k1 ] du

1

= zn:(—l)k_l (:)f u*1du
0

k=1

-0 ()



Then

1)k 1

:vlr—x

Y

k=1

For any real number 0 < x < 1 we define H, by setting

I
-

dt.

X

).

Values of H, for x > 1 or x < 0 can be computed from the recurence

1
Hx:Hx—l‘l';'
Some examples are
Hi=2-2In2,
2
Hi=3-"_—2m3
= —————=In3,
3 2v3 2
H _2 31 2+7T
%—3 n >
IDENTITIES INVOLVING H,
T -
Lk
HZX—E<HX+HX_%)+ nz,
1
fodxzy,
0
n
fodx=ny+ln(n!),
0
a 2
J.H,Ez)dx=a——Ha,
0 6
a
J.H,Eg)dx=a((3) H(z)
0
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SOME INFINITE SUMS INVOLVING HARMONIC NUMBERS

TABLE OF HARMONIC

HTl
1
1,50000
1,83333
2,08333
2,28333
2,45000
2,59286
2,71786
2,82897
2,92897
3,01988
3,10321
3,18013
3,25156
3,31823
3,38073
3,43955
3,49511
3,54774
3,59774

n
21

22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40

HTL
3,64536
3,69081
3,73429
3,77596
3,81596
3,85442
3,89146
3,92717
3,96165
3,99499
4,02725
4,05850
4,08880
4,11821
4,14678
4,17456
4,20159
4,22790
4,25354
4,27854

n
41

42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60

ok k
(o]
Hy,
> E=20),
k=1
- H, 1
k _ — 2
;?—55(2) =137
o
Hi 17 = 17 ,
kZl—z 75(4) =360"
o
Hi 11 o1,
Q=1 ® =5
—H, 5 1
k_ _ 4
NUMBERS
H, n H, n H,
4,30293 61 4,69626 81 4,97782
4,32674 62 4,71239 82 4,99002
4,35000 63 4,72827 83 5,00207
4,37273 64 4,74389 84 5,01397
4,39495 65 4,75928 85 5,02574
4,41669 66 4,77443 86 5,03737
4,43796 67 4,78935 87 5,04886
4,45880 68 4,80406 88 5,06022
4,47921 69 4,81855 89 5,07146
4,49921 70 4,83284 90 5,08257
4,51881 71 4,84692 91 5,09356
4,53804 72 4,86081 92 5,10443
4,55691 73 4,87451 93 5,11518
4,57543 74 4,88802 94 5,12582
4,59361 75 4,90136 95 5,13635
4,61147 76 491451 96 5,14676
4,62901 77 4,92750 97 5,15707
4,64625 78 4,94032 98 5,16728
4,66320 79 4,95298 99 5,17738
4,67987 80 4,96548 100 5,18738

n
100

200
300
400
500
600
700
800
900
1000
2000
3000
4000
5000
6000
7000
8000
9000
10000

HTL
5,18738
5,87803
6,28266
6,56993
6,79282
6,97497
7,12901
7,26245
7,38016
7,48547
8,17836
8,58375
8,87139
9,09450
9,27681
9,43095
9,56447
9,68225
9,78760

100000 12,09015



PROBLEMS INVOLVING HARMONIC NUMBERS

There are many interesting problems whose solutions involve harmonic numbers. Here we
give several examples of such questions. Exercises 9-10, at the end of this section are also exam-
ples of such problems.

Problem 1.

Problem 2.

Problem 3.

Remove those terms in 1 + é + ; + % + -+ such that its denominator in decimal ex-

pansion contains the digit 9, then prove that the sequence is bounded.

The integers without the digit 9 in the interval [10™%,10™ — 1] are m-digit num-

bers. The first digit from the left cannot be the digits 0 and 9, (8 choices), the other

digits cannot contain 9, hence nine choices for each. Altogether there are 8 - 9™1
m-—1

such integers. The sum of their reciprocals is less than 8 (1—90) . The sum of all such

numbers is therefore less then

m—

IR R P
10 B 9

m=1 1_E

Assume that we start keeping snowfall records this year. We wish to find the ex-

pected number of records that will occur in the next 20 years.

The first year is necessarily a record. The second year will be a record if the snowfall
in the second year is greater than that in the first year. By symmetry, this probability
is 1/2. In general let P, be 1 if the k-th year is a record and 0 otherwise. To find
E (P ), we need only find the probability that the k-th year is a record. But the record
snowfall for the first k years is equally likely to fall in any one of these years, so

E(P,) = 1/k.Therefore, if S,, is the total number of records observed in the first n
years, (Sp) = 1 +% +% + - +% = H,, . Therefore, in ten years the expected

number of records is H,, = In20 +y = 3.98 - .

A folk dance performance group of n dancers is to be splitted into two circular for-

mations. In how many different ways can this be done?

Distinguish one of the dancers, say A and form the circles groups in two steps:

- -1)!
- First pick k dancers to join A and form a circle ((nk 1)k! S

T (n-k-1)! ways),

- Next form the second circle with the remaining dancers ((n — k — 2)! ways).



—1)!

Since foreach k = 0, ...,n — 2, there are (1(1—71) ways, number of total ways is

1 1
- — = — |
—— +2+1] (n—1)H,_,.

(n —1)! [
The problem actually asks to compute [rzl] Thus, we have obtained the relation

[Z] =(Mn—-1)H,_,.

between harmonic numbers and Stirling numbers (See Section 5 of this chapter).

Problem 4. We have n identical books of unit length. What is the maximum overhang that can
be achieved when the books are stacked as a pile (of one book at each level) at the

edge of a table?

Let d,, be the maximum offset dis-
tance of a stack of n books. When the
largest offset is obtained, the center of
mass of the n books must lie right

above the table’s edge and the center of

mass of the n — 1 top books must lie

right above the edge of the book at the

bottom. By computing the total mo-

ment of n books with respect to the right edge we obtain

1
nd, = (dn_1 +§) + (n — Ddy_y.

This relation can be solved for d,, to obtain the recurrence relation d,, = d,,_; + i

By iteration we get

1
d2:d1+1

1 1 1
d3=d2+g=d1+1+g

1 1 1 1
d4=d3+§=d1+1+g+§.

It is easy to see that

d _1 2d 1 1 1
n=p(2trg gy



Problem 5.

For only one book obviously d; = % Then we conclude d,, = %Hn. Since the sequence

{H,,} is divergent, the maximum amount of overhang will become arbitrarily large as

the number of books grows.

One end of an infinitely stretchable rubber band, initially 1-meter-long, is nailed to a
wall. A bug is on the rubber band at the end attached to wall. At each second, the ant
crawls 1 centimeter toward the other end and when the ant stops, the band is
stretched by 1 meter. In the first second ant crawls 1 cm and after the band is
stretched, it is 2 centimeters apart from the wall. Two seconds later it is 4.5 centime-

ters apart, so on. Will the bug ever reach the other end? If so, when?

Let L, be the length of the band after n seconds, then L, = Ly, + nLy, = (1 +n)L,
where L, = 100 cm is the length of the band at the beginning. Let S,, be the distance

(in terms of centimeters) of ant from the wall after n seconds.

At the beginning of n th second, length of band is L,,_; = nL, centimeters and the ant
is S,,_1 centimeters apart from the wall. Now, ant crawls to the point S,,_; + 1 and the

band is stretched to length L,, = (1 + n)L,. As a result, ant is now

1+

n
Sp = n (Sn-1+1)

centimeters apart from the wall. We write first few terms of the sequence {S;}

2
Sl:I.l

3 1
SZ=§(—+1>:3<1+§)

4 (3 3 1
si=3(3+7+1)=4(1+3+3)

5/4 4 4 1 1 1
si=3(atar3+1)=s(13r3+3)

Inductively it can be shown that S,, = (n + 1)H,,. The ant reaches the other end of the

band after n, seconds if S, ) = Ly or (ng + 1)H,, = (1 + ny)L, thatis, H,, = L.

The sequence {H,} is divergent so, no matter how large L, is, for some n,, eventually
we will have H,,; = L. Using the rough approximation H, = Inn, we can write n, =
elo, When L, is 100, it requires e'°® seconds (more than 8 x 103° years) for the ant

to reach the other end.



Problem 6.

The secretary problem is an optimal stopping problem that has been studied exten-
sively in the fields of applied probability, statistics, and decision theory. It is also
known as the marriage problem, the sultan’s dowry problem, the fussy suitor prob-

lem, and the best choice problem. The problem can be stated as follows:

- There is a single position to fill,

- There are n applicants for the position,

- The applicants can be ranked from best to worst with no ties,

- The applicants are interviewed sequentially in a random order,

- After each interview, the applicant is accepted or rejected,

- The decision to accept or reject an applicant can be based only on the relative -
ranks of the applicants interviewed so far,

- Rejected applicants cannot be recalled.

The object is to select the best applicant. The payoff is 1 for the best applicant and
zero otherwise. We can go through some of the applicants and use that information
in order to choose the best applicant out of the rest we have not seen so far. For ex-
ample, we if look at k applicants and see who is the best applicant out of them, then
we look through the n — k applicants and choose the first one who is better than the
best of the first k. Find the value of k for which choosing the best applicant is maxi-

mum.

If the best applicant is among the first k, probability to win is clearly 0. If the best
applicant is at t th place (t > k), he could chosen only if the best of the first t — 1 ap-

plicants is among the first k. Probability of this event is

fort =k + 1,k + 2, ..., n. Since the applicant can be at any position with probability

% overall probability to win is

Pk -+

R TS R

k1 1 1 k
= E( ) == (Hp—1 — Hi—1).

For the maximum value of P, we musthave P, > P,_; and P, = Piq-

n-1 k-1) = n-1 k-2

an—l - ka—l = an—l —Hp1— ka—z + Hy—
Hy_y = k(Hy_y — Hi—2) + Hi

that is Hn—l =1+ Hk—l'



Second inequality gives
k k+1
;(Hn—l - Hk—l) = T(Hn—l - Hk)

an—l - ka—l 2 kHTl—l + HTL—]. - ka -
soH, ;1 <1+ H,.

Combining two results we get H,_; < H,_; — 1 < H, or

1
Hn—l_]‘SHkSHTl_l_l-l_E'

Then we conclude that k is the smallest integer for which H, > H,,_; — 1.
For large values of n, the approximation H,, = Inn + y yields

Ink+y=In(n—1)+y—Ine

which gives that k = [%]

EXERCISES
1.  Prove that the following equalities hold for any positive integer n:

a) Yk= 1kJr1 ((Hn+1)2 H(Z)l)

b) Yk 1k+2 ((Hn+2)2 + Hr(j-)fi) T 1,

1 7

2(n+3) 2(n+2) 4

)

c) Xk= 1k+3 ((Hn+3)2 + H(i)3) +

2
k(n k+1) n+1

d) Yk=

n-

2. Evaluate



3.

Define the sequence W, as follows: W;, = 1 and forn > 1

W,_1 if decimal representation of n contains at least one even digit

W, =
W,_1+ - if otherwise

Show that W,, < 7 for any positive integer n.

Show that

1
a) n(n+1)n<n+H,forn>1,

b) (n— Dn YV <n—H, forn > 2.

Let m and n be positive integers with m > n. Prove that

2n

1 2n+1
). >
m-n+k m
k=0

r_
and deduce that, if r > 1 is an integer and s = 32—1, then

H, > s.

Let {a, } be a sequence of distinct positive integers. Prove that for any positive integer n,

n
(494
o<
k=1

For each positive integer k, let H,, (k) be the smallest harmonic number larger than k and define

the k-th excess as E (k) = H, (k) — k.
a) Determine whether the seugence of excesses is convergent or not.
b) Observe that
E(1) =0.5, E(3) =0.0833 -, E(3) =0.0199 -, E(4) =0.0272---.

It is seen that the sequence of excesses is not monotonically decreasing. Find the smallest n > 4

suchthat E(n) < E(n + 1).



10.

In single-lane traffic, with no overtaking, each slow car is followed by a bunch of cars wishing to

go faster, but unable to do so. If n cars set out, expectedly how many bunches will form?

Suppose you have a thousand wooden beams and want to find their minimum breaking strain.
You build a simple machine which applies a gradually increasing force F to a beam which is sup-
ported at its ends in a horizontal position. By increasing the force F until the beam breaks, you
can find the breaking strain of each beam. Suppose we denote the breaking strain of the n th beam
by E,. A test to destruction carried out in this way has one major disadvantage. At the end you
know the precise value of F,, for every n but have destroyed all the beams in the process. However,
we did not actually want the precise value of F, for every n, only the minimum value of F, for 1 <
n < 1000. Develop a procedure to find that minimum value by breaking, expectedly, no more

than 10 beams.

Your aim is to cross 1000 kilometers of desert using a jeep which can carry at most 80 liters of
fuel at any time and can travel 5 kilometers of distance on 1 liter of fuel assuming that the jeep's
fuel consumption is constant. At the beginning you are at a base where there is an unlimited sup-
ply of fuel. We assume that you can deposit fuel in containers at any point along the route for later
use. Thus, for example, you can travel 100 kilometers into the desert, drop off 40 liters, and have
just enough to get back to the starting point and refill. Now you can make a second trip. When you
reach to the drop-off point, you have 60 liters left. You refill from the deposit and go another 100
miles into the desert. There you drop off 40 liters, get back to the deposit point and refill, getting
just enough fuel to get back to the base. You now have no fuel at the 100 kilometer mark, but 40
liters at 200 kilometers into the desert. Can you get across the desert, and, if so, how many trips

would it take?



3. CATALAN NUMBERS

The Catalan sequence was described in the 18th century by Leonhard Euler, who was interested
in the number of different ways of dividing a polygon into triangles. The sequence is named after Eu-
gene Charles Catalan, who discovered the connection to parenthesized expressions during his explo-
ration of the Towers of Hanoi puzzle. The counting trick for Dyck words was found by D. André in

1887.

In 1988, it came to light that the Catalan number sequence had been used in China by the Mongo-
lian mathematician Mingantu by 1730. That is when he started to write his book Ge Yuan Mi Lu Jie Fa,
which was completed by his student Chen Jixin in 1774 but published sixty years later. P.J. Larcombe
(1999) sketched some of the features of the work of Mingantu, including the stimulus of Pierre Jartoux,

who brought three infinite series to China early in the 1700s.

QOO0 VLOVY)
0OV HOOD
QOO OOOOOOIHODIO

DYCK SEQUENCES

Consider the following binary sequence s which consists of six 0’s and six 1’s:
U,: 01010001101 1. Animportant property of this sequence is that, starting from the first
term, 1’s are never on the majority throughout the sequence. In the below table, k th column of
third and fourth rows show the number of 0’s and 1’s appearing in the first k terms of the se-
quence. The tie in the last column is a direct consequence of the fact that the sequence is balanced.
We have another tie on the fourth column and except these ties, at each column, fourth row entry

is less than the third row entry.


https://en.wikipedia.org/wiki/Leonhard_Euler
https://en.wikipedia.org/wiki/Eug%C3%A8ne_Charles_Catalan
https://en.wikipedia.org/wiki/Eug%C3%A8ne_Charles_Catalan
https://en.wikipedia.org/wiki/Towers_of_Hanoi
https://en.wikipedia.org/wiki/China
https://en.wikipedia.org/wiki/Mingantu

U, 0 1 0 1 0 0 0 1 1 0 1 1
#0’s 1 1 2 2 3 4 5 5 5 6 6 6
#1's 0 1 1 2 2 2 2 3 4 4 5 6

The fourth row of the table is in fact the sequence of partial sums {S;} of {u;}. Then, above
property is equivalent to say that 25, < k forany k =1, ...,12.

A finite binary sequence uy, ..., u, is called a Dyck’ sequence if 2(u; + -+ uy) < k for k =
1,..,n

Call a binary sequence a (p, q) sequence where p and q are the numbers of 0’s and 1’s, respec-
tively. We wish to find the number C, , of (p,q) Dyck sequences. If p < g, then C,, ; = 0, s0 we

naturally assume thatp > gq.

THEOREM 3.1. For any integers p = q = 0, the number of (p, q) Dyck sequences is given by

ptl—gq (p + q)
p+1 \ p /

Proof. Let S be a (p, q) sequence which is not a Dyck sequence. Let t be the smallest index such
that among the firstt terms, the number of 1’s outweighs the number of 0’s. If we flip (0 & 1) the

first t terms of the sequence we obtaina (p + 1,q — 1) sequence.

Conversely, given an arbitrary (p + 1,q — 1) sequence. Since p + 1 > q — 1, there is a smallest
index t such that among the first ¢ terms, the number of 0’s outweighs the number of 1's. If we
flip (0 < 1) the first t terms of the sequence we obtain a (p, q) sequence which is not a Dyck se-

quence.

7 Walther Franz Anton von Dyck (1856-1934), German mathematician.


https://en.wikipedia.org/wiki/Germany
https://en.wikipedia.org/wiki/Mathematician

Combining the above arguments, we see that the set of (p + 1,q — 1) sequences and the set
(p, @) non-Dyck sequences are in 1-1 correspondence. It follows that the number of non-Dyck se-

p+q

p+1). Since the number of all (p, q) sequences is (p;q) we conclude that the number

quences is (

. +1_
of Dyck sequences is (p+q) — (p+q) = (p+q) — L(””’) =Pt (p+q). n
p p+1 p p+1\ P p+1 p

CATALAN NUMBERS

For each positive integer n, the Catalan® number C,, is the number of balanced (p = q =

n) Dyck sequences:

Forn = 0, by convention, Gy = 1.
First few terms of the sequence {C,,} are 1,1,2,5,14,42,132,429,1430,4862, ---.

LEMMA 3.2. For n = 0, Catalan numbers satisfy the recursion

2(2n+ 1)
Cnt1 = — 5 Cne

Proof. It follows from the definition that

c 1 <2n+2>

"L +2\n+1
1 (@n+2)2n+1) (Zn)
T n+2 (n+1)? '

n

Then proof follows. m

8 Eugeéne Charles Catalan (1814 —1894, French and Belgian mathematician.


https://en.wikipedia.org/wiki/Belgium

From the theorem it immediately follows that

. Cn
1&1_)“30 (c ) = 4.

n+1

We observe another interesting recursion satisfied by the first terms of the sequence.

61=6060=1‘1=1,
6226061+6160:1'1+1'1:2,
63=60€2+6161+CZCO=1‘2+1'1+2'1=5,

6426063+6162+6261+C360:15+12+21+51:14’,

In fact, above property is satisfied by all the terms of the sequence.

THEOREM 3.3. The sequence {C,} of Catalan numbers satisfies the recursion

n-1
Cn = Colnoy +CaCry + CoCniz + -+ Cn1Co= Y CiCroror
k=0

forn > 0.

Proof. Let sy, s,, - 55, bea (n,n) Dycksequence and let S;, S5, ..., S»,, be the sequence of partial
sums. Necessarily S; = s; = 0 and S,,, = n. Let 2t be the smallest index for which S,; = t. Note
that it may happen that t = n. When S,; = t, itis certain that s,; = 1. Then the sequence is of the
form

0 182,77, S2t-1 1 »S2t+1 """ S2n.

Subsequences s, :++ S5;_1 and S,¢41 *** Sop are both Dyck sequences of lengths 2t — 2 and 2n —
2t respectively. The number of such sequencesis C;_;C,,_; fort = 1,2, ..., n. Sum of all such terms

is the right hand side of the given equality and this completes the proof. m

COROLLARY 3.4. If ay,ay, ..., Qy, ... is a sequence such that a,, = Y R_3 aya,_,_y forn > 0, then

the general term is given by a,, = Cpai*1.



