1084 Lavenda

Feynman, R. P, and Hibbs, A. R. (1965). Quantum Mechanics and Path Integrals, McGraw-Hill,
New York, pp. 96ff.

Fisher, R. 5. (1