Proof. (Induction on n) It is clear that the assertion holds forn = 1: a; = a3. Now assume that
a, = C,ali*! for all n < n, for some integer ny > 1. Then

No

Anyg+1 = z A Qn,—k

k=0

No
_ k+1 no—k+1
= z Ckao . Cno_kao

k=0

no—l

— ANot+2
=q"° Z Ckcno—l—k-
k=0

Since Y320 CxCny—1-k = Cn,, claim follows. m

2THEOREM 3.5. Generating function of the sequence of Catalan numbers is

1-+v1—4x

€t = 2x

Proof. Let {w,,} be the convolution of {C,,} with itself: {w;,} = {C,, © C,,}. Since w;, = ¥¥_, C;Cx_;,

k = 1,2, ... generating function of {w, } is

Using the previous theorem, we see that
[ee]
()= ) Crprx*
wix k+1%
k=0

= Z Ckxk_l
k=1
S GOREIS

where C(x) = 1+ Cyx + C,x? + - is the generating function of {C, }. Since the generating func-
tion of a convolution of two sequences is the product of the generating functions of convoluted

sequences we have



w(x) = C?(x).
Equating the two expressions for w(x), we obtain
xC?*(x)—C(x)+1=0

which can be solved for C(x) to give 2x C(x) = (1 +vV1-— 4x). The condition C(0) = 1 forces us

to choose the negative square root so that

1-+v1-—4x

€t = 2x

Alternative proof. Recall that

GRISESECS

k k!
1-3+Qk=3) 2-4-6-(2k—2)

— (_1\k-1 .
=D 2k . k! 2:4-6--(2k—2)
_ (Cpyet (2k — 2)!
k!22k=1 (f — 1)!
(-Dk1 2 2k—-2 (=11
T4k Tk (k—l) =gk 26k
so that
1 (12
(1 - 4x)2 = Z < Ii >(—4)kxk
k=0
© -1 k-1
=1+ Z (4—),( -2 Ck_l(—4)kxk
k=1
=1- ZZ Cr_1x".
k=1
Then,

1-Vi<4x ~
R S

2x
k=1

Thus we obtain the generating function C(x). =



1
COROLLARY 3.6. Generating function of the sequence {(21:1)} is (1 —4x) 2.

1
Proof. In the proof of above theorem, we have obtained that (1 —4x)2 = 1 —2Y7_; Cr_,x*.

Differentiating both sides of the equality we have

1 [ee]
-2(1—-4x)"2=-2 Z kCy_qxk1
k=1

-2 Z(k + 1) Cpx*

k=0
> 2k

—ZZ ( K )xk. [ ]
k=0

An Approximation for C,

n
e

n 2n
Using the Stirling approximation n! = ( ) V2mn for n!, one obtains (*") ~ \Zfﬁ

and

22n 4_n
C, = = .
" (m+DVrn n¥2rm

TABLE OF CATALAN NUMBERS

Below table is a list of C,, and its approximations forn = 0,1,2, ...,16.

22n 4n
n Cn .
(n+ Dvmn n3/2\m
0 1
1 1 1,13 2,26
2 2 2,13 3,19
3 5 5,21 6,95
4 14 14,44 18,05
5 42 43,06 51,67
6 132 134,78 157,24
7 429 436,72 499,11
8 1.430 1.452,51 1.634,07
9 4.862 4.929,96 5.477,74
10 16.796 17.007,18 18.707,90
11 58.786 59.457,60 64.862,84
12 208.012 210.189,50 227.705,30
13 742.900 750.075,90 807.774,10
14 2.674.440 2.698.421 2.891.165
15 9.694.845 9.775.958 10.427.688
16 35.357.670 35.634.938 37.862.122



PROBLEMS INVOLVING CATALAN NUMBERS

There are many interesting problems whose solutions involve Catalan numbers. To give some

examples, they are related with the number of binary bracketings of n letters, the ballot problem,

the number of trivalent planted planar trees, the number of states possible in an n-flexagon, the

number of different diagonals possible in a frieze pattern, the number of Dyck paths with n

strokes, the number of ways of forming an n-fold exponential, the number of rooted planar binary

trees with n internal nodes, the number of rooted plane bushes with n graph edges, the number

of extended binary trees with n internal nodes, and the number of mountains which can be drawn

with n upstrokes and n downstrokes, the number of noncrossing handshakes possible across a

round table between n pairs of people. The book Enumerative Combinatorics: Volume 2, by

Richard P. Stanley describes many different interpretations of the Catalan numbers.

Here we give several examples of such questions. Exercises at the end of this chapter also con-

sider such problems.

Problem 1.

Problem 2.

Problem 3.

There are 2n distinct points given on a circle. If no pair of chords intersect in or on the
circle, find the number of drawing n chords whose end points are the

o7 N
given points. / \

in the clockwise sense, label each point either 0 or 1. Assign a 0 to the I/
first point. For the following points, if the point is end point of a chord ’/,;
whose other end is already has been labeled assign 1, otherwise assign 0. In this man-
ner we obtain a balanced Dyck sequence. It is not difficult to show that the drawings
and labelings are in one-to-one correspondence. It follows that the number of such

drawings is C,,.

Find the number of ways of distributing 20 balls to 20 labeled boxes such that the total

number of balls in the first k boxes is atleast k for k = 1, ...,20.

Assume that the balls are distributed in the desired manner. Represent the k-th box
with the array u; = 0--- 01 where the number of zeroes is equal to the number of balls
in that box. Then the concatenation u; |l --- Il u,, of these arrays is a balanced Dyck ar-

ray. The number of distributions is C,,.

Find the number of ways of arranging the integers 1,2, ...,2n as a 2 X n array such that
each row is in ascending order and k th term of the first row is larger than the k th

term of second row for k = 1,2, ...,n.


http://mathworld.wolfram.com/BinaryBracketing.html
http://mathworld.wolfram.com/BallotProblem.html
http://mathworld.wolfram.com/PlantedPlanarTree.html
http://mathworld.wolfram.com/Flexagon.html
http://mathworld.wolfram.com/FriezePattern.html
http://mathworld.wolfram.com/DyckPath.html
http://mathworld.wolfram.com/GraphEdge.html
http://mathworld.wolfram.com/BinaryTree.html
https://en.wikipedia.org/wiki/Richard_P._Stanley

Problem 4.

Assume that we are given an arrangement satisfying the required conditions. Define
the sequence sy, ..., S,, such thats; = aifiisinthe firstarray or s; = b otherwise. Then

necessarily, {s,} is a Dyck sequence. Then the arrangement given below

2 5 6 8 11 12
1 3 4 7 9 10

corresponds to the sequence {s,,} as follows:

It follows that the number of such arrangements is C,,.

A triangulation of a plane region is a partition of the region into pairwise non-inter-
secting triangles. Find the number of all triangulations a convex n-gon by non-inter-

secting diagonals. The following hexagons illustrate the casen = 6.

SRS

Let T,, be the number of triangulations of a convex n-gon n = 4,5, .... [t is obvious that
T, =2, Ts =5, .... By convention we set T, = T; = 1. Assume that 4;4,---A, is a
given convex n-gon. In each triangulation of the n-gon, the side A;4, will be a side of
the triangle A, A,A;, for some k = 3, ..., n.

If k = 3, then n-gon is subdivided into two regions: a triangle (A;4,43) anda (n — 1)-
gon (4,434, 4,) . Since the (n — 1)-gon can be triangulated in T,,_; ways, A;4,4;
appears in T,,_, triangulations.

If k=4,..,n—1, then n-gon is subdivided into three regions: a k — 1-gon
(AA5 -+ Ay), a triangle (4,4,4;) and a (n — k + 2)-gon (A4 ... A,). Therefore the
A{A,A appears in T_q - Tj,_k4- triangulations.

If k = n, then n-gon is subdivided into two regions: a (n — 1)-gon (4,45 - 4,)) and a
triangle (A{A,4,). Then, A;A,A, appears in T,,_, triangulations.

Since the cases for k = 3, ..., nare all pairwise disjoint, the number of all triangulations

of the n-gon is the sum of numbers triangulations in all these cases.

Then we obtain the recursion

Tn = Tn—l + T3Tn_2 + T4Tn_3 + -+ Tn_3T4 + Tn_2T3 + TTL—l'



Using the convention T, = 1, the recursion can be written as
T =TT 1 + 13Ty + TyTy 3+ -+ T 3Ty + Ty T3 + Ty 1T,
or
Thiz = ToTnyr + Tl + TyTog + o+ Ty Ty + T T3 + Tpyq T
Now, substitution C,, = T,,, leads to write
Cp,=CoCpoq1 +CCpy +CoCh_3+ 4+ Cp_3C, + C,_,Cy + Cp_1Cy.
The last recursion we have obtained is the recursion satisfied by Catalan numbers.

Since C, = T, = 1 = C,, we conclude that C,, = C,. It follows that the number of possi-

ble triangulations is T, = C,,_,.

EXERCISES

6.

p students, each one having a single 10 TL banknote and g students, each one having a single
20 TL banknote, form a queue in front of a counter to buy 10 TL worth tickets. Each student is
to buy only one ticket. At the beginning there are no banknotes at the counter. The counter quits
selling tickets once he faces with a 20 TL banknote when he has no change to re-pay 10 TL. If
we call a queue, ‘good queue’ if all the students buy tickets, find the number of good queues.

Suppose we have an election between two candidates and the ballots are counted one-by-one.
Further suppose that the first candidate is never behind (she’s always ahead or tied), but that

the final count ends in a tie with each candidate getting n votes. How many ways can this hap-

pen?

Let * be a non-associative binary operation defined on a set X. For x;,x,,...,x, € X, find the

number of distinct ways of performing the operation x; * x, * ==+ * x,,.

Find the number of expressions containing n pairs of parentheses which are correctly matched:
(0 0 000 MO o)

A monotonic path along the edges of a grid with n X n

square cells is one which starts in the lower left corner, fin- ] ]

ishes in the upper right corner, and consists entirely of ; ; -
N . ! t7d
edges pointing rightwards or upwards. Find the number of L ol -

monotonic paths which do not pass above the diagonal. The following diagrams show the case

n=4

Find the number of ways to tile a stair step ! F F D}I D]Z F

shape of height n with n rectangles. The fol-

lowing figure illustrates the case n = 4. .:P FI F F EF'



4. FIBONACCI NUMBERS

Fibonacci or Leonard of Pisa (1170-1250), played an important role in reviving ancient mathe-
matics while making significant contributions of his own. He traveled to North Africa, Egypt, Syria,
recognizing the advantages of the mathematical systems used in these countries.

Liber Abaci, published in 1202 after his return
to Italy, is based on bits of arithmetic and algebra

The Piper frowned. “Just how many rabbits

{ are there?” he asked.
that Leonardo had accumulated during his travels. "D‘“# "5 B T
’L “On the first day I had only one pair, Knot
The Liber Abbaci introduced the Hindu-Arabic Qﬂﬂ)ﬂjt s R A o
. . Amanda drew two baby rabbits and
place-valued decimal system and the use of Arabic JDMHL_‘; ?\ Wrote a 1 for "babes” i the dirt
numerals into Europe. In Liber Abaci the following 2( '"L.:‘J:r: 5 s it
. . . . ( |3 " bigger rabbits. She wro
problem is posed: How many pairs of rabbits will be 1)((\‘\"5 ’“\r 1 N} o 'f e e
) 5
produced in a year, beginning with a single pair, if in Sﬁﬂﬂ bg
B

every month each pair bears a new pair which be-
comes productive from the second month on?

Today the solution to this problem is known as
the Fibonacci sequence, or Fibonacci numbers. A
search of the Internet for “Fibonacci” will find doz-
ens of Web sites and hundreds of pages of material.
There is even a Fibonacci Association that pub-

lishes a scholarly journal, the Fibonacci Quarterly.

FiBoNAccI'S RABBITS

The problem posed in Liber Abaci of Fibonacci can be formulated as follows. Beginning with a
pair of new born rabbits, how many pairs of rabbits could be reached in a year assuming that
— each rabbit reaches maturity after one month,
—the gestation period of a rabbit is one month,

— each mature female rabbit gives birth to one male and one female rabbit every month,
—no rabbits die during the year.

After one month, the first pair is not mature and can't mate. At two months, the rabbits have
mated but not yet given birth, resulting in only one pair of rabbits. After three months, the first
pair will give birth to another pair, resulting in two pairs. At the fourth month mark, the original
pair gives birth again, and the second pair mates but does not yet give birth, leaving the total at

three pairs. This continues until a year has passed. Say that the number of newborn and mature



pairs at month n areb, and m,, respectively. Next month all these rabbits will be mature,
i.e, m,,q = my, + b,. For each mature pair of nth month, there will be a pair of newborn pair in
next month: b, ,; = m,. Now we have m,,; + b, = (m, +b,) + m,, = (m,, + b)) + (M1 +
b,_1).- Denoting the number of all rabbits in the nth month by t,, that is, r,, = m, + b,,, we get the
relationt,,; =1, +1,_4 forn = 1,2,3,.... Since we have started with a pair of new born pairr; =
1. One month later we have a pair of mature rabbits, thus r, = 1. Then the remaining terms of the

sequence {r,} can be computed as 1,1, 2,3,5,8,13,21, 34,55,89, 144, 233. One year later there
will be 233 pairs of rabbits.

FIBONACCI SEQUENCE
Let {a, } be a solution of the recursion

n+2 = Api1 T Ap. (1

We can write Y5 (Gnsz — Ane1 — ) ™2 = 0. By letting a(x) = ay + a;x + azx? + -+ to be
the generating function of {a,}we see that a(x) — a;x — ay — xa(x) + xay — x?a(x) = 0 which

gives

ap + (a; —ap)x (2)
1—x—x2 °

a(x) =

Now, factorization (1 — ¢x)(1 — ¥x) of 1 — x — x2, where ¢ = %g(*) andy = %g yields

1 ag—vay  pag—ay
a(x) =— +
V5\ 1—¢x 1—¢x

1 ¢ 1 ¢
= = (@ — ) ng(qox)k + = (g —ay) RZO@W

1 [ee]
= Ekzzo((al —Pag)e* + (pag — a)y*) x*.

Thus, the general term of {a,, } is

1
a, = ﬁ((‘h —Yag)e™ + (pay — a1)l/’n)- (3)

® = 1Jrz—‘/§=1.618033 ---is known as the golden ratio.



Fibonacci sequence {f,} is the solution of (1) with the initial values f, = 0, f; = 1. Each term
of this sequence is called a Fibonacci number. First few Fibonacci numbers are: 0,1,1, 2, 3, 5,
8, 13, 21, 34, 55, 89, 144, 233, 377, 610, 987, --. From (3), the general term of this sequence

is

1
fn—ﬁ((p _1/) )

This expression for the general term is known as Binet’s formula®. From (2) we obtain the

generating function of {f,,} as

X

f) =172

x —x2

For n < 1, by writing the basic recursion as f,_, = f, — f,—1, Fibonacci numbers f_;,f_,, ...

with negative indices can be defined:

Forn=1, f.;=f-f=1

Forn=0, f.;=f—-f-1=-1
Forn=-1f3=71—-7,=2
Forn=-2f,=1,—-f3=-3
Forn=-3f;=f3—-14=5

The resulting ‘bidirectional’ sequence {f,, }y=—c is
---,—55,34,-21,13,-8,5,-3,2,-1,1,0,1,1,2,3,5, -~

It can be shown that

fon = (_1)n+1fn-

Binet’s formula holds for negative indices as well.

PROPOSITION 4.1. General term of the solution {a,} of (1) with initial terms ay, a, is

an = a1fp + apfp-1-

% Jacques Philippe Marie Binet (1786 —1856), French mathematician, physicist and astronomer.


https://en.wikipedia.org/wiki/France
https://en.wikipedia.org/wiki/Mathematician
https://en.wikipedia.org/wiki/Physicist
https://en.wikipedia.org/wiki/Astronomer

Proof. From (3) we obtain

_ 1 _ n _ n
an —ﬁ((% Yay)p (pag — a)y )

1

5
1

V5

(a1(p™ =9™) + ao (=™ + 9yY™))
=— (a1 (@™ — Y™ + ao(p™ ' —yp" 7).

Now the claim follows from Binet's formula. =

Example 1 The solution {£, } of (1) with initial conditions £, = 2, £; = 1 is called the Lucas se-

(Lucas!® Numbers).  quence. Then, the general term of this sequence is

Ln = fn + zfn—l
— i ((pn + 2(,0"_1 _ wn _ an—l)
V5
= i n-1 _ yn—1
—\/g(w (p+2)—y" (Y +2))

Note that ¢ + 2 =5 @ and ) + 2 = —/5 . Then

L, =" +yY™

X - .
T_y2 bach term of this sequence is

Generating function of the Lucas sequence is L(x) =

called a Lucas number. First few Lucas numbers are:
2,1,3,4,7,11,18,29,47,76,123,199,322,521,843,1364,2207, ---
Matrix Representation of Fibonacci Numbers

For any integer n, basic recursion of Fibonacci sequence can be written as

()= ().

10 Francois Edouard Anatole Lucas (1842 —1891), French mathematician.


https://en.wikipedia.org/wiki/France
https://en.wikipedia.org/wiki/Mathematician

It follows that

(7)=G ')

[t is easy to observe that

G o) =5 )

BASsiIC IDENTITIES

In this section we prove that the following equalities hold for all integers n, m and r.

fnem = fne1fm + Tnfm-1

fon = fne1fn + fnfn-1

fon+1 = fap1 + 12

fa = fasafua = (D" (Cassini’s!! Identity)
fa = fnarfnor = (D777 (Catalan’s Identity)
fm+1fn — Tmfn+1 = (_1)nfm—n- (D’Ocagne’s’? Identity)

THEOREM 4.2. For any integers m and n, Fibonacci numbers satisfy the following:

fnem = fne1fm + Tnfm-1-

Proof. Since for any integers n and m, A"A™ = A™™ for any square matrix A, we can write

G (1))n+m = G (1))11 G é)mwhich is equivalent to write
fnem frem n fn fm fm
( f:l+7:ll fn+:n—1> - ( f:l fn—l).< f;l fm_1>

fn+1fm+1 + fnfm fn+1fm + fnfm—l

Bl <fnfm+1 + fn-1fm  fafm + fn—lfm—l).

Comparing the corresponding entries of these matrices, desired identity follows. m

1 Giovanni Domenico Cassini (1625 —1712), Italian mathematician,astronomer, astrologer and engineer.
2 Philbert Maurice d'Ocagne (1862 —1938), French engineer and mathematician.


https://en.wikipedia.org/wiki/Italians
https://en.wikipedia.org/wiki/Mathematician
https://en.wikipedia.org/wiki/Astronomer
https://en.wikipedia.org/wiki/Astrologer
https://en.wikipedia.org/wiki/Engineer

COROLLARY 4.3. For any integer n, the following equalities hold true:

— £2 2
f2n - fn+1 - fn—lJ

font+1 = Tas1 +12.

Proof. In the theorem substitute m = n to obtain the first identity:

fon = fnstfn +infn-1 = Tn(fn+1 + fn—l) = (fn+1 - Tn—l)(fn+1 + Tn—l) = f121+1 - frzl—l-

The second identity is obtained directly from the theorem by substitutingm =n+ 1. m

THEOREM 4.4 (Cassini’s Identity). For any integer n, Fibonacci numbers satisfy the following
identity:

f% —fnri1fn-1 = (_1)n_1-
Proof. Result directly follows from

dec (" ) = fuafs — = der(] ) =D

LEMMA 4.5. For any integer m, the following equality holds:

Jf3n+1 — fmims1 — f?n = (_1)m_

Proof.

foe1r = FmFmer — fin = Gt ) Gt = Fin) —Fmfman
= fm+1fm-1 + fmfm-1 = Tmfm+1
= fo + D" = fn(Fner — Fn-1)
Bt DM
= (D™

The claim follows. m

The following is a generalization of Cassini’s identity.

THEOREM 4.6 (Catalan’s Identity). For all integers n and r the following identity is true.

T% — fntrfnr = (_1)n—rf%_
Proof. For arbitrary integers m and a we have

Jf12n+0t - fm+2afm = (fm+1fa + fmfa—l)z - (fm+1f2a + fmfZa—l)fm
= f$n+1f?1 + fTYZLfgl—l + 2fme1fafmia-1
_Tm [Tm+1(fa+1fa + fafa—l) + fm(fczl + f?l—l)]

= frs1fa + fme1fafmfact = Tmfmeifafass — fmfa



= frsifa — fmfmaifa + 2fa
= (f$n+1 — fmfmer — T?n)fg

= ()"

Now substitutem =n—rand r =a. m

THEOREM 4.7 (d'Ocagne'’s Identity). For all integers m and n the following identity is true.

Tinlond = Tl = (EU G
Proof.

1
fmfne1 = fmeafn = N [(@™ =™ (@™ =y ) — (o™ — ™ (9" — Y™)]

1
— ﬁ(_(pmlprwl _ lpm(pn+1 + (pm+1lpn + l/)m+1(pn)

1
=ﬁ[¢ Y (o =) — ™™ (@ — )]

1
= ﬁqJ”l/J"[fpm‘” —ypm]

Now the result follows from Binet’s formula and the factthat iy = —1. m

In this section we investigate the properties of decimated subsequences of {f,,}. Since a regular
decimation of a sequence does not increase the linear complexity, any decimated subsequence of
{f.} has linear complexity at most 2.

Example 2. Let{g,} be the 2 —decimated subsequence of {f, }, thatis g, = f,,,n = 1,2, ... If g(x)
is the generating function of {g,,}, then

() = 3 [1(V%) + 1(~v¥)
)
1—Vx—x 14++Vx—x
X

1 3x—x?

It follows that g,+2 = 38541 — Gn-

Fibonacci Numbers | 65



LEMMA 4.8. For any positive integer k, Fibonacci numbers satisfy the relation
frtr + (_1)kfn—k = Lifn
n=1kk+1,..where L is the k th Lucas number.

Proof. By Binet’s formula

1
Lifn == (9" = P (e + ")
1
_ ﬁ (¢n+k — Ytk 4 (pkwk(¢n—k _ lpn—k)).
Since @i = —1, claim follows. m

THEOREM 4.9. If {wy,} is a A —decimated subsequence of {i}, that is wy, = fyn4, for some inte-

gers 0 < u < A, then terms of {w,,} satisfy the linear recursion
Wii1 = LWy — (=D wp_s.
Proof. Using the lemma, we write
Wit + (—Dwy_y = fan+u+a + (_1)Afln+y—/1 = Lafan+p-

Since fan4+u = Wy, the desired equality is obtained. =

Example 3. Below table demonstrates subsequences {f;,+,} for several values of A and u to-

gether with the recursion of the subsequence.

A w {fan+nl recursion

(2,0) 01382155144 377 987 2584 - Uy = 3Up_1 — Up_y
(3,0) 02834 144 610 2584 10946 46368 196418 - U, =4up_1 +uy_,
(3,1) 1313 55 233 987 4181 17711 75025 317811 --- Uy = 4Up_ 1 + Uy,
(3,2) 152189 377 1597 6765 28657 121393 514229 --- U, =4up_1 + Uy,
(4,3) 1855377 2584 17711 121393 832040 5702887 39088169 - Uy = TUp_1 — Up_2
(50) 0555610 6765 75025 832040 9227465 102334155 - u, =11uy_ 1 +uy_o
(5,3) 2 21 233 2584 28657 317811 3524578 39088169 433494437 - U, = 11uy_ 1 +uy_y
(6,2) 121377 6765 121393 2178309 39088169 701408733 - u, = 18uy_1 —uy_»
(7,0) 0 13 377 10946 317811 9227465 267914296 7778742049 - Uy, = 29Uy 1 +Up_p

(8,1) 1 34 1597 75025 3524578 165580141 7778742049 --- Uy =47Up_ 1 — Up—p



FINITE SUMS INVOLVING f,

In this section we compute the following finite sums:

n
Z fk = fn+2 -1,
k=0

kfr = (n+ Dipyz —fnea + 2,
fok = fone1 — L,

fok+1 = fan+2s

DM IV I I

f% = fnfnet

=
Il

0
First recall that if u and U are functions defined on integers such that AU(k) = U(k+ 1) —
U(k) = u(k), then

b

Z we = U+ 1) — U(a).

k=a

The following proposition computes two useful differences concerning Fibonacci numbers.

PROPOSITION 4.10. For any integer k we have
Afies1 = fier

Alkfr41 — Fr+3] = kfx.

Proof. Since for any k > 1, Afy, = fr41 — fx = fx—1 we obtain the first equality. For the second
equality, first observe that Akfyyq = (k + Dikyz — Kfgr1 = k(2 — Trer1) + Trevz = ke + Teaa-
On the other hand, Af, 43 = fr42,50 Alkfi41 — T3] = kfx. m

Using the above proposition we immediately obtain Y}_; fx = f,4+2 — 1 and similarly

n

kfk = (m+ Dinsz —Tnsa + 13 = (m+ Dinyz — Tnya + 2.
k=0

Each of the remaining three sums can be written as a telescoping series:



D fue=TotTatfa+is+ et fans +Tan
k=0

=0+ —f)+ (05 —T3) + Gy —Fs) + -+ (on—1 — Fan—3) + (F2n+1 — T2n-1)

= foner — f1-

n
D faira =fu+ T+ Ty e+ Fany + Fanes
k=0

=2 —fo) + (fa—T2) + (6 —Ta) + (g — o) + -+ (F2n+1 — Fan—2)
+ (F2n+2 — f2n)

=f2n+2-
n
D R=RAB R+
k=0

= (f1f2 — f1fo) + (F2fs — T2f1) + (Fafa — Faf2) + - + (Fu-1fn — Tn-1fn-2)
+ (fnfn+1 - fnfn—l)

= fnfns1-

CONVERGENCE OF RATIOS AND THE GENERATING FUNCTION

which can be written as f’;ﬁ=

n n

For any positive integer n,consider the ratio Inta

My -y (Y/P)" . AN
O = Low/o)" . Since || > ||, we have rlll_r}go ((p) = 0, then

tim (%) =

(Pn+k—'lpn+k:(,0k—1/1k (.lp/q))n
pn-yn 1-(y/ )"

Similarly, for any positive integer k, the ratio f,,/f, can be written as

Then

lim (Tn—+k) = k.

n—oo n

. . 1 1 L
The series Y=o frx¥ is convergent for — p <x< p and for such x, the sum is given by

[o/0)
x
k
foxk=—-"
Zk 1—x—x2
k=0



Example 4. By substituting x = %in the generating function of {f,} we have

1. e .
Note that 1™ < " ifand only if n is even. Then the sequence Y7, fxx* is convergent
n+1

w|w

fan

forx = where n is some fixed integer. We obtain

N Fanfons
Z (f2721+1> k= f%n+1 _ZTZanZ?‘Hl—l - f%n

k=0

2n+1

But since f2,,; — fufms1 — 5% = (—1)™ for any integer m, denominator of the

righthandside is 1. S we get

io (fzle) = fonfons1-

SOME OTHER PROPERTIES

- For each positive integer n, the sequence

@) ("7 (5 (5%), - (") where ke =
[n/2] is called a shallow diagonal of the
Pascal’s triangle. The sum of all terms on a

1

shallow diagonal is a Fibonacci number:
36 84 126126 84 36 9 1

In/2) go 2 45 120 210 252 210 120 45 10 1
n—k

Z ( k )z fn-

k=0

(See Theorem 1.5.)

- We have two more examples which involve Fibonacci numbers and binomial coefficients:

Z (Z) fx = f2ns Z (Z) zkfk = fan-

k=0 k=0

- Applying binomial inversion to above expressions we have:

Z( 0" () Fate = T, D0 E () ok = 27



n
- We can compute the nth Fibonacci number by rounding up <p_\/§ to the closest integer. In

— . 1 . . :
Binet’s formula §,, = \/ig (™ —yY™), since %' <3 for any integer n, f,, is the closest integer

" .
to 7 That is,

-2

- Any power of the golden ratio can be written as a linear combination of ¢ and 1 with inte-

ger coefficients as @™ = ¢f,, + 1.

- Golden ratio is the limit of a continuous fraction:

1
Q= :
1+;1
14—
L

- Reciprocal Fibonacci constant: Z,‘;‘;l% = 3.359885 ---.

- Golden ratio is the limit of a nested square roots:

(p=\]1+ /1+W.

- An integer m is a Fibonacci number if and only if at least one of 5m? + 4 and 5m? — 4 isa

perfect square.

- Ifitis known that a given integer is a Fibonacci number, then the index of F in the sequence

{fn}is
n(F) = llog(p G +F- \/g)J

- For any positive integers m and n, if m|n, then {,,|f,.
- For any positive integers m and n, gcd(fp, fn) = fgcdmon)-

- Forany integern > 1, (fn—1, 2fnfn_1, {2 — f2_1) is a Phytogoran triple.



EXERCISES

1. Show that
a) fn—l + fn+1 = an
b) L1+ Lnyq = 5,
) fon = Lnfn,
d) fnm = Lnfn(m—l) - (_1)nfn(m—2);
1
e) fnfm = 3 [Ln+m - (_l)an—m]-
2.  Prove that greatest common divisor of two Fibonacci numbers is again a Fibonacci numbers. Spe-
cifically
ged(Fp, ) = fgcd(m,n)-
3. Prove that
n
n+k
Z( 2%k ) = fons1-
k=0
4. Let {f,} be the standard Fibonacci sequence (f, = f; = 1). For each of the following, write first

few terms of {u, }, find the generating function of {u,}, find a constant coefficient, linear, homo-

geneous linear recursion of smallest possible value satisfied by {u,,}, evaluate lim u,,/u, and
n—oo

determine whether {u,} is periodic.

a) up, = (fn)? ) w, = {1 + 2|n
8 U = n + fn  otherwise’

b) un = f‘n + nzl

c) u, =%, +3, h) _{fn+1 2|n
"~ f,—1 otherwise’

d) up, =fon

e) up,=fo+f++in ) u _{3+fn 2|n or/and 3|n
" n+i, otherwise -

_(1+f, 2|n
f) un = {n +f, otherwise’

5.  Show that the number of ways to cover a 2 X n checkerboard by 2 X 1 dominoes is f,,. The figure

shows all possible fg = 8 ways of covering a 2 X 5 checkerboard.

A = U= = e =2 HE =



http://mathworld.wolfram.com/Checkerboard.html

10.

11.

12.

13.

Find the number of subsets of {1,2, ..., n} which do not contain any pair of two consecutive num-

bers.
Compute the probability of not getting two heads in a row of n tosses of a coin.

Find the number of ways in which n coin tosses can be made such that there are not three con-

secutive heads or tails.

Find the number of binary strings of length n without consecutivel’s. List of 13 such strings of
length 5 is: 00000, 00001, 00010, 00100, 00101, 01000, 01001, 01010, 10000, 10001, 10010,

10100, 10101.

Show that the number of binary strings of length n without an odd number of consecutive 1’s is

the Fibonacci number f, 4.
Find the number of binary strings of length n without an even number of consecutive 0’s or 1’s.

Find the number of permutations 0,0, - 6, of {1,2, ...,n} such that |o; —i| < 1 fori = 1,2, ...n.

Find the number of ways of arranging coins in rows such that
°| ©& | oo BB
there are no gaps between blocks of coins in each row, each coeo oo ofbe cod Do ol

Bo o> 0 B2 B BB

coin except ones on the bottom row touches two coins on the
row below, and there are n coins in the bottom row. The figure shows all possible ways for n =

1,2,3,4.


http://mathworld.wolfram.com/CoinTossing.html
http://mathworld.wolfram.com/CoinTossing.html

5. STIRLING NUMBERS

James Stirling!3 (1692-1770), remembered for the Stirling numbers, the Stirling's interpolation
formula, and the formula for the Gamma function among many other things, was one of the great
minds of classic numerical analysis. Among Stirling's goals was to find methods to speed up series
convergence. The studies yield interesting number sequences that are now known as Stirling
numbers. Stirling numbers have applications in various fields of study, particularly in combinatorial
problems. Generalized definitions and implementations for the two types of Stirling numbers are
desired.

Following types of problems are related with Stirling numbers: finding the number of ways to
distribute n distinct objects into k non-empty, indistinct bins; number of partitions of a set of n objects
into k non-empty subsets; number of equivalence relations with k equivalence classes, defined on a
set with n elements; number of factorizations, each with exactly k factors greater than 1, of a square-
free positive integer that has exactly n different prime factors.

N w A,

X1 __.I DO ?’
7 ,.f/ \/ 7/\ / Vi 1

D0 Jf \\

0o ;,_\_\‘ |“‘ e

There are two kinds of Stirling numbers and in most cases it is more convenient to start with
the second kind.

13 James Stirling (1692-1770), Scottish mathematician.


https://en.wikipedia.org/wiki/James_Stirling_(mathematician)
https://en.wikipedia.org/wiki/Scotland
https://en.wikipedia.org/wiki/Mathematician

STIRLING NUMBERS OF THE SECOND KIND

The number of ways of partitioning an n —set into m disjoint subsets is called a Stirling num-
ber of the second kind and is denoted by {::l}, by convention we set {g} = 1and {g} = 0 for any

positive integer n.

Example 1. Partitions of {1,2,3,4}
1 part {1,2,3,4}
2 parts (1,2,3}4} (1,24}3} (1,34}2} {2.3.4}{1}
(1,2)(34} (1,3}{24} {1,4}{23}
3 parts {1,2}{3H4} {1,3}{2}4} {1,4}{2}{3}
{23414} {243{13{38} (B34}{1}{2}
4 parts {1{2}3}4}

Then we conclude

[t is easy to observe that {rll} = 1, because the only option is to place all the objects into the

single subset. Similarly {Z} = 1, for we must place each object in a different subset. Thus

Choose any nonempty proper subset of a given set X with n elements. This choice, together
with its complement, constitutes a partition of X into two subsets. In this way each partition is

counted twice, so

{:} =11,

Any partitioning of X into n — 1 subsets consists of n — 2 subsets with one element and one
subset with two elements. Such a partition is completely determined when the subset with two

elements is determined. Then



THEOREM 5.1 (Basic recursion of the Stirling numbers of the second kind). For any inte-

gersn = 2 and 1 < m < n, Stirling numbers of the second kind satisfy the recurrence
{n}_m{n—l}_l_{n—l}
ml m m—1)

Proof. In a partition of {1, 2,..., n} into m nonempty subsets, the element n either appears as a
singleton or it is in of the kK nonempty subsets with more than one element. In the first case, the

partition is {n} together with a partition of {1, 2,...,n — 1} into m — 1 nonempty parts. There are

77:1_—11} of them. In the second case, take a collection of m nonempty subsets partitioning

1,2,...,n — 1}. There are "1} 5f them. The number n can be put back into any of the m parts. m
m p y p

Example 2. Compute {;}

We will obtain {3} by counting all partitions of the set {4, B, C, D, E} into three parts.

Below we see that each partition of {4, B, C, D, E} into three parts can be obtained

from partitions of the set {4, B, C, D} into two parts and three parts:
First recall that {;} = 7 and {‘;} = 6 (Example 1).
We have {:} = 6 and all partitions of {4, B, C, D} into 3 parts are:

{4, BHCHD} {A CHBHD} {A DHB}C}
{B,CHAMD} {B,DHA}C} {C,DHAKB}
We can insert the fifth element ‘E’, into any one of the existing parts so that

{4, B{CHD} +— {AB,EHCHD} {A B}C E}D} {A BHC}D,E}
{4, CHBHD} — {AC EXMB}D} {A CHB E}D} {A CHB}D,E}
{A,DHB}C} — {A D EHBHC} {AD}B,EXC} {ADHBHC E}
{B,C}{AHD} — {B,C,E{AND} {B,CHA EXD} {B,CHAMD, E}
{B,DHAXC} +— ({B,D,EXA}C} {B,DHAEXC} {B,DHA}C E}
{C,DHA}B} +— {C,D,E}{A{B} {C,DHA E}B} {C,DHA}B, E}

and in this manner we obtain 3 - {:} = 18 partitions of {4, B, C, D, E} into 3 parts.

Now we consider the partitions of {4, B, C, D} into two parts. We have {‘2*} = 7 and all

such partitions are:
{AB.CHD} {ABDHC} {ACDKB} {BCD}H{A} {ABHCD} {ACKBD} {ADKHB,C}
By appending {E} as an additional new part in each of these partitions we get
{ABCHDHE} {ABDHCHE} {ACDHBHE} {BCDHAHE}
{ABHCDHE} {ACHBDHE} {ADYBCHE}

{:} = 7 more partitions of {4, B,C,D, E} into 3 parts. Then

{§}=3{§}+{§}=3-6+7=25.



THEOREM 5.2. Let X and Y be two sets with |X| = n and |Y| = m. The number of functions
f:X - Ysuchthat|f(X)| = kis

m! n
=Tl m)

Proof. Assume that the size of image set f(X) of fis k. If f(X) = {yi,¥2, ", Yk}, then
f~(y1), -+, f~1(yy) is a partition of X into k pairwise disjoint subsets. Consequently any function
which has k points in the image set describes a partition of X into k subsets. On the other hand,
assume that we have given a partition of X into k subsets, say Xj, ..., X;. Each arrangement

Y1V2 -+ Vi of k elements of Y describes a function X — Y by setting f(x) =y; forallx € X;, i =

m!
(m-k)!

1, ..., k. Thus, each partition of X into k subsets defines (T)k! = functions each of which

has k points in the image set. ®

COROLLARY 5.3. Let X and Y be two sets with |X| = n and |Y| = m. The number of onto func-
tions f: X - Yism!{"}.

Proof. Just write k = m in the theorem. m

Since the number of onto functions is given by Z’,;’LO(—l)m‘k(Tl?)k", a closed form expression

for {:fq} is

1 m
(= mycom (e

COROLLARY 5.4. For any integers 0 < m < n, the following equality holds

m

S u())-m

k=1

Proof. Each side of the equality counts the number of all functions from a set with n elements

into a set of m elements in another way. =

Now we obtain ordinary and exponential generating functions of Stirling numbers of the sec-

ond kind.



LEMMA 5.5. If k = 0, then

xk

1 » 1
1-x0)1-2x)~(1—kx) k! ;(_Dk ! (1> 1—jx

Proof. (By induction on k.) For k = 1 equality holds: left hand side is :—x and right hand side

is—1+ i = :—x Assume that the equality holds for some integer k > 0 then

k+1 1

X X
1-xA-2x)-A—-((k+1x) T k! Z( D ](> (k+1)x 1—jx’

Now we can write the quotient in the summation as

x 1 1 1
(1—(k+1)x)(1—jx)_k+1—j(1—(k+1)x_1—jx)

to obtain

xktl o (k 1 1 1
(1—x)(1—zx)...(1—(k+1)x)=H;(_1)k ]<j)k+1—j(1—(k+1)x_1—jx)

(k+1)'2[(_ ) 1<k;r1)(1—(k1+ 1)x_1—1jx>]
k
=(ki1)!1—(k1+1)szo( )k1<k71>

k
1 k41 1
- -1 k+1—]( )
+(k+1)!Z.)( ) i )1«
]:

1 (k1 1
Y] 1—(k+1) +Z( 1)“]( j )1—jx

k+1

which completes the proof. =



THEOREM 5.6. For any fixed integer k > 0, generating function of the sequence {{Z}} B

o]

k

6 =) {}am= .
YT LW T a0 200 ko
nz
Proof. From the lemma we have
xk 1 k1
S ()
Q-1 -2x)-(1—kx) k! = j/1—jx
k oo
_ k—
T 20 ()
]: n=0
1w k
D EET
n=0 \  j=0 J
Smce 0( 1)k=J ( ) is the closed form of {k} we obtain the desired equality. m

Note that the generating function given in the theorem can also be written as

1

G)=————.
&2 x(e+ DV

THEOREM 5.7. For any fixed integer k = 0, exponential generating function of the sequence

{{Z}} n=k IS

o]

e = 3 ()5 =

nzk

. . . e*—1)k
Proof. We consider the power series expansion of%:

S (50
[e) k n
S (ES (e

Since % K o(=DF{(%)i™ = {7} we obtain the desired equality. m



THEOREM 5.8. Bivariate exponential generating function for the Stirling numbers of the sec-
ond kind is

- ny x"yk o
F(x,y) = z {k} — =Y 1),
n,k=0 ’

nak
Proof. We have to show that coefficient of% in power series representation of e¥(e*-1) jg
(e |
e

ey(ex—l) — k(e _ 1)k

%yki( 1y- f(f) o

Thus, proof is completed. m

STIRLING NUMBERS OF THE FIRST KIND

We denote the set of all permutations of {1, 2, - ,n} by S(n). A permutation ¢ € S(n) is a bi-
jective mapping whose ‘word representation’iso = ¢y - 0,, whereg; = g(i) fori = 1, ...,n.Un-
der the operation of composition S(n) forms the symmetric group of order n. An alternative way
to describe a permutation is its cycle decomposition. For every i, the sequence i, 0 (i), 02(i), ...
eventually terminates with i again. If k is the smallest positive integer such that o (i) = i, we
denote the cycle containing i by [i ¢(i) ¢2(i) --- a*1(i)]. If 6 (i) = j, then the cycles containing i

and j are defined to be the same. Cycle decomposition of ¢ is the list of all distinct cycles of a.

Example 3. Let 0 = 936478251 € S(9). Then o is the bijection from {1,2,3,4,5,6,7,8,9} to itself
which is defined as 0(1) =9, 6(2) =3, 0(3) =6,0(4) =4,0(5) =7,0(6) =
8,0(7) = 2,0(8) =5,0(9) = 1. Observe that ¢(3) = 6,0(6) =8,0(8) =5,0(5) =
7,0(7) = 2 and ¢(2) = 3. Thus, starting with 3 we have the chain 3 565855

2725253, The cycle containing 3 is [368572]. It is clear that the cycle containing
5is [572368] and by definition these cycles are the same. The cycle containing 1 is
[19] and the cycle containing 4 is [4]. Then cycle decomposition of o is o =

[19][236857][4].



To represent a cycle, we may start with any element in the cycle. Order of cycles is irrelevant.
Cycles of length 1 are fixed points in ¢. Cycles of length 2 are transpositions i < j.In the above

example 4 is a fixed pointof 0 and and 1 & 9 (¢(1) = 9,0(9) = 1) is a transposition.

Example 4. For the permutation o of the previous example, 4 is a fixed point and [19] is a trans-

position.

In the identity permutation each element is a fixed point thus, it has the most
crowded cycle decomposition: id = [1][2][3] - [n]. On the other etreme we may
have permutations whoso cycle decomposition consists of a single cycle. Such a per-

mutation is called cyclic. There are (n — 1)! cyclic permutations of S(n).

Example 5. Let 7 = 3421 € S(4), then 1 >3 52541 and the cycle containing 1 is [1324].
Since this cycle contains all of the elements, cycle decomposition of 7 consists of a

single cycle: T = [1324]. All cyclic permutations of S(4) are
[1234], [1243], [1324], [1342], [1423], [1432].

The number of permutations of {1,2, ..., n} with m —cycles is called a Stirling Number of the
first kind and is denoted by [::l] By convention we set [8] = 1and [g] =0 forn > 0.

As subsets {1,2,3,4} = {2,3,4,1} = {1,2,4,3},
Ascycles  [1,2,3,4] = [2,3,4,1] # [1,2,4,3].

Example 6. Permutations and cycle decompositions of {1,2,3,4}:
1234  [1]12][3][4] 4 cycles 3124 [132] [4] 2 cycles
1243  [1]]2][34] 3 cycles 3142 [1342] 1 cycle
1324 [1]]23][4] 3 cycles 3214 [13][2] [4] 3 cycles
1342 [1][234] 2 cycles 3241 [134] [2] 2 cycles
1423  [1][243] 2 cycles 3412 [1342] 1 cycle
1432  [1]142][3] 3 cycles 3421 [1324] 1 cycle
2134 [12][3][4] 3 cycles 4123 [1432] 1 cycle
2143  [12][34] 2 cycles 4132 [142] [3] 2 cycles
2314 [123][4] 2 cycles 4213 [14][2] 2 cycles
2341 [1234] 1 cycle 4231 [14][2] [3] 3 cycles
2413  [1243] 1 cycle 4312 [1423] 1 cycle
2431 [124][3] 2 cycles 4321 [14][23] 4 cycles




1 cycle [1,234] [1,243] [13,24] [1342] [1,423] [1432]
2 cycles [1,2,31[4] [1,3,21[4] [1,2,41[3] [1,4,2][3]

[1,3,41[2] [1,431[2] [2.3,41[1] [24.3][1]

[1,2][3,4] [1,31[2.4] [1,4][2.3]

3 cycles [L.2][3][4] [1,3][2][4] [1,4][2](3]
[2,3][11[4] [2,4][1](3] [3,4][1][2]
4 cycles [11[2][3][4]

Then we conclude

feo [ [9-6 [f-s

[t is obvious that [’11] = (n — 1)!, because a single cycle consisting of n elements is a cyclic per-
mutation of these elements and there are (n — 1)! such permutations. Similarly [2] = 1, since only

way of defining n cycles with n elements is to take each element as a cycle:
n n
[1]=(n—1)!, []:1.

If we wish to define n — 1 cycles, we have to pick two arbitrary elements to form one of the

cycles and all the remaining cycles will consist of a single element. Then
n n
[n _ 1] - (2)

THEOREM 5.9 (Basic recursion of the Stirling numbers of the first kind). For any inte-
gersn = 2 and 1 < m < n, Stirling numbers of the second kind satisfy the recurrence
n n—1 n—1
ool )+
m m m—1

with initial conditions [(] = 1 and [}] = [2] = 0 forn > 0.

Proof. Consider forming a new permutation with n objects from a permutation of n — 1 ob-
jects by inserting an ‘n’. There are exactly two ways in which this can be accomplished. First, we
could form a singleton cycle, leaving the extra object fixed. This increases the number of cycles by

1

1 and so accounts for the [::L__l] term in the recurrence. Second, we could insert the object into one

of the existing cycles. Consider an arbitrary permutation of n — 1 objects with m cycles. To form
the new permutation, we insert the new object before any of the n — 1 objects already present.
This explains the (n — 1)[7‘7;1]term of the recurrence. These two cases include all of the possibil-

ities, so the recurrence relation follows with.



Example 7.

Compute [g]
First recall that [‘;] = 6 and all permuations of {4, B, C, D, E} with three cycles are:
[4,B][C][D] [A,CI[BID] [A DIIBIIC] [B,ClAl[D] [B,DI[A]IC] [C,DI[A][BI.
We can insert ‘E’ to one of the cycles of each these permutations in 4 different ways :
[4,BI[C][D] - [A B, E]CID] [AE,BICIID] [A BIICE]D

] ]
[4,Clclp] - [ACE]CID] [AECICID] [AC]C E]D
[

] ]

] ]
[4,DI[B][C] — [A,D,E]B][C] [AE,DIBIIC] [ADI[B E]C] [A DIB]IC,E]
(B,Cl[A][P] - [B,C,E][A][D] [B,E,CI[A][D] [B,CI[AE]D] [B,C]A][D,E]
(B,D][A][C] - [B,D,E][A][c] [B,E,DI[A]IC] [B,DI[A E]IC] [B,DI][A]IC,E]
[C,DI[Al[B] - [C,D,E]lA][B] [C,E,DI[A][B] [C DI[AE]B] [C D]A][B,E]

To obtain the remaining permutations, we add the cycle [E] to each permutation of
{A, B, C, D} with two cycles. There are [‘2*] = 11 such permutations:
[4,B,C1[D] [A,C,BI[D] [AB,D]IC] [AD,BlIC] I[ACDI[B] I[AD,C]B]

[B,C,D][A] [B,D,C][A] [A,B]IC,D] [A,CI[B,D] [A,D][B,C]

Thus we acquire 11 cycles of {4, B, C, D, E} with 3 cycles where [E] appears as a single
cycle:
[A4,B,CI[DI[E] [A,C,BIIDIE] [A B,DIICI[E] [A D,B][C]E]
[4,C,DI[BI[E] [A,D,CIIBIE] [B,C,DI[AI[E] [B,D,CIlA]lE]
[4,B][C,D][E]  [A,Cl[B,DIIE] [A,DI][B,C][E]

Then we conclude [;] = 4[3] + [;] =4-6+11 = 35.

THEOREM 5.10 (Basic Identities). For nonnegative integers n and r let H,, be the harmonic

number and H,(lr) be generalized harmonic numbers. The following identities hold.

i. LI[Z] =nl,

ii. [}]=0-1DH,,

iii. [7] =3 - D[HZ, - HP ],

. 1
iv. [}] =5 0— D! [H3, - 30, 1D, + 203, ],

n— n

v. []=:6n-D@)

vii [[%]= G0



Proof. Part i. follows immediately from the definition. Parts ii., iii. and iv. can be proved by
similar methods. We prove parts ii. and iii.; leave the proof of part iv. as exercise. Parts v. and vi.
are proved by direct computation.

i. [1] is the number of permutations with k cycles,so the sum [7] + [}] + -+ ['] counts each

permutation once and only once.

ii. Define the sequence {u,} by setting u,, = [n] Since [n 1] = (n—2)!forn > 2, from the

(n— 1)'

basic recursion we write

1 n—1
un=m<(n—1)[ , ]+(n—2)!)
1 n—1] 1

-2l 2 |Th=1

As g = = 2)' ["'] we see that u, = up_, +— Now
n - n—-1

Su= Yty

u —

o k
k=2 k=1 k=1

50, U, = Hy_; and consequently [7] = (n — 1)! Hy,_;.

(7:1)' [’;], n = 3,4, ... and use the basic recursion
n _ 1 n—1 n—1

== ]+ a-2rh,,

iil. Letu, =

for Stirling numbers of the first kind to write

S —1)["_1]+( ~2)H
u"_(n—1)! " 3 n= )iz

[n—l 1

TlHn_z.

(n—Z)‘

It follows that u,, = u,_; + ﬁHn_z. Now we consider the sum over alln > 3

n n n 1
Zuk=zuk—1+zk_1Hk—2

k=3 k=3 k=3

Il
<
=~
+



. . 11
Since u, = 0, we obtain u,, = g:%EHk—l and

v. A permutation o € S(n) decomposes inton — 2 cycles in one of two ways:

- A cycle of size 3 and n — 3 cycles of size 1. There are 2! (731) = 3(:1113) such permutations.
. . 1 n n-2\ _ !
- Two cycles of size 2 elements and n — 4 cycles of size 1. There are > O)H = sty Such

permutations.

n! n!
3(n-3) + 8(n—4)!

e @(2 +Z(n—3)>

3n—1
- ()=

It follows that [ .| = which simplifies into

vi. A permutation o € S(n) decomposes into n — 3 cycles in one of three ways:

- Lengths of cycles: 4, 1,1, ..., 1. Number of such cycles is 3! (),

n—4 cycles

- Lengths of cycles: 3,2, 1,1, ..., 1. Number of such cycles is 2! (3)(";*) = 4(n — 5)(}),

n—-5 cycles

- Lengths of cycles: 2,2,2 1,1, ..., 1. Number of such cycles is % O (H =

n—6 cycles

(n—4)(n-5)
n4+(z)_

Then we have

[n i 3] - (Z) 6+4(n—-4)+Mm—-4)n-5)/2)
nyn(n—1)
- (4)T



As n(nz-l) = (3), claim follows. m

THEOREM 5.11. Bivariate exponential generating function for the Stirling numbers of the first
kind is
n

() =D [

n=0k=0

For any fixed integer k > 0, generating function of the sequence {[Z]} e IS

(n(1+2)* <
_%zz[n]x

n=0

RELATIONS BETWEEN Two KINDS OF STIRLING NUMBERS

The following inequality is a direct consequence of the definition
n n
[ ] > { } n,m >0 (integer).

THEOREM 5.12 (Falling and rising factorial powers). For any integer n > 0, the following
equalities hold
= (=1 (-2)",
A7 = (~1)P(-0n,
x - xt = x4yl

Proof. ~

)" =(Cx)(—=x+1)-(—x+n-1)
=(-=D"x(x—-1)(x—n+1)
= (1)

(x)=(Cx)(—x—-1)-(—x—n+1)
=-D"x(x+1)(x+n—-1)
= (1"

™M =x(x—-1)(x—n+1)(x—n)
= x2(x —n)

= xx2 — nx-,

This completes the proof. =



THEOREM 5.13. For any integer n = 0, factorial powers can be written in terms of ordinary
powers as follows:

Proof. (Mathematical induction on n) For n = 1 the claim holds: x1 = x(x — 1) = x?> — x =

[é]xz - [ﬂx . Now assume that x* = E=0[Z](—1)”_kxk for somen € N, then
n n
xML = x(x —n) = Z [:] (—1)n ekt — Z n [Z] (=) Fxk

k=0 k=0
n+1 n n n

— Z [k - 1] (_1)n—k+1xk _ Z n [k] (_1)n—kxk
k=1 k=0

N n n
— xn+1 + Z(_l)n—k+1 ([k N 1] +n [k]) xk
k=1

n+1

+1
— kz_l(_l)n—k+1 [Tl . xk.

This proves the first equality. Second one can be obtained as follows

AT = (-1 ()

n

= (D" ) [ ]Dmrnt

k=0

_ Z ]

0

The desired result is obtained. m

Example 8. xt=x(x—-1)(x—-2)(x —3) = x* —6x3 + 11x2% — 6%,
x*=x(c+ 1) (x4 2)(x +3) = x* + 6x3 + 11x2 + 6.

THEOREM 5.14. For any integer n = 0, ordinary powers can be written in terms of factorial

powers as follows



Proof. (Mathematical induction on n) For n = 1 claim holds:

= x_
=x.
_yn (n.k
Now assume that x,, = k:O{k}x_ for some n € N, then
n
et =Y (M
k=0

[
iD=

This proves the first equality, for the second one:

T=EDTE0"

I ICECRL

n —
(D"
The desired result is obtained. m

Example 9. We compute Y7_; x°

i{ E
(e e e e e+ e

=xX 4+ 15x2 + 25x3 + 10x% + x3.



E le 10. m+1 N+1 m+1
xampie Recall that ¥7_, x™ = Y0+ ™ §x = =— A

. Then,

m+1 x=1
=33 M
k=1 k=1j=1 J
n
M3
] k=1

e

m+1

s

-
Il
-

o

—~
1l
[N

.
e

o

-
I
fuy

[uN

m+1

3

+

T s

j=1

1l
-

Then

n

n
Z x° = Z(xl + 15x2 + 25x2 + 10x2 + x2)

x=1 x=1

1 25 1
=§(x+1)3+5(x+1)§+T(x+1)i+2(x+1)§+g(x+1)9

1
= Exz(x+ 1)2(2x% + 2x + 1).

THEOREM 5.15. For any integers n,= m = 0, the following equality holds

n

XN MRS

=0

x

Proof.

=

{Z}(_l)n—kxE

o (X [4)
(k)

Comparing the coefficients of powers of x the desired resultis obtained. m

1]
= DM I

3
I



Using the basic recursions in reverse direction, for the Stirling numbers of both kinds can be
defined for negative arguments. In this case we have

MES

BELL NUMBERS

Bell numbers count the number of partitions of a set. Namely, the n th Bell number B,, counts
the number of ways to partition a set with n elements into pairwise disjoint nonempty subsets. In
other words, B,, is the number of equivalence relations on a set with n elements. From these def-

initions it follows that

THEOREM 5.16 (Dobinski’s Formula). For any integer n > 0, Bell number B,, can be repre-

sented with the infinite sum

Proof. Define the function P (x) as follows:

Px)=e™™* ) —x™

We have to show that B,, = P(1). Now we have

P(x) = <i(—1)i3§—;> . ij,—:lxn
i=0 j


https://en.wikipedia.org/wiki/Partition_of_a_set

zz(_ )l l']']n xt*

j=0

,..
Il

o
-

Since {3} = 0 for k = n we have P(x) = ¥3_,{}} x* and consequently P(1) = B,

THEOREM 5.17. Exponential generating function of Bell numbers is

o

oz B
B(x) =e® 1= n—r!lx”.
n=0
n x_1\k
Proof. Recall that Z;’l‘;k{;l}’;—! =L k!l) . Then
® n
B(x) = Z B, =
n=0
v 1y X"
- Z Z {k}ﬁ
n=0 k=1
- Z {k}_!
k=0n=k
(e* — 1)k
- k!
k=0

But the last term we have obtained is just e~

THEOREM 5.18. Bell numbers satisfy the following recursive relations

and



Proof. We prove the first relation and leave the second as an exercise. We first compute

e*B(x):
i B;
e*B(x) = Z,— —xJ
- i! - J!
=0 Jj=0
:ZZLB x’-+]

irjr

i=0 j=0

Derivative of B(x) is given by

had n
= 1
n+ n!

n=0

On the other hand B(x) = e® "1 50 B'™ = e*e®"~1 = ¢¥B(x). Thus

oo n

= x”_ 1 n n
anﬂa—Zaz(k)ka :
n=

n=0 k=0

Now, comparing the coefficients of X leads the desired equality. m
n!

Bell Triangle

The Bell numbers can easily be calculated by the Bell triangle,

- The first row consists of a single 1,

- Each row starts with the last element of the previous row,

- Each element is equal to the sum of elements on its left and left-top,
- Each row has one more element than the previous row,

- The last element of n th row is B,,.

1 2
2 3 g
5 710 [15)

15 20 27 37 [52|

52 67 87 114 151


https://en.wikipedia.org/wiki/Bell_triangle

We close this section by stating a double sum expression and an integral representation of

Bell numbers.

k=1j=1
n! ee'
n = E tn+1
TABLE OF STIRLING NUMBERS
n\k |1 2 3 4 5 6 7 8 9 10 11 12 13
1|1
211 1
3|1 3
411 7 6 1
5|1 15 25 10 1
6|1 31 90 65 15 1
711 63 301 350 140 21 1
8|1 127 966 1701 1050 266 28 1
9|1 255 3025 7770 6951 2646 462 36 1 .
101 511 9330 34105 42525 22827 5880 750 45 1
111 1023 28501 145750 246730 179487 63987 11880 1155 55 | 1
12 |1 2047 86526 611501 1379400 1323652 627396 159027 22275 1705 X 66 1
13 |1 4095 261625 2532530 7508501 9321312 5715424 1899612 359502 39325} 2431 78 1
Table of Stirling Numbers {:} fort<n<13and1<k<n
n\k 1 2 3 4 5 6 7 8 9 10 11
1 1
2 1 1
3 2 3
4 6 11 6 1
5 24 50 35 10 1
6 120 274 225 85 15 1
7 720 1764 1624 735 175 21 1
8 5040 13068 13132 6769 1960 322 28 1
9 40320 109584 118124 67284 22449 4536 546 36 1
10 362880 1026576 1172700 723680 269325 63273 9450 870 45 1
11| 3628800 10628640 12753576 8409500 3416930} 902055 157773 18150 1320 55 1

Table of Stirling Numbers [Z] fort<n<1land1<k<n



EXERCISES

1. In how many ways can 30 distinguishable balls be placed in four identical boxes so that
a) There is at least one ball in each box,

b) Some boxes may be empty?

2. Prove the following identities without using induction:

SR
nl Lui \i—1/1i"’
= (D)5
n! Lu \i—1/ i

. Show that {n} == 3” l+1)—-2"1forn>1.

w

N

. Show that Y} = {n} xk = xm

5. Let u, be the number of ways of partitioning a set with n > 0 elements into subsets of sizes not

exceeding 2. Show thatu, ., = u, + nu,_;.

n\rj1 _ n|(j1 —_ gk
6. Show that Y%, {]} [k] =Y [}] {k} =6y.
7. Show that
a)[}] = (n— D) 3] =@ -DH,,
1
b) [,24] = (). 4 [,2,] =7 Gn-D().
8. For any nonnegative integer n prove that the following are true:
a) B, <n!,
9. Below figure is for n = 4. Draw a figure for n = 5.

i
|

L

L
T]
E

szzsasznasSaazn=
— :_i:_l 4

(1]
I
i
L]
1



6. EULERIAN NUMBERS

The number of permutations of {1,2, ..., n} that have m —ascents is called an Eulerian number
and is denoted by (). By convention () = 0 and (}}) = 1 forn > 0.
Example 1. The following permutation has 5 ascents:

41039156287
7 7 »?7 7

Example 2. In the following table we see all permutations of {1,2,3,4} together with the number

of ascents they contain.

1234 227 3| 2134 77 2| 3124 27 2 | 4123 272
1243 77 2| 2143 7 1] 3142 7 1 | 4132 7 1
1324 ~» »~» 212314 ~» »~ 2| 3214 7 1 | 4213 71
1342 77 2| 2341 77 2| 3241 7 1 | 4231 7 1
1432 7 12413 ~» ~» 23412 ~» »~ 2 |4312 71
1423 ~» 7 2| 2431 7 1| 3421 7 1 | 4321 0

It is seen that (g) =1, (4) =11, (4) =11, (4) =1,



There cannot be any permutation of {1, ..., n} which has n ascents, therefore

For fixedn, (1,2, ...,n — 2,n — 1,n) has n-1 ascents and there is no other permutation with n —

1 ascents, thus

For fixed n, there is only one permutation without any ascents: (n,n — 1,n — 2,--- 2,1), then

<n>—1 >0
of =% "

A permutation has k ascents if and only if the reverse permutation has n — 1 — k ascents, so
n n
) = by —ma) >0
m n—-m-—1

THEOREM 6.1 (Basic recursion of Eulerian numbers). For any integers 0 < nand 0 < m <

n, Eulerian numbers satisfy the recursive relation

(=" )+ amm(C70)

m— 1/

Proof. Consider any permutation o, 0, -+ g, of {1, 2, ..., n} with k ascents. We have ; = n for
some 1 < i < n,and removing this o; yields a permutation & of {1, 2,.... ,n — 1} with either k
or k — 1 ascents. Every permutation of {1, 2, ..., n} with k ascents is therefore built from a unique
permutation of {1, 2, ...,n — 1} with k or k — 1 ascents by inserting n. There are now two cases.
Given a permutation of {1, 2, ...,n — 1} with k — 1 ascents, we gain an ascent by inserting n only
when we do so at a descent or at the end of the permutation. There are n — k — 1 descents, so
this producesn — k permutations of {1, 2,...,n} with k ascents. Similarly, given a permutation of
{1,2,...,n — 1} with k ascents, we want to preserve the number of ascents when inserting n. To
do this, the insertion must happen at one of the k ascents, or at the beginning of the permutation.
This produces k + 1 permutations of {1,2,...,n} with k ascents. Combining these two cases

yields the desired recurrence. m



Example 3.

Itis given that (;) = 66 and (;) = 26, Compute (g)

Any permutation of {1,2,3,4,5,6} can be obtained from a unique permutation
0,0,030,05 of {1,2,3,4,5} by inserting ‘6’ in the slot between two successive terms or
by appending to one of the ends:

6 0,0,030,0% 0,6 0,050,405 - 010,030, 056

Let 0,0,030,05 be a permutation of {1,2,3,4,5}. Appending ‘6’ to the left end of
0,0,030,05 or inserting it in one of the ascending slots does not increase the number
of ascents. So, each permutation of {1,2,3,4,5} with 3 ascents produces 4 permuta-

tions of {1,2,3,4,5,6} with 3 ascents. Contributionis (m + 1)("*) = 4 - (}).

Let 0,0,050,05 be a permutation of {1,2,3,4,5}. Since appending ‘6’ to the right end of
010,030,405 or inserting it in one of descending slots increases the number of ascents
by one. So, each permutation of {1,2,3,4,5} with 2 ascents produces 3 permutations

of {1,2,3,4,5,6} with 3 ascents. Contributionis (n —m)("~}) = 3-(3).

Finally, (3) = 4() + 3(3) = 302.

THEOREM 6.2. For integers 0 < m < n, a closed form expression for Eulerian numbers is

=Yo7 e 1=
j=0

THEOREM 6.3 (Basic Identities). For any positive integer n and real number x, the following

equalities hold:
i Xk=oli) = 1!

ii. x" = £=0<Z)(x;k) (Worpitzky’s identity)

i YR k™ = X ()

m+1 /°



Proof. i (})is the number of permutations with k ascents, so the sum (7) + (1) + -+ (")

counts each permutation once and only once. Thus, the sum of the Eulerian numbers for a fixed

value of n is the total number of permutations.

ii. (Induction on n) Claim is true forn = 0: x° = (8)(’5) = 1. Assume that equality holds for some

non-negative integer n. Then

n+1 n+1 n+1

Y P W B YRR KO YRR IET il [y
S ) S nf)( L)

zn:<(k+1)(x+k—n)+(n—k)(x+k+1)><n>(x+k>

k=0

n+1 k n
$ +k
_ n\ (x _ on+l
_xz<k>( n )—x '
k=0

iii. Recall that ZLO(";J') = (n+j+1

SN GOE XN
D00

THEOREM 6.4. For integer n, the following identities are true.

<n>—2” 1
1/~ (B

n 1
<2> = 30— 2n(+l) 4 En(n + 1).

Proof. Define the sequence {u,} by setting u,, = <r11> By the basic recursion we have u,, =

2u,_q +n—1.Then

z Uy x™ =2 Z Up_1xX™ + Z(n—l)x"
n=1 n=1

n=1 =



= ZxZunx +(1—x)2
n=1

Rearranging the terms we have

> =z

Upx" =
n (1—2x)(1—x)2
n=1
1 1

“1-2x (1-x)2

(; ann) - <nz=:1(n+1)x")
;(2” —n—1)x"

thus we obtain the first identity. The second one can be obtained similarly. m

The following are interesting infinite sums related with Eulerian numbers:

Z (1—x)2'

X
kzxk =m(1+X),

i

X
2k3xk=m(l+4x+x2),
1

and in general

n-—1

e EN R

j=0
THEOREM 6.5. A bivariate exponential generating function for Eulerian numbers is

M E

k=0n=0



TABLE OF EULERIAN NUMBERS

n\k |1 2 3 4 5 6 7 8 9 10 11
1|1
201
31 4 1
411 11 11 1
5|1 26 66 26 1
61 57 302 302 57 1
711 120 1191 2416 1191 120 1
8|1 247 4293 15619 15619 4293 247 1
911 502 14608 88234 156190 88234 14608 502 1 .
101 1013 47840 455192 1310354 1310354 455192 47840 1013 1
111 2036 152637 2203488 9738114 15724248 9738114 2203488 152637 2036; 1

Table of Eulerian Numbers (Z) forl<n<1lland1<k<n



7. DERANGEMENTS

There are several well-known problems which are used to introduce derangements. One

of them is ‘Old Hats Problem’:

A group of n men enter a restaurant and check their hats. The hat-checker is absent
minded, and upon leaving, she redistributes the hats back to the men at random. What is the
probability P, that no man gets his correct hat, and how does P, behave as n approaches
infinity?

Letn = 4 and callthe men 4, B, C, D. Then the ordering ABCD of hats means that each man
gets his correct hat, whereas ABDC means that A and B get their own hats but those of C and
D are swapped. The ordering BCDA means that no one gets his own hat. To find the number

of all such orderings, we list all possible orderings of four hats:

ABCD ABDC ACBD ACDB ADBC ADCB
BACD BADC BCAD BCDA BDAC BDCA
CABD CADB CBAD CBDA CDAB CDBA

DABC DACB DBAC DBCA DCAB DCBA

The orderings for which no man gets his own hat are in bold typeset. There are 9 such

orderings out of total 24 orderings. Thus, P, = 9/24 = 0,375.

If we let n = 10 or n = 100 how would this probabiliy change? Would it be smaller, too
smaller or larger than 0.375? To answer thes questions, since we know that the number of all
orderings is n!, we have to find the number of orderings for which no letter is in its original

position.




Let X = {x4, Xy, ..., X, } be an ordered set. In a permutation of elements of X an element which
appears in its original position is called a fixed point of the permutation. A derangement is a
permutation which has no fixed points. We denote the number of derangements of n objects with

D,,. By convention D, = 1.

Example 1. For n = 1, there is only one permutation of {1} and this permutation has a fix point.

Thus D; = 0.

For n = 2, there are two permutations of {1,2}, namely 12 and 21. Since only one of

these has no fixed points, D, = 1.

For n = 3, the list of all permutations are 123, 132, 213, 231, 312, 321 where the
bold characters show fixed points. It follows that there are only 2 derangements.

D3=2.

Denote the number of permutations of n objects with k fixed points with D,, . To construct
such a permutation, the fixed points can be chosen in (Z) ways and the remaining elements can

be arranged in D,,_; ways to form a derangement among themselves. Then

Dy = (:) D_p

THEOREM 7.1. For any positive integer n

n
Z Dn,k = nl.
k=0

Proof. Since D,, j, is the number of permutations with k fixed points, the sum }*, D,, ;, counts

each permutation exactly once. m

From the theorem it follows that



In all permutations of {1, ..., n}, the element 1 is at the first position in exactly (n — 1)! permu-
tations. This means that n appears as a fixed pointin (n — 1)! permutations. Since this is the same
for all elements of the set, the total number of fixed points in all permutationsisn - (n — 1)! = nl.
It follows that the average number of fixed points of all permutations of {1, ..., n} is 1. Another way
of writing the total number of fixed points in all permutations is Y.y kD,, x, then

Zn: k (Z) D = nl.

k=0

THEOREM 7.2 (Second Order Recursion for Derangements). For n > 2, the number of de-

rangements satisfy the second order recursion

D, = (Tl - 1)(Dn—1 + Dn—z)-

Proof. Suppose that there are n balls numbered 1,2, ...,n and let there be n boxes also num-
bered 1,2, ..., n. We wish to put one ball to each boxes such that the number of each box is different
from the number of the ball in it. Clearly, the number of such distributions is D,,. There are n —
1 ways to put a ball in the first box. Let us assume that the first box contains the ball i. Now there
are two possibilities, depending on whether or not box i contains ball 1:

- Box i does not contain the ball 1. This case is equivalent to solving the problem with n — 1 boxes

n — 1 balls.
- Box i contains the ball 1. Now the problem reduces to n — 2 balls and n — 2 boxes.

Then we obtain the desired recursion. =

THEOREM 7.3 (First Order Recursion for Derangements). Forn > 1, the number of derange-

ments satisfy the first order recursion

D, = nDy_1 + (-1)".



Proof. Rearrange the second order recursion as D,, — nD,,_y = —(D,-; — (n — 1)D,,_,). Now
define the sequence {u,}byu, = D,, — nD,,_, forn = 1,2, ... We observe that u,, = —u,,_;. Since

uy; = Dy — Dy = —1, we conclude that u,, = (—1)™. Now we haveu,, = (-1)* =D,, —nD,,_;. &
THEOREM 7.4. Exponential generating function of the number of derangements is

< X
> D=1

n=1

Proof. Multiply both sides of the first order recursion by x™ and form the sum forn = 1,2, ...

ZD%=Z ] +Z( Sl
Then
ZD al 1—xZDn 1(n 5t

n=0 =
which means

D(x) = xD(x) + e .
We obtain the result by rearranging the last equality. m

THEOREM 7.5. For any nonnegative integer n, the number of derangements of n objects is

o (—1)F
=n!z T
k=0

Proof. We give three different proofs.

(Principle of Inclusion-Exclusion.) Define the condition C; to be ‘i is at position i’ for i =

1, ...,n. Then D,, is the number of permutations of {1, ..., n} for which none of the conditions C; is
satisfied. In terms of inclusion-exclusion principle D,, = N.
Foranyi = 1,...n, the number of permutations which satisfy C; is (n — 1)!,then N; =n - (n — 1)L

Analogously, the number of permutations which satisfy k of the conditions is (n — k)!, then N}, =

() =1



It follows that Ny = n! and forany k = 1,2, ...,n, N = Z—: We obtain

Dn=N=NO_N1+N2_"'

o (—1k
Z"!Z Kl
k=0

(Exponential Generating Function) We consider the exponential generating function of the

number of derangements

n
Comparing the coefficients of);—' we obtain the desired expression.

(Binomial Inversion) Since Z;(‘:O(Z)Z)k = n!, from binomial inversion theorem we have

D, = Z(—D"-k (:) k!

k=0

< _ n!
- kZO(_l) * (n—k)!

- 1
=nt ) (-1
k=0

This completes proof. mmm



We return back to the ‘Old Hats Problem’. The number of orderings for which no man gets his

own hatis D, and the probability P, that no man gets his correct hat is

n
D, 1
o= =) O
k=0
Now we observe that
- 1 = 1 1
: _1yk— | = Yk _ =
iﬂ(Z( D k!) Z( D'a=e
k=0 k=0

Then, as n = oo, the probability converges to 1/e and consequentely

Since the series Y1_,(—1)¥ % converges to 1/e very rapidly, above approximation can be used

even for small values of n. For comparing 1/e = 0.36787944 --- to actual probability values, we

give the list

n D,/n!

0.5000
5 0.3667
10 0.3679

At the beginning of this section we have computed that P, = 0.375. Now we see that as the
number of men gets larger the probability that no one gets his own hat decreases very slightly.

For practical purposes, independent of n, we say that this probability is 1/e.

!

Then, The number of derangements can be approximated by % In fact, for any nonnegative integer

we have

where [ ]is the closest integer function.



Appendix A

FINITE SUMS

In the late 18th century, Biittner, a German schoolmaster, gave —with the intention of
keeping his pupils busy for another hour— the task to sum hundred terms of an arithmetic
progression to a class of little boys who, of course, had never heard of arithmetic
progressions. The youngest pupil, however, wrote down the answer instantaneously and
waited gloriously, with his arms folded, for the next hour while his classmates toiled: at the
end it turned out that little Johann Friederich Carl Gauss had been the only one to hand in
the correct answer. Young Gauss had seen instantaneously how to sum such a series
analytically: the sum equals the number of terms multiplied by the average of the first and
the last term. (To quote E.T.Bell: “The problem was of the following sort, 81297 + 81495 +
81693 + ... + 100899, where the step from one number to the next is the same all along
(here 198), and a given number of terms (here 100) are to be added.”)

To compute the sum easily Gauss made a pair of first and last terms, that's 182196, Then

multiplied by 50 pairs, to find 9109800 and there, the job is done.

In two respects this is a classical example: firstly young Gauss produced his answer about
a thousand times as fast as his classmates, secondly he was the only one to produce the

correct answer. So much for the effective ordering of one’s thoughts!

1 I 16
Y 5

7
8 I ¢

16
1+2+3++16=(1+16) + (2 +15) ++(8+9) =17 x—




Concern of this section is to introduce a collection of methods for the evaluation of finite
sums whose summands are given as a sequence, either in functional form f(k), or in subscript
form a;. The last part of the section is devoted to ‘Finite Calculus’ which mimics the methods

of calculus for computing the finite sums.

Let {a,} = ay, a4, ... be a sequence of real (or complex) numbers. We denote the sum a, +
a; + -+ a, by S, thatis

n

Sn=a0+a1+---+an=2ak.
k=0

More generally, the sum a,,, + a1 + - + a,, for any m with 0 < m < n is written as

It n
k=m

k=m

In the above notation k is called the index variable. Note that index variable is dummy, in the

sense that it does not make any harm replacing k with any other variable: }.3_,,, a; = }Lm a;.
m is called the lower bound (or lower limit); b is called the upper bound (or upper limit) and

ay, for each k = m, ..., n, is called a summand.

An alternative notation is )¢ 4 @, which means that the terms a; are summed up for all values
of k € A. For the given context, if there is no doubt about the bounds, one may write ) ax

or even ), a.

After listing some basic properties of the finite summation, we examine several methods for

computing S,,.



PROPERTIES OF SUMMATION

For any sequences {a,}, {b,}, and 1 € C the following properties hold for finite sums:

n
z/l=/1(n—m+1),
k=m

1=
Q
=
I
1~
Q
=
+
1=
Q
=
S
=
o
=
<
=
t
@
aQ
@
=
3
IA
)
IA
S

k=m k=m k=4+1
n m

z ayp = z An+m—k»

k k=n

k=m k=m
n n—~£
Z ay = ay.p foranyinteger?,
k=m k=m—+4
n n n n
Z(ak+bk)2— Z a,%+22 agby + Z b2,
k=m k=m

k=m k=m

Double Sums

Let {a;;} be a two dimensional array, say

Qoo Qdp1 Qo2 QAoj Qon
Aip Q11 Qg2 aqj QAin
Ao A1 Ay az;j QAzn
Qo aip Qi a; j Qin
AGno Ami Am2 *° Amj *° Amn

If we wish to compute the sum S of all terms of this array, we can first find sum of each row,
then compute the sum of row sums. Say that the sum of terms on row i is R; fori = 0, ..., m,
that is

a..

R; = ij
0

n
j=



and consequently

95}
I
INgE
=

~
Il
=]

Y

i=0 \j=0

Dropping the braces, we write this sum as

NgE

Sa,

j=0

~
1]
[=

This iterated sum is called a double sum.

To compute the sum S of all terms of this array, we could first compute the sums of columns

rather than that of rows. Assume that the sum of terms on column j is G fori =0,...,n, thatis

We observe that



PERTURBATION OF SUMMATION

The sum S, can be written as S, = ay + X.j=; - Then by replacing the index k with k + 1,

we get S, = ag + Y.r=3 Ax4q. Finally, adding a,,; — ap4 to the sum we obtain the following

perturbation of the original sum:

n—-1

Sp=ap+ Ag+1 T Qi1 — Aptt
k=0

n—-1
Yk=0 Qk+1

=qaqygt+ata,+--+a,+a,+1— aAns1

Yo Tk+1

or

n
Sp = Qo= Apyp t Z (ki1
k=0

If the general term a; has a suitable relation with a4, the last summation can help us in

computing S,,.

Example 1. Compute S, = Y#_,r*.

Ifr =0,thenS, =Y ,r* =0andifr =1,then S, = Y., 1 =n+ 1. Now assume

thatr € C—{0,1}. Asay =7° = 1, a4y = r*** and ay,, = r**! = r - r¥, perturbed

sum is

3(/1
Il

which gives (1 — r)S, = 1 — r™**1 thatis,

n

+1
Zrk:i'
1—r

k=0

n
n+1
1-r + z Ag+1
k=0

1—r"+1+r2rk
k=0



Example 2. Compute S, = Y™, kr® wherer € C — {1}.

There is no harm in writing S, = ¥ kr*. Ifr = 0, then S, = ¥, 7% = 0. Assume
thatr # 0, then we havea, =0, a,.; = (n+ D™ and ag,, = (k + DrFtt =

rkr® + rr¥. Then

k=0
n n
=—(n+Dr*tt + rz krk + rz rk
k=0 k=0
~——— ~——
Sn 1—pn+l
o
(1 _ T'n+1)

=—(+Dr** + 718, +
(n+ Dr Sy, +r 1=

which simplifies into

r—m+ Dr*tl + nrnt?

1-7)S, =
(1-15, —

So we obtain

zn:kk mr—n—-Dr"*"1+r
r =
o] 1-r)?

Example 3. Compute S, = Y¥7_, k2.

Wehavea; =1, a,.; = (n+ 1)? and ay,, = (k + 1) = k? + 2k + 1. Thus

n n n
1—(n+1)2+2k2+22k+21

k=1 k=1 k=1

Sn n

Sn

n
=1—(n+1)2+5n+22k+n.
k=1

_ nn+1)

which results in Yp_, k = %((n +1)2—1-n) P Direct application of the

method did not work properly and resulted in the sum }; k rather than ), k*. Then we

try our chance by attempting to compute the sum T,, = Y?_, k3.



Example 4.

Perturbed sum is

n
T, = 1—(n+1)3+2(k+1)3
k=1
n

n n n
=1—(n+1)3+2k3+32k2+3 Zk +21
k=1 k=1 k:_}_] K
T, Sn

=1
N
n

n %n(n+1)
3
= 1—(n+1)3+Tn+35n+§n(n+1)+n.
As expected, T, is vanished and we are left with S,;:
3
3S, = (n+1)3—§n(n+1)—n—1

= %n(n +1)(2n+ 1).

Consequently

n
1
Z K2 =Zn(n+ D@0 +1).
k=1

Compute S, = Y}_ok - k.

Since ay=0,a,4; =M+ 1 +1)! andag,, = k+Dk+ 1! =(k+1)%*%k! =
k?k! + 2kk! + k!, perturbed sum is S, =—-(m+ 1D)n+ 1!+ Xr_, k%k! + 25, +
Y%_, k! Now, S, is not vanished, but we are faced with two sums Y}_, k?k!
and Y;g_, k!, neither of which is easier than the sum we have started with. In fact,
there is not a known simple closed form to express the sum B, = Y;;;_, k!. We can try

to compute P, hoping to obtain S,,. Perturbation of B, gives
n
P, = 1—(k+1)!+2(k+1)!
k=1

n
:1—(k+1)!+2(k+1)k!

k=1
=1—(k+1D!+S, +P,.

So we get

n
Zk-k!=(n+1)!—1.
k=0



Example 5. Compute S, = Yp_ok(}).

We have ag = 0,a,1; = 0and ayyy = (k + 1)(,},) = (n — k)(}). Then

Hence S,, = n2™"" 1. Note that Y}_, k(Z) = n2"1is the total number of elements in all

subsets of a set with n elements.

Example 6. Compute S, = Yp_ok2(}).

Wehaveay = 0,a,4; = 0and a,,, = (k + 1)2(,{21) = (n—k)(k +1)(}). Then

s, = Z(n )k +1) (:)
k=0

— (n—l)Zk(Z)—ZkZ(:)+nZ(:)
k=0 k=0 k=0
n2n-1 Sn 2n

=n(n—-1)2"1+n2" -5,

=nn+1)2"1 -5,

Hence S, = ¥i_ok?(}) =n(n + 1)2"2%

Example 7. Compute S, = Y7, sin(kx) where x € R.

First we define an auxiliary summation as C,, = Y.5_, cos(kx). Since ay =0, a,4; =
sin((n + 1)x) and ag., = sin((k + 1)x) = cos x sin(kx) + sin x cos(kx) , perturbed

sum is



S, = —sin((n + 1)x) + cosx S, + sinx C,.
In a similar manner, perturbation of C,, gives
Cp =1—cos((n+ 1)x) + cosx C, —sinx S,.
We obtain the system of equations
[cos x — 1]S,, + sinx C, = sin((n + 1)x)
—sinx S, + [cosx — 1]C, = cos((n + 1)x) — 1
whose solution is

B [cosx — 1] sin((n + 1)x) - (cos((n + 1)x) — 1)sin(x)
no 2(1 - cosx)

B [cosx — 1](cos((n + 1)x) — 1) + sin((n + l)x) sin(x)
o 2(1 — cosx) '

Making use of trigonometric identities, solution can be expressed as

. (n +1 . nx

Sin Tx) SIDT

Sn = X ’
smi

cos (nzj x) sin nz_x

C,=1+ —%
smi

Note that, using these sums, interesting trigonometric identities can be obtained such as

sin91°
sin2° +sin4° + sin6° + - + sin 180° = ———

sin1
sin31°
2sin1°

sin 2° 4+ sin4° + sin 6° + --- 4+ sin 60° =

sin 95°
sin 10° + sin 20° + sin 30° + --- + sin 180° = Sn5°

or

sin 100°

sin 20° + sin40° + sin 60° + -+ + sin 180° = ————.
sin10°



CONVERTING A SINGLE SUM TO A DOUBLE SUM

Ifitis possible to write the general term ay, as a finite sum a;, = Z;LO by, then the sum S, =
Y k=0 @k can be written as a double sum S,, = >}_, Z;LO by;. If we change the order of the dou-
ble sum we get S, = ¥7_o Y= b

)

k=07

bij = boo + (b1g + b11) + (bao + byq + baz) + -+ + (byg + bpy + -+ bpy)
0

K
= (bog + b1o + =+ + bpo) + (byg + bay + -+ bpy) + (baz + -+ + bpa) =+ + by
n

53,

Jj=0k=j

Note that, above property can be generalized as

)

k=a j

bkj: Zbk]

n
j=a k=j

k
=a J

n

It may be the case that computing }.7_, ¥z~ by is easier than computing ¥2_, Zﬁo by;.

Example 8. Compute S, = ¥ 7_; k2.

First note that Z?=1 1=kand Z?=1 k = k? . Then the given sum can be written as

k=1 k=1 j=1
N —r
k2
n o n
j=1k=j

1 n
- EZ(n(n +1)—j( - 1)
=1

n

C 1 1.1
nz(n+1)—2j2—2j =En2(n+1)—55n—zn(n+1)
=1 j=1

j=

1
)

and finally

1
S, = gn(n +1)(2n+1).



Example 9. Compute S, = Y1_, k2*.

:U)
Il
==
N

=

2k

_ Z(znn — 2))
=

— n2n+1 _ (2n+1 _ 2)
=(n-1)2"1+2

Il
- 1= I M-
M= M-

=
1l
-

Example 10. Compute S, = Y7, H; where H;, is the harmonic number: H, =1 + % + -+ %

=Mm+1H, —n.

Example 11. Compute S, = Yi-, k Hy.

We replace k with 3, 1:

Sp =

n
2.t

ke=j

NgE

-
Il
iy

n
=Z((n+1)Hn—n—jHj_1+j—1)
j=1

-

n
1
=n(n+ 1)H, —n? —ZjHj_1 +En(n+ 1)—n

j=1



1 n? n n_ 1
=+ 1)t = 57) =7 =3~ 20 (1 5)

1
=n(n+1)Hn+1—n—zn(1+n)—5n+n

nn+1)

=n(n+ DHpyy — 2

—S,.

Then

n
1 1
kz_lka = En(n + 1) (Hn+1 - E)

Alternatively, we could try to replace H; with Zle %

D

. =
M: ||M=
(=Y
~.
||Mw
_
- =

~.| =

-
Il
fuy
x
I
-

~(n(n+1) —j(j — 1)

~.| =

-
Il
fuy

Il
N =

n(n+ 1)H, —

nn+1)
> + n)

n(n+ DHpq —

n(n + 1))

NIH NIH NIH

(n+1)( n+1—%).

CONVERTING THE SUM TO A POWER SERIES

If the function S: R — R is defined by S(x) = Y7_, axx* where a; € R, i = 1, ...,n, then

n
S'(x) = Z ka,x*k1

k=0

1 n
== ka.x¥
szzo DX

and

S"(x) = Zn k(k — 1)agx*2

k=0
n

1 k
=), k= Daxk



Then

n

> a=s),

k=0

ka, = S'(1),

NgE

0

M= =

k?a;, =S"(1) + S'(1).

=
1l

0

Example 12. Compute S, = Yi_o(})-

Define S(x) = ¥_o(})x* = (1 + x)", then S, = S(1) = 2™

Example 13. Compute S, = Xp_o k()

Define S(x) = ﬁzo(’;)xk = (1+x)" then S'(x) = Zﬁzok(@xk‘l so that we have

S'(1) = S(n). On the other hand S'(x) = n(1 + x)"* %, hence S,, = §'(1) = n2"" 1.

In certain cases, expressing the general term a;, as a function of x and employing methods

of calculus can be helpful fo computing finite sums.

Example 14. Compute S, = Yr_, krk.
Define S(r) = Y._, r* and differentiate S(r) with respect to 7:
n
ds(r) ko1
dr z kr
k=0
1 n
=— krk
r
k=0
.+l
On the other hand S(r) = 1t and

1-r

dS(r) nr™'—(n+ 11" +1
dr (1-7r)?

Comparing the two expressions obtained for dS(r)/dr we get

n

Zk e Tt =+ Dt +1
rk =r a2




FINITE CALCULUS

The difference (or finite derivative) operator A maps a function f: R = R to the function

Af:R = R which is defined as

Af(x) = fx+1) = f(x).

It is seen that Ap = 0 if and only if p(x) is a function which is periodic with 1, for exam-
ple A(sin(2mx)) = 0. In particular, difference of a constant function is zero. It follows that Af =

Ag if and only if the functions f and g differ by a function which is periodic with 1.

Difference of the function f(x) = xis (x + 1) — x = 1, that is

Ax = 1.
Since 2¥*1 — 2% = 2% difference of the function f(x) = 2% is itself:
A2% = 2%,
Differences of some frequently used functions are as follows

Ax?=(x+1)?—x*>=2x+1,

A1_ 1 1_ 1
x x+1 x x(x+1)

If x € N, then
Ax!=x-x!,
X X
A(k):(k_1)’
AH, = !
T x4+1’
X
A(Z ak)zax+1-
k=1

Linearity of difference operator is obvious, that is

A(af + g) = aAf + Ag

forany f,g:R - Rand a € R.



If the difference of F is f, thatis, AF = f, the function F is called an anti-difference of f. The
operation which sends f to an anti-difference is denoted by X. Thus, X is inverse of the opera-
tor A. For a given function f, the class of all anti-differences is denoted by ). f(x)éx and it is

called the indefinite sum of f. The definite sum of f is defined by setting Y2 f(x)6x = F(b) —

F(a) = F|Z where F is any antiderivative of f.

For any integers a, b and c such that a < b < ¢, the definite sum satisfies the following equali-

ties:

zaf(x)dx =0,

ZZf(x)Sx = —Z:f(x)&c ,

z:f(x)(ﬁx = Z:f(x)&c + Z;f(x)(sx_

Let AF = f, then the relation between the finite sum Y?_,f(k) and the definite

sum Y2 f (x)Ax is obtained as follows:

b
Zf(k) =f@+fla+D+fl@a+2)+--+fb-2)+f(b-1)+f(b)
k=a

=F(a+1)—F(a)+F(a+2)—F(a+1)+Fa+3)—-Fa+2)+-+

f(a) f(a+1) f(a+2)
Fb—1)—-FMb-2)+FMb)—-Fb-1)+FMb+1)—-F()
f(b-2) f(b-1) f(b)
=F(b+1)—-F(a)
b+1
= f(x)ox
a
Example 15. Let  be a nonzero real number, then Y p_, % = Y81 r¥§x.

We compute the difference of r*: Ar* = r**1 —r* = r*(r — 1) which implies

that A (g) = r*.Then

n
n+1
0

k=0

n+1
,rx T'n+1 -1

:r—l

0 B 7"—1



Example 16. Since A G) =t _1_ L we obtain

x+1 x _x(x+1)
n n+1

Yy D= LD
= X

k=1k(k +1) = x(x+1)

1 n+1

= —; .
_ n
T n+1

Example 17. Using Ax! = x - x!,

n n+1
Zk-k!zz x-x!'6x=x|"P=mn+1)! -1
k=0

0

Example 18. AsA(, ") =(F), wehave
n
k n+l o x x N\ n+1
kz <m> - Zm (m)dx - (m+ 1)|0 - (m+ 1)'
=m

Falling factorial powers

Forx € Rand n € N, the productx(x — 1) --- (x — n + 1) is called a falling factorial power

n factors
of x and it is denoted by xZ, that is, for the positive integer n

xX2=x(x—-1)--(x—n+1).

Some examples are x1 = x, x2 = x? — x, 12 = 0. If n is a positive integer then n® = n! and
n™ = n!/(n — m)! for integer m < n.

By convention

x2=1

and for negative falling factorial powers we define

L 1
T+ DE+2) - (x+n)




Difference of x2 is

Ax®) = (x+1)2 —x2
=[x+Dx(x—1D - (x—n+2)]—-[x(x—1)(x —n+1)]
=x(x—1)x—-—n+2)[(x+1)—(x—n+1)]

= nxn__l_

It follows that for any integer a # —1

n
anﬂdx = L pacany e o natl
0 a+1 o a+1
: 1 _ _ .
Since AH,, = = x=1, we have Y8 x=16x = H, |} = H,,. We combine these two sums as

T (x+1)

nel if q=# -1

1
anﬁdx — @
0

H, if a=-1

In terms of finite sums, we can write

1
n n+1
Zkﬂ=z xasy ={a+1
0

k=0

(n+ 1%L if ag# -1

Hn+1 lf a = _1
Some particular cases are
- n+1 1 n+1 1
Zk=z x16x = =x2 =-n(n+1),
1 2 Iy 2
k=1
- 1
> te= Dk =5 (= D+ 1),
k=1
C 1
Z(k =)= Dk = 7(1=2)(n — Dn(n +1).
k=1
Example 19. Compute Y.}, k3. First observe that k3+3k2 + k1 = k3. Then

n
k2 + 3kZ + Kkt
1

n
X
k=1

=
Il

(n+1)3+(n+1)3+%(n+1)3

m+Dn((n—1Dmn—-2)+4(n—1) +2)

(n + 1)?n2.

e T N IS I



For the product of two functions we have

Afg) () = (fg)(n+1) = (fg)(n)
=f(n+Dgn+1) - f(n)gn).

To have a product rule which is analogous of the product rule for derivatives, we define a new
operator, namely the shift operator E which maps a function f: R — R to the functionEf: R —

R which is defined as Ef (x) = f(x + 1). Using the shift operator, we can write

AfP ) = flx+Dgx +1) = f)g(x) + glx + Df (x) — gx + Df (x)
=g+ D(flx+ 1)~ f(x)) + fF)(g(x + 1) — g(x)
=(Eg-AN)) — (- Ag) ()
so that

A(fg) =Ef-Ag+f-Ag

which leads to

ZuAv=uv—ZEvAu.

Above rule is known as the summation by parts.

Example 20. Compute Y7, k2.

First write Yp_; k% = Y7+ x% §x and let u(x) = x and Av(x) = x6x = x16x so that

Au(x) = 6x and v(x) = %xz and Ev(x) = %(x + 1)2. Then

1 1
2 28, — = g__§ 2
x5x—2x > (x + 1)%6x

1 1
= _x.x2__ 3
=X x 6(x+1)

= %x(x +1D(Bx—(x—1)

= %x(x + 1)(2x + 1).



Then
n
n+1
Z k? = Z x%6x
k=1 1

= %x(x —1D@2x—-1)

n+1

0
1
= gn(n +1D(2n+ 1).
Example 21. Compute Y7_; kHy.
First write Yp_; kH, = Y#* xH, 6x and let u(x) = H, and Av(x) = x16x so that

Au(x) = x=16x and v(x) = %xz and Ev(x) = %(x + 1)2. Then

n+1

1
- EZ x=L (x + 1)%6x
1

n+1

1 2
Z xH, 6x = Ex—Hx
1

n+1

1

n+1

1

1
=3 (n+1)2H,,, — EZ x16x

n+1

1 -2 1,
=3 (n+ 1= Hyy; — 25

1

n+1

1 =2 1 2
= E (n + 1)_H7’l+1 - Z(Tl + 1)—

1

1

=214 D2 (Hyay )

1 1
= En(n +1) (Hn+1 - E)



All the finite sums we computed throughout the examples in this section are listed in the fol-
lowing table. The boldface numbers in the table are numbers of examples in which the corre-

sponding sum is computed. Italicized numbers refer to exercises.

. Double Power Finite
Perturbation .
Sums Series Calculus
- 1
Zkzzn(n+1) 3 2.a)
k=0
- 1
Zkz = Zn(n+ D20+ 1) 3 8 20
k=0
§ 1
Z K = g2+ 1)’ 2.b) 19
k=0
2 i 1-— T'n+1 1 15
Stz
1-r
k=0
O, (r—n—Drl4r 2 2.¢) 14
Z her™ = (1—1)2
k=0
n
Z k2% = (n — 1)2"*1 + 2 9
k=1
n
Zk-k!=(n+1)!—1 4 17
k=0
n
n 12
— n
Z (k) =2
k=0
n
n 5 13
— n-1
Z k (k) =n2
k=0
n
n 6
2 — n-2
Z k (k) =nn+1)2
k=0
n
> ()= (n 1) " °
m/ \m+1
k=m
n . (n +1 . nx
) sin Tx) sin—-
Z sin(2wk) = —
k=0 Sll’lj 7
n n+1 . nx
cos (Tx) sin—-
Z cos(2mk) =1+ e
=0 sini
n
Z H,= (n+1)H, —n. L.b) 10
k=1
S 1 1
1.c 11 21
Zka == En(n+1) (Hn+1—5> ]
k=1
n
Z 1 _n 16
k(k+1) n+1
k=1




EXERCISES
1. Compute the following sums by perturbing the sum:
2) Sy = Zf=m(y)
b) S = Xk=1He
c) Yro1kHyg,
d) XR=1 k2 (3)-

2. Compute the following sums by converting the given sum to a double sum:

a) Sn = 7(1:1 k!
b) S, = XR=1 K%,
Q) S, =XR_okrk

n(n+1)

3. Showthat ¥} _,(—1)*k? = (—-1)" .

4. Compute the following sums
a) Z:o(_l)k(;{l)kn'
b) ¥R, 2"7*k?,

) Ykt

_k
k+1)!



Appendix B

RANDOM MAPPINGS AND PERMUTATIONS

The coupon collector’s problem is one of the most popular topics in discrete probability,
as itis simple and useful. It is known since 1708, when the problem is first seen in the liter-
ature in ‘De Mensura Sortis’ (On the Measurement of Chance) written by A. De Moivre. In
1938 the problem appeared in ‘A Problem in Cartophily’, written by F. G. Maunsell. In 1950,
it was introduced in the book ‘An Introduction to Probability Theory and Its Applications’,
written by Willam Feller. From then on, the coupon collector appears in many textbooks.
The coupon collector’s problem has many applications, including cryptography, electrical
engineering and biology. In cryptography the problem is im-
portant for its relation with the random mappings. In electri-
cal engineering it is related to the cache fault problem; in biol-

ogy, the problem can be used to estimate the number of spe-

cies of animals.

CouPON COLLECTOR'S PROBLEM

We assume a bag which contains m distinct balls. We pick a ball from the bag randomly in the
manner that each ball is equally likely and the choices are independent. After replacing the picked
ball to the bag, we repeat the same experiment until we see all of the balls at least once. Let T;,, be
the random variable defined to be the number of trials required for each ball being picked at least
once. We wish to compute the expected value E (T;,,) of T,,, that is, the expected number of times

to pick an object until seeing each object (ball) at least once.



Example 1. Consider a football fan who wants to collect a complete set of 10 football cards. Cards are avail-
able in a completely random fashion, one per package of candy, which the fan buys one package

a day. How long, on the average, will it take the fan to get a complete set?

If the set of cards for m = 10 is represented by a, b, c,d, e, £,g,h, 1, j then a possible se-

quence of cards bought on each day could be

@g@h@cg@dca@dcjgefa

A frame around a term of the sequence indicates the first occurrence of the card a, ..., j. In
that sequence we see that the collection is completed (for the first time) at 24-th package of
candy so that the fan had to buy 24 packages to complete the set of the 10 distinct cards. After

buying the 8th package, there are six different cards in the collection :

HEHosdrHE

As the example suggests, we may expect to collect the first cards very quickly with a small
number of repetitions. But when we get down to the last few items in the collection, it seems to

take much longer to obtain those pieces.

THEOREM B.1. From a set of m distinct objects, the expected number of objects to be picked

randomly, with replacement, until completing the collection is

E(T,)) = mH,,.

Proof. If there is only one ball, that is if m = 1, when we buy the first package, the collection

will be completed, E(T;) = 1.

If there are just two balls a and b, the first time we pick a ball, we will naturally have a new ball,
say a. After having the first piece of the collection we find how many additional balls we are ex-
pected to pick for finding the other ball. So we focus on a new experiment, namely, obtaining the
ball ‘b’ starting from that point. In the first attempt of new experiment, the resulting ball can be a
or b. The set will be completed if the first ball is a ‘b’. Thus probability of completing the set at the
first attempt is 1/2. If the first ball is an ‘a’ (with pobability 1/2) we have to buy a second ball and
probability of seeing a ‘b’ is 1/2. So completing the collection after the second ball is 1/4. Contin-
uing in this manner we see that completing the collection at k-th ball is 1/2¥. Then after having

the first ball, the expected number of balls required to be picked for seeing ball ‘b’ is

v e i s Do 2y
2 4 8 16 2k T



1

To compute this sum recall that if f(x) = i = Y2 ,xt, then f'(x) = ao?

=Y2,txt"1and

Y txt = (1_xx)2 . By substituting x = 1/2 we see that above sum is equal to 2. To obtain the first

ball we have to buy one ball, and for the second ball we are expected to buy 2 more balls. Then

E(T,) = 3.

Now we return to the general case of m balls. We consider the stage of the experiment when
the number of distinct balls in the collection is increased to k. Assume that in the next t — 1 tries
we could not acquire a new ball and after picking the t-th ball we have found a new ball. Probabil-

k=1 (m-k)
mt-1

ity of this event is . Then, starting from that stage, the expected number of balls we

have to pick until acquiring a new ball is
t—-1

t=0

After picking the first ball, we have a new ball. To see a second new ball we expect % addi-
tional tries. After seeing two distinct balls, we will expectedly try % more times to see the third

one. Then, to complete the entire collection, the expected number of drawings is E(T,,) = % +

m
m—-(m-2) m—(m-1)

E(T,) = mH,,. =

m
E.{...._}_

. But this expression is E(T,,) = m(% + ﬁ + et % + 1), that is

Example 1. We return back to the Example 1. Since H,, = 2.928 -+ we have E(T;y) = 29.28 ---.
(Continued) This means that, the fan is expected to buy about 30 packages of candies for complet-

ing the collection.

In general, after repeating the experiment for r times, the number of distinct balls we have
collected so far will be called the collection size and will be denoted by C,..
Now we focus on two questions.

When balls are picked for n times, what is the expected number E(C,) of distinct balls in the

collection?

When n balls are picked, what is the probability Pr(C,, = m) of having a complete collection?

THEOREM B.2. From a set of m distinct balls, if n balls are picked randomly, with replacement,

then the expected number of distinct balls is

E(C)=m(1—-1-1/m)").



Proof. In an experiment of picking a ball n times from the bag, call each ball which has seen at
least once as a revealed ball. If we have picked a ball n times, the number of all possible collections
(respecting order of the balls we pick them) is m™. The number of collections for which a certain
ball, say the ball labeled ‘1’, has never seen is (m — 1)™. Then, ‘1’ is counted as a revealed ball in
exactly m™ — (m — 1) collections. Since this is the same for all m balls as well, we count a total of
m(m™ — (m — 1)" ) revealed balls in all possible collections. It follows that the average number
of revealed balls per collection is, obtained by dividing this quantity by m". Hence we obtain

E(C,) = m(m™ — (m—1)™)/m™.

Alternative proof. When we pick the (k + 1)-stball, we can have a ball which is already in the
collection with a probability E(C,)/m or a ball which appears for the first time with probability
1 — E(Cy)/m. Then

E(Cy)

)+E(Ck).E(Ck)
m

m

E(Crs1) = (E(C) + 1) (1 -

- (1 _ %) E(C,) + 1.

Multiply both sides with x¥*1 and sum over k = 1,2, ...:

oo 1 oo oo
Z E(Ck+1)xk+1 — <1 _ _) Z E(Ck)xk+1 + Z xk+1
k=1 mn k=1 k=1

If we let F(x) to be the generating function of E(Cy), E(Cy), ... we can write

X

(-G

Flx) =

Now, the coefficient of x™ gives E(C,). =

Since lim (1 —1/m)™ = e~1, for large values of m, (1 — 1/m)™ can be approximated with
m—oo

e~. Now, writing the expected collection size givenas m(1 — [(1 — 1/m)m]"/m), for large values

of m we can write the approximation

E(C,) = m(l — e‘”/m).



Example 1. We return back to the problem where the fan has stopped buying new packages after
(Continued) he has bought 15 packages. In this case, for m = 10, the expected size of his collection
is E(Cys) = 10(1 — e™5) = 7.76 ---. He has expectedly completed %78 of the entire

collection.

For m = n, the expected value is

E(C,) =n(1—(1—%>n> zn(l—g) =0.6321n

THEOREM B.3. From a set of m distinct balls, if n times a ball is picked randomly, with replace-

ment, then the probability of having ¢ < m distinct balls is

Pr(c = ) =} (7).

c c

Proof. If the collection size is c, the balls in the collection can be chosen in (T) ways. After

choosing the balls, assume that we have ordered them so that it is determined which will be the
first ball, which will be the second ball, and so on. But this ordering describes a partition of the

ordering numbers 1,2, ..., n, into c classes. So the number of such orderings is {’C‘}. Finally the clas-
ses can be permuted in ¢! different ways. Then, the number of ways of having a collection of size

¢ after picking n packages is ¢! {#}(""). And we obtain Pr(C, = ¢) = mc—;{’cl}(rf) m

COROLLARY B.4. From a set of m distinct balls, ifn = m balls are picked randomly, with replace-

ment, then the probability of having a complete collection of m distinct balls is

Pr(C, =m) = ::—;{:l}

Proof. Just take c = m in Theorem 3. m

After computing E(C,), we could obtain E(T,,) alternatively as follows. It is clear that the

sequence E(C,), ..., E(Cy), ... is an increasing sequence with Ilim E(C,) = m. This means that by

choosing k sufficiently large, E (C}) can be made as closer to m as we wish.



Example 1. In the below table we see the number of packages bought and the corresponding ex-

(Continued) pected collection size for m = 10.

n E(G) n o E(C) n E(C)
1 1.00 16 8.15 31 9.62
2 1.90 17 8.33 32 9.66
3 2.71 18 8.50 33 9.69
4 3.44 19 8.65 34 9.72
5 4.10 20 8.78 35 9.75
6 4.69 21 891 36 9.77
7 522 22 9.02 37 9.80
8 5.70 23 9.11 38 9.82
9 6.13 24 9.20 39 9.84

10 6.51 25 9.28 40 9.85

11 6.86 26 9.35 41 9.87

12 7.18 27 9.42 42 9.88

13 7.46 28 9.48 43 9.89

14 7.71 29 9.53 44 9.90

15 7.94 30 9.58 45 9.91

forn = 22 wehavem — E(C,) < 1.1fn = 29,thenm — E(C,) < 1/2 and so on.

For any finite k, we can think of E(T;,,) to be the smallest integer k such that E(Cy) > m — e.
Here ¢ measures how the expected value is close to m. Inequality m(l -(1- 1/m)k) >m-—¢

. Inm-1 . .
can be written as k > ———— If we take € = 1, by the approximation Inm — In(m — 1) = £
Inm-In(m-1) m

for large values of m, we get k > mInm. We can conclude that

E(T,,) = mInm.

Example 1. We again return back to Example 1 to consider the case where the fan has stopped

(Continued) buying new packages after he sees a card which has seen for the second time. Now

what is the expected number of cards he has collected until seeing the first repeating

card?

Now we define a new random variable R, to be the number of the balls picked until the first

repeating card.

Consider the sequence E(C;), ..., E(Cy), ... . Necessarily, E(C;) = 1 and E(Cy,) < k for = 2,3, ....
In the first few terms E (C},) will be quite close to k. As k gets larger, E(C}) will get farther from k.
When the E(C;,) < k — 1 the expected image size is smaller than the cards picked. In such a case



it is natural to expect repetitions of the balls. In the table above, we see that for 6 packages, ex-

pected collection size is less than 5 cards in which case a repetition is not a surprise.

In general, we can expect a repetition when the difference k — E(Cy) exceeds a certain bound,
say 1/2. Let R,,, be the number of packages bought until the first repetition. Then we can think of
E(R,,) to be the smallest integer k such that k — E(C,,) > 1/2.

THEOREM B.5. From a set of m distinct cards, the expected number of cards to be picked ran-

domly, with replacement, until the first repetition is

E(R,,) =~ m.
Proof. After some simplifications, the inequality m(l -(1- 1/m)k) <k- %can be written as

" k1
1—(1——) <————

m m 2m
1 (1 (k)l_l_(k)l (k>1+ ><k 1
1/m \2/m? 3/m3 m 2m
k(k—1) 2<k)1+ < 1
m2 3/m3 m

Kk k ky® 1
o))<k
ms m m m
As k is quite small compared to m, we can asymptotically write k > +/m. We conclude that

E(Ry) ~Vm. =
Birthday Paradox

Birthday paradox (or birthday problem) considers the probability that, in a set of n people, at
least one pair to have the same birthday. The result of the problem is quite surprising and far away
from the intuitive answer. For this reason, the problem is known as a paradox and is a classic of
counting and probability.

The main question asks how many people are required to have a 50-50 chance that two of them
will share a birthday.

In the general form, we wish to know the minimum number k of selections, among n different

equally likely items so that the probability of at least one match has probability at least pj.


https://en.wikipedia.org/wiki/Probability
https://en.wikipedia.org/wiki/Birthday

THEOREM B.6. From a set of m distinct balls, if n balls are picked randomly, with replacement,
then the probability that at least two balls are the same is
n!

p(n,k) =1 —m

Proof. Let p(n, k) denote the probability that at least two balls are the same for the experiment
of choosing k balls, out of n equally likely balls, allowing repetitions. We first compute the com-

plementary probability g(n, k) that all selected balls are distinct. Start with an arbitrary ball, then

that the probability that the second ball is different is nT_l, that the third ball is different from the

first two is nT_l . nn;z and so on, up through the k-th ball. Explicitly,

c k)_n n—-1n-2 n—k+1
e = n n
n!
T (n—k)!nk

and the complementary probability is what we try to compute. =

For the birthday problem we have to find the smallest value of k such that

365 k) = 1 365! 1
P(365. 1) = 1 = e r365F ~ 7
In the table below we see the values of p(365,k) for k = 1, ...,60:

k  p(365,k) k p(365,k) k p(365,k) k  p(365,k) k p(365,k) k p(365,k)
1 0,000 11 0,141 21 0,444 31 0,730 41 0,903 51 0,974

2 0,003 12 0,167 22 0,476 32 0,753 42 0,914 52 0,978
3 0,008 13 0,194 23 0,507 33 0,775 43 0,924 53 0,981
4 0,016 14 0,223 24 0,538 34 0,795 44 0,933 54 0,984
5 0,027 15 0,253 25 0,569 35 0,814 45 0,941 55 0,986
6 0,040 16 0,284 26 0,598 36 0,832 46 0,948 56 0,988
7 0,056 17 0,315 27 0,627 37 0,849 47 0,955 57 0,990
8 0,074 18 0,347 28 0,654 38 0,864 48 0,961 58 0,992
9 0,095 19 0,379 29 0,681 39 0,878 49 0,966 59 0,993
10 0,117 20 0,411 30 0,706 40 0,891 50 0,970 60 0,994

We see that the smallest value of k for which p(365,k) > 1/2 is k = 23. We conclude that if
there are 23 people, then the probability that at least two of them have the same birthday is larger
than 0.5. For 41 people the same probability is larger than 0.9 and for = 57, by probability 0.99

at least two people in the group have the same birthday.



Since the formula p(n, k) =1 — is not practical for large values of n, we develop some

n!
(n—k)!nk

approximations. First note that if % is sufficiently small, then in the expansion

m m?® m3
e =1-—+

___+...
n n? nd

2 3
me m .
— —, Wi w
the terms > 3 can be neglected and we can write

-m/n m
e ~1——.

n

Now write p(n, k) in the form

=1 =)-(--(-4)

and use the above approximation to have

k-1

p(nk) ~1—e Vne2/m..e7n

_1+2+~~-+(k—1)
= 1 — e n

k(k—1)
=1- e_ 2n

Using the approximation e ™™™ = 1 — m/n once more we obtain

k(k — 1)

p(n k) = —on
K2k

T 2n 2n

As k is very small, compared to n, we can neglect k/2n and reach to a coarser but practical

approximation

k2
k) ~ —.
p(n, k) o



To find the smallest k for which p(n, k) > p, we write k? > 2np, or k > \/2np,. We conclude

that, when n is large enough, if at least

k = 2,

items are chosen (out of n distinct items), then at least two of them will be the same with proba-

bility at least py.

RANDOM MAPPINGS

By F,, m we denote the collection of all functions f from a finite domain X of size n to a finite
range Y of size m. We assume the random mapping model where every function from F, ., is cho-
sen equally likely. This model is equivalent to the model where f: X — Y assigns each inputx € X
independently to an image point y € Y, that is Pr(f(x) =y) = 1/m forallx € X and y € Y. The
number of all functions X — Y ism™, in other words |F, ,,, | = m™. Arandom mapping f € %, ,,, is
equivalent to the experiment of buying n candies to collect the set of m cards. The properties we

have obtained in coupon collector’s problem translates in the language of functions as follows.

Image size of a random function f € F, ,,, is k with probability

Pr(If OOl =10 = () {1}

If n > m, then Probability of a random function f € F, ,,, to be an onto function is

Pr(lf (0 =m) = o (")

m

The expected image size of a random function f € F,,, is

E(f(0]) = m(1 ~(1- %))

From the last statement it follows that



RANDOM PERMUTATIONS

A random permutation of n-objects is a permutation which is chosen among all permutations
where each of the n! possible permutations are equally likely. Since a random permutation is
arandom ordering of a set of objects, the use of them is fundamental to fields that use random-
ized algorithms such as coding theory, cryptography, and simulation. A good example of a ran-

dom permutation is the shuffling of a deck of cards.

There are n! permutations of n elements. That is too many to generate them by numbering
them all and choosing one at random. Random permutations are quite useful in randomized algo-
rithms. So it is helpful to have efficient algorithms for generating them. An equivalent way to gen-
erate a random permutation o of {1, ..., n} is to put n balls labeled 1 to n in a box and then at each
step drawing a ball randomly and without replacement from the box to determine the values
of 6(1),0(2), ..., a(n) sequentally.

The statistics of random permutations, such as the cycle structure, fixed points are of funda-
mental importance in the analysis of algorithms. We compute certain characteristics of random

permutations.

THEOREM B.7. The expected number of k-cycles of a random permutation of n objects is %

Proof. Assume that that we have written down the cycle decomposition of all permutations of
{1, ...,n}. How many cycles of length k are there? Fix a cycle, say [1,2, ...,k ], of k elements and
arrange the remaining n — k elements in all possible ways. In this way we obtain all (n — k)! per-
mutations in which [1,2, ...,k ] appears in the cycle decomposition. Since these k elements can

define (k — 1)! cycles and the k elements of the cycle can be picked in (Z) different ways, in the
list of all permutations, there are (n — k)! (2) (k=1 = %' cycles of length k. Thus, on the average

a random permutation has % cycles of length k. m

COROLLARY B.8. The expected number of cycles of a random permutation of n objects is H,,.
Proof. Follows immediately from the theorem.

Alternative proof. Recall that x™ = 2=0[2]xk so that f(x) = x™ is the generating function of
the sequence([7], [7], [3], - [] Then the expected number of cycles isf’(1)/f(1). But
1

_r1 1
! =y |- U s _—
fre) =x <x+x+1+ +x+k—1)'

then f'(1) = n! H, and f(1) = n!. Expected number of cycles is H,,. =


https://en.wikipedia.org/wiki/Random
https://en.wikipedia.org/wiki/Randomized_algorithm
https://en.wikipedia.org/wiki/Randomized_algorithm
https://en.wikipedia.org/wiki/Coding_theory
https://en.wikipedia.org/wiki/Cryptography
https://en.wikipedia.org/wiki/Simulation
https://en.wikipedia.org/wiki/Shuffling
https://en.wikipedia.org/wiki/Playing_card
https://en.wikipedia.org/wiki/Permutation_group#Examples
https://en.wikipedia.org/wiki/Analysis_of_algorithms

COROLLARY B.9. For any positive integer n,

- n
kZlk (o] =niH,

Proof. Each side of equality counts all cycles in all permutations of n objects. =

Following theorem shows that the probability of a fixed element to be in a cycle of length k

does not depend on k.

THEOREM B.10. Probability that a fixed element of {1, ..., n} is in a cycle of length k is 1 /n.

Proof. A fixed element say ‘1’ is in a cycle of length k if 6(1),62(1), ...,c*"1(1) are pairwise

distinct and they are all different from 1, and ¢*(1) = 1. Probability of that event is nT_l

n-2 n—-k 1

1
n-1 n-k+1 n-k n

THEOREM B.11. The expected length of the cycle containing a fixed element is nTH

Proof. The length of the cycle containing a fixed element can take any value 1,2, ..., n with equal

probabilities. The average of these lengths is nTH [

THEOREM B.12. Any fixed m elements of {1, ..., n} lie in the same cycle of a random permutation,
with probabilty 1 /m.

Proof. Assume that the fixed elements lie in some cycle of length m + k, then we need k more
elements to form the cycle, which can be chosen in (";m) ways. Then the cycle can be formed in

(m+ k —1)! ways and the remaining n — m — k elements can be arranged in one of (n —m —

k)! ways. As a result, the number of permutations in which the fixed m elements in the same cycle

of length k is
n—m | '_(n—m)! \
(k )+ k=Dl (n—m= k) = k= 1)
Ifwesumoverk =1,..,n —m:
N~ (mt+k-1 — m+k—1
(n—m)!;T—(n—m)!(m—l)!kZ(;< ) )

—m—m)m-1( " )
n—m

n!
m

Then assertion follows. m



A cycle which contains more than half of all elements is called a long cycle.

THEOREM B.13. As n gets larger, the probability of having a long cycle converges to In 2.

Proof. The number of cycles of length k in all permutations is %' If k > n/2, the permutation

can not have more than one cycles of length k. Thus, the probability of having a cycle of length k >

n/2is 1/k. Then summing on all values of k larger than n/2 we see that the probability of having

a long cycle is % + - +% = H,, — Hy,. For large values of n we use the approximation H,, ~

2

Inn + y whichresultsin H, — H,/, ~Inn—In(n/2) =In2. =

The function ﬁ is the exponential generating function of number of permutations of n objects:
i = Y=o xk = Yeo k! xk—:( so that the coefficient of% is n!, the number of permutations of n ob-
jects. We can write this function as i = exp(—In(1 — x)). But —In(1 —x) = Z,‘le% =

k
Y1k —1)! % It is seen that —In(1 — x) is the exponential generating function of number of

cycles of length k. Then, expression

X2 3 x4—
exp(—In(1 — x)) =exp (x + > + 3 + T + )

for the exponential generating function of permutations, takes the cycle structure in account. For

example

x? x3 x* x°
exp<x+7+?+z+?)

is the exponential generating function of number of permutations with longest cycle length 5.

Example 2. A derangement is a permutation with no fixed points, that is with no cycles of length

1. Then the exponential generating function of derangements is

(Probléme des 2 43 L4
Rencontres) exp| >+ + 4 | =exp(-x —In(1-x))
e—x
T1-x

_1\k —-x
e~ is the exponential generating function of the sequence {%} And :_—x is the se-

_1k
quence of partial sums of that sequence. Then D,, = n! Y.7_, ¢ kl!) :




Example 3. An involution is a permutation whose cycle decomposition consists of fixed points

and 2-cycles. Then the exponential generating function of involutions is

(s +f>"
LY (g

i=0

k
ln/2
( Zk(n—k)' (nkk) x"

(Number of

Involutions) 2
exp (x + 7) =

1]
™ 1

I
s

n=0 \ k=0
o) |n/2]
1
= Z Z =201 )~
n=0 \ k=0 25kl ’

Then number of involutions of n objects is

ln/ZJ
1

2 Zkk'(n—Zk)'



Appendix C

ROOK POLYNOMIALS

The theory of rook polynomials provides a way of counting permutations with restricted
positions. Classical theory was developed by Kaplansky and Riordan in 1946 and has been
researched and studied quite extensively since then. In chess, a rook can attack any square
in its corresponding row or column of the 8 X 8 chessboard. Rook theory focuses on the
placement of non-attacking rooks in a more general situation. The rook polynomial of a
board counts the number of ways of placing non-attacking rooks on the board.

For positive integers n and m we define an n X m board to be a rectangular chessboard con-
sisting of n rows and m columns. A rook placement is an arrangement of a number of non-attack-
ing rooks on some board. Note that since rooks attack squares in their row and column, a rook

placement is, in fact, choosing a number of unit squares (cells) no two of which are on the same
column or on the same row.

Figure 1. Six non-attacking rooks ona 9 x 12 board.



We use the ordered pair (i,j), i = 1,...,n, j = 1,...,m to denote the cell that is on row i and
column j of an nXm board. In the above figure, rooks are placed at the cells
(2,6),(3,10),(5,7),(6,2),(7,12),(9,8).

A placement of n rooks on an n X n square board can be associated to the permutation o =
0,0 -+ g, of {1, ..., n}, by saying the placement has a rook on the cell (i, j) of the board if and only
if o; = j. For example, the placement of 5 non-attacking rooks on a 5 X 5 board shown in below
figure is the permutation 24 5 1 3.

In a similar manner, a placement of k rooks on an n X m board corresponds to a particular
arrangement of k distinct objects, each of which is chosen from a set of n elements. In this way,
we see that any theorem about rook placements is a generalization of a theorem about permuta-
tions.

We are interested in computing the number of ways of rook placements on a board. The k-th
rook number 1 (B), counts the number of ways to place k non-attacking rooks on a board B. We
will often denote 1y, (B) as r, when B is clear for the given context. The rook polynomial of a board
B is the polynomial

R(B;x) =71+ 1x + 152 + -,

For any board, since there is only one way to place 0 rooks, we always have r, = 1, no matter
which board is considered.

A single rook can be placed on any cell of a board with no other rook to attack it. It follows that
11 is the number of unit squares of the board.

The largest possible number of non-attacking rooks on an n X m board is equal to the smallest
of n and m, because we cannot allocate non-attacking rooks more than the number of columns or
rows. Thus, 1, = 0 for k > min(m, n). Fora 1 X 1 board, ry = r; = 1 and 1, = 0 for k > 2. Since
we cannot allocate more than one rook ona 1 X n or on an n X 1 board, the rook polynomial of
such a board is 1 + nx.

THEOREM C.1. The number of rook placements of k rooks on an n X m board is

=) ()

Proof. Consider an n X m board on which we wish to allocate k rooks. To

place the rooks, first choose k columns and k rows arbitrarily. This can be
done in (Z) (Z‘) ways. Each chosen row intersects the chosen columns in k

cells, hence for the first chosen row there are k positions to place a rook. For

the second one there are k — 1 positions and continuing in this manner, we

see that there are k! ways to place k rooks on the chosen rows and columns. Hence we have a
total of (2) (T)k! ways to place the k rooks on ann X m board. m



COROLLARY C.2. Rook polynomial of an n X m board By, ,, is

R(Bpn;x) = 1+ mnx + 2 (Z) (r;) X2 4 (:) (Z)k!xk .

Proof. Claim is a direct consequence of the theorem. m

Example 1. Some obvious rook polynomials are
R(to-o;x) =1 + nx,
R(HEx) =1+ 4x + 2x2,
R(H~Hx) =1+ 2nx + n(n — 1)x?,

R(FHx) = 1+9x + 1822 + 623,

R(FH-Gx) = 14 3nx + 3n(n — Dx? + n(n - D(n - 2)x>

Now we generalize the problem in the sense that we consider boards where some of the squares
are not allowed for placing a rook. For example, in the below figure we see a 2 X 4 board with 3
shaded squares which are forbidden to rook placement.

"

Such a subset of an n X n board will be called a generalized board. A generalized board can be
represented as a subset of a rectangular board by shading the forbidden cells or it can be drawn
as it is, neglecting the forbidden cells:

Example 2. We find the rook polynomial of the following generalized board 3B:

which can be represented as

o

(1]
[] []

There is only one way to place 0 rooks on the board, hence 7,(8) = 1:

Hodf
m

[m] ()




A single rook can be placed in any cell of B with no other rooks to attack it. It follows that, as for
any generalized board, r; is the number of available cells. In our example r; (8) = 10:

Yot | Ho™ Bt | o Bt | BeoW | Ho™ | B | he™H | B
o o o o o uE| | m o o

O 0o|ao o) o 0| o 0o|a 0o|a 0o|a 0o|a O m o) o ]

There are 34 ways to allocate 2 non-attacking rooks on the board, r, (8) = 34:

ot (e | oW | o | o | e | o™ | e | B | B
M M M [ B m M | M M [ B
O 0| o 0|a 0| o 0|a o) o m | O 0|0o 0| o 0|a O
Bo" | Ho™ | o™ | o | et | HoW® | BT | B | HoH | o™
m ] M M M | M || m ] M [ B
O O m 0o|a m | O 0o|a o) o oo 0o O m 0o|a O
B0t (o | B o™ | e [ He S | B0 | HoW | B | B
m ] M M m ] | M || m ] M M
O Oo|m 0|a m | O O|m o) o m | O 0|0o Oo|m 0|a ]

Dot [ | BT | o
8| 8| m m

] 0| o | I | 0| o ]

The number of ways of placing 3 non-attacking rooks is 45, r;(8B) = 45:

o Mo e | oW [ oW | o™ eo™ | e | o oW
|| m ] m ] || | || | m ] || m ]
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|| m ] m ] || | || | || m ] ||
O 0| o 0o|a 0| o 0o|a O m O m O m O m 0o|a ]
Lo B | B |G o™ [ Be™ B0 | e e S0t
m ] || m ] M | M | M M M
O m | O m| O | I | O m O m O m O m O m 0o|a ]
pal Tenalli el Tenali Bu aal Rennllie iy SHiE Taleanlis Tuleaslieal HoH | bo
M M M M [ [ | m m ] [ | m ]
O m | O m| O m | O m| O | I | O m m| O O m O m O
S Jalnnallis Fuluualial Hoh | Ho
[ | m ] m ] [ | m
O m | O m| O m | O m| O ]

Finally, the number of ways of placing 4 non-attacking rooks is 20, r,(8) = 20:

o Mo e oW [N | o™ o™ | he P o | TH oW
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For the board in this example we obtain
7(B) =1, r,(B) = 10, 7,(B) = 34, 13(B) = 45, ,(B) = 20.
Then, rook polynomial is

p(B;x) =1+ 10x + 34x% + 45x3 + 20x*.



Equivalent Boards

To obtain the rook polynomial or rook numbers of a generalized board, it is not practical to
count the ways of rook placements by explicitly considering all possible cases. In the following
part, we obtain some shortcuts for obtaining rook numbers and the rook polynomial. We first list
some trivial properties of rook numbers:

1. 1y is always 1 because there is only one way to place 0 rooks on a generalized board.
2. 1y is always the number of cells of the board because a single rook can be placed in any cell
with no other rook to attack it.
3. Once we attainr,, = 0, we will always have 1,1, 7% +2, ... = O.
4. Ifthe board is contained in an n X m square board and k > min(m, n), thenr;, = 0.How-
ever, note that 7, could be equal to 0 for smaller values of k as well.
If the number of placements of k rooks on two boards are the same for all k = 1, 2, ..., we call
the boards equivalent. In other words, two boards are equivalent if and only if their rook polyno-
mials are identical.

THEOREM C.3. If a generalized board can be obtained from another one by permuting the rows
and columns, then the boards are equivalent.

Proof. It is sufficient to prove the theorem for rectangular boards. Interchanging rows or col-
umns of a rectangular board does not alter the number of ways to place k mutually non-attacking
rooks. In fact, given a placement of k rooks, then permuting the rows or the columns of the board
results in another rook placement. Moreover, the number of distinct placements is not affected by
such permutations. =

Converse of the above theorem is not true. As a counter example for the converse statement
we can consider the following generalized boards.

These boards cannot be obtained from each other by permuting the rows or columns. However,
they both have the same rook polynomial 1 + 4x + 2x2, hence they are equivalent.

If there are some empty rows (or empty columns) of a generalized board, by permuting the
rows (or columns) of the board, we can move these empty rows to the bottom (or empty columns
to the rightmost) of the board so that the generalized board is squeezed to give an equivalent
board without any empty rows or columns.

We return back to the board 8B .The third and the fifth rows do not contain any cell of the gen-
eralized board B, similarly on the third column there is no cell of the generalized board.

o

L]
U] L]

By squeezing these columns and rows, we obtain the following equivalent board:

s

Continuing on permuting the rows and columns we reach the following board:



s

0o
It follows that the boards . mm

Dand EEB%%Hare equivalent:
HoHH
R(, 5 x)=r( )

Decomposition Rules

If a generalized board B is a disjoint union of two sub-boards B; and B, in which no cell of one
subboard is in the same row or in the same column of any cell of the other subboard, then B; and
B, are said to be disjoint. The board B given in below figure is a disjoint union of the boards B;
and B,.

B,

The next theorem shows that if a board is composed of two disjoint sub-boards, the rook poly-
nomial of the board can be calculated in terms of the rook polynomials of the sub-boards.

THEOREM C.4 (Board Decomposition). If a board B is union of two disjoint boards B; and B,
then
R(B; x) = R(By; x)R(By; x).

Proof. Rook placements in B; does not affect rook placements in B,, except in terms of the total
number of rooks being placed. Assume that we wish to place k rooks on board B. If we place m
rooks on B;, then k — m rooks must be placed on B,. The number of ways of placing m rooks on
B; and k — m rooks on Bj is 13, (B1 )k —m (B2). Since m can take any value k = 1, ..., m, the number
of ways of placing k rookson B = B; U B, is

1 (B) = 19(B1(B2) + -+ + 110 (B1) 1k —m (B2) + -+ + 1 (B1)10(B2).
The right hand side of the equality is in fact the coefficient of x* in the product

(ro(B1) + 11 (B)x + ---)(15(B) + 11 (B2)x + --) = R(By; x)R(By; x).

It follows that R(B; x) = R(B;; x)R(B,; x). m
We have shown the board B is equivalent to%ja}. Since the latter board is disjoint union

of the boards D:Bj and EEH, we can write



R(*ippx) = ROTH )R(T ).

O
Example 3. The staircase d] consisting of n cells is a disjoint union of n single cells. Since the

rook polynomial of a single cell is 1 + x, for the staircase we have

R <dj'D; x) =(1+x)™

Suppose that on a given board B, a cell c is selected and marked as a special cell. By B\c we
denote the board obtained from B by deleting the row and column that contain the cell ¢, and we
let B — c to denote the board obtained from B by deleting only that special cell c.

[e] ]
REE N a
B B\c B—-c

THEOREM C.5 (Cell decomposition). For any cell c of a board B,
R(B;x) = xR(B\c;x) + R(B — c; x).

Proof. To find the value of 1, (B), we observe that the ways of placing k non-attacking rooks on
B can be divided into two classes, those that have rook in the special cell and those that do not
have a rook in the special cell. The number of ways in the first class is equal to r,_; (B\c), and the
number of ways in the second class is equal to 7, (B — c ). We have then the relation r,(B) =
Te—1(B\c) + 1(B — c). Correspondingly, R(B; x) = xR(B\c;x) + R(B—c;x). m

Example 4. As an example, we compute the rook polynomials of the boards "5 and

e

R("s; x) = xR(7m; %) + R(Td; x)
= xR(cm; x) + xR(; x) + R(o; x)
= (x+ 1A+ 3x)+x(1+2x)
=1+ 5x + 5x2.

R(%H; x) = xR (e x) + R(H x)
=x(1+2x)+ 1+ 4x + 2x2
=1+ 5x + 4x2.

Now we can re-calculate the rook polynomial of the board B:

R(B;x) =R (%;x)
= R("t; x)R(FH; x)
= (14 5x +5x2)(1 + 5x + 4x?)
=1+ 10x + 34x2 + 45x3 + 20x*.



Complementary Boards

THEOREM C.6 (Complementary Board Theorem). Let B be the complement of B inann x m
rectangular board. If R(B;x) = Y. r,x* and R( B; x) = ¥ 7, x* are rook polynomials of B and B,

respectively, then
k , .

w3 ()G o

=0
where we let 7; = 0 for i larger than the degree of R(B; x).

Proof. We consider all possible placements of k non-attacking rooks on the m X n board and

remove those where one or more rooks are placed on B using the Inclusion-Exclusion Principle.
Assume that the k rooks are labeled in our counting process, which means we will be counting
k! 7, rather thanry. The total number of ways to place k labeled rooks on the n X n board is

(7,?) (Z)k!z. Let A; denote the set of rook placements where the i-th rook is on the board B. We
have to remove these placements from the set of all placements. There are r; ways to place the i-
throok on B and (7~)(}~1)(k — 1)!? ways to place the remaining k — 1 rooks in the other rows
and columns. Hence there are r; (7 ") (R~;) (k — 1)!? placements in A; and there are k many A;’s.
Similarly, there are 7, (7"%) (R~2)(k — 2)!? elements in A; N 4; for i # j and there are ('2‘) of these
double intersections, and so on. Hence, using the principle of inclusion-exclusion, the number of
ways to place k labeled rooks on B is

Z(_l)i <I:> i (2:;) (Z _ i) (k — D127,

which can be written as

Z(—Dik! (52 () k= orm

To discard the effect of labeling the rooks, we divide this quantity by k! to achieve the result. m

Finding the number of placements of n rooks on a board which is a subset of an n X n board
is a quite common problem. For this particular case, the following corollary is very useful.

COROLLARY C.7. Let B be a generalized board in an n X n rectangular board. If ¥ 7,x* is the

rook polynomial of B, then the number of ways of placing n non-attacking rooks on B is
n
r, = Z(—ni (n— DIF,.
i=0

Proof. Just put k = m = n in the theorem. =

Example 5 (Probléme des Rencontres). We find the number of ways of placing on an n X n
square board if the diagonal cells are forbidden. We have to compute 7, for the generalized board

B which consists of white cells of the below board. The shaded cells constitute B.



Note that the board B corresponds to a permutation ¢ = 0,0, - g, of the set {1, ...n} such that
o; # i, which means a derangement. Hence 1, is the number of derangements of the set {1, ...n},
thatis ;, = D,,. Now we obtain the number derangements by means of rook numbers.

B is a staircase with R(E) =1+x)"= ?:0(';)3(", hencer; = (’ll) Then from the corollary it fol-

lows that

m= ) (—Din-)T;
2

EXERCISES

1. Find the rook polynomial of the following (unshaded) board.

L

2. At a university, seven freshmen, F;, F,, ..., F;, enter the same academic program. The chairman
wants to assign each incoming freshman a mentor from among the upperclassmen of the
program. Seven mentors M;, M,, ... M5, but there are some scheduling conflicts. M; cannot work
with F; or F;, M, cannot work with F; or F5, M, cannot work with F; or Fyz, M5 cannot work with
F, or F,, and M, cannot work with F,. In how many ways can the chairman assign the mentors so

that each incoming freshman has a different mentor?

3. Given a permutation o = 0,0, - 0, of {1, ..., n}, consider the corresponding rook placement of n
rooks on the n X n board and let B = (b;;) be the matrix such that b;; = 1 if the square (i, ) of
the board is occupied by a rook and b;; = 0 otherwise. Show that ¢ is an even permutation if and
only if det(B) = 1.

4. Which of the following polynomials can be the rook polynomial of a board? Give reasons,
including examples of appropriate boards, where possible.

a) 1+ x,

b) (1 + x)*,

c) 1+ 5x + 6x%,

d) 1 + 5x + 7x%,

e) (1 + 4x + 2x%)?,
f) 1+ 7x—6x%+ 3x3,



5.

10.

11.

Let S,, be the ‘staircase’ board illustrated below, consisting of n rows.

=

Show that S,, has the rook polynomial

n

R(S,;x) = Z (Zn —kk + 1) o

k=0
Let n be a positive even integer and consider an n X n chess-board in which the squares are

coloured black and white in the usual chequered fashion. In how many ways can n non-attacking
rooks be placed on the white squares?

Find the rook polynomial of the ‘staircase’ board illustrated below, consisting of n rows.
T

1]

Using the result of Problem 7, find the number of permutations o = o, --- g,, of {1, ..., n} such that
|0'i - ll <1

A club holds a weekly lottery for its n members, n being a positive even integer. Upon joining the
club, each member is assigned a number, based on the order in which they have joined the club
(the i-th member to join is assigned the integer i). In the weekly lottery drawing, each member is
assigned randomly a number from 1 to n, such that each number is used once and only once, and
winners are determined as follows: if Member i draws either i orn + 1 — i for the week, he or she
wins. In the case of multiple winners, the pot would be split among them. In how many ways can

there be no winners the first week of the lottery?

(Triangular Boards) Consider the family T,, of 2-dimensional boards called the triangle boards.
A triangle board of size n consists of the cells which are below the diagonal cells of a an n X n

square board. The triangle board T; of size 5 is shown below.

Show that
n+1
T,) = .
Tie(Tn) {n+1—k}

(Probléeme des ménages.) This question concerns n couples. Making use of rook polynomials,
find the number of ways of seating the n couples (2n people) around a circular table such that

men and women are sitting alternately and no woman is sitting next to her own partner.



Solutions to Exercises

s ()2 ()

Thus we have

which gives

2 ()=o)

1.b) First define the sum T,, = Y.}-; kH, and perturb this sum:

n
Ty=1=(n+ Dy + ) O+ D
k=1

=1—(n+ 1)Hpss +zn:(k+ D) (H" +k—il)

k=1

n
= 1—(n+ DHyy +Z(k + DHe +n
k=1

n n
= 1_(n+1)Hn+1 +Zka+sz+n
k=1 k=1
Tn STl

=(n+DH, +T,+S,+n

which simplifies as

n
sz =(n+ 1H, —n
k=1



1.c) Asinthe previous example, we define a new sum whose perturbation leads to the

desired sum. Let U, = Y%, k?H, , then

n
Up = 1= (ot D?Hygy + ) (e + DHi
k=1

n
1
=1—(+1)?Hyy, + ;(kz +2k+1) (Hk + m)

n
= 1—(n+1)2Hn+1+Un+ZSn+(n+l)Hn—n+Z(k+1)
k=1

U,, vanishes and the equation takes the form

5 n+1(n+2)
28, =m+1)*Hpyy —1-(n+DH, +n——F—+1

2
n>+n+2
=+ 1)*Hyyy — (n+ DH, — —
n>+n+2
=M+ 1)*Hyyy —(n+ DHpyy +1 - —
nn+1)
=nn+ 1H,q, — —

and finally

1 1
Sn = En(n + 1) (Hn - E)

2.a) Wecan write k = Z}‘zl 1 so that

Which results in



2.b) We can write k3 =

So we have

85, =n*(n+1)(2n+1) + %n(n +1)2n+1) -

Thus

2.c) We can write krk

DM I

=W+ D@+ D= @ -3+ )

n(n+ 1)

.

1l
[y

Al
g

k 12
j=1k* so that

2K
j=1
n
> ).k

k=]

k

-

n

j=1

Cn@2n+1)+C2n+1)—-1)

1
En(n + 1)(4n? + 4n).

1
S, = an(n + 1)2.

= Z}‘zl r¥ so that

303
Il

NN

-
Il
[y
=
Il
-

D= iA1=

1 n
— Z(rj _rn+1)
1—r4
Jj=1

1—r r—1

T <(n + Dr* — 1 —nrtt!

nr'tl—(n+ Dr* +1
(1-r)?

)

m+1DCn+1) - ) jG-DEj-1)
2

nn+1)

2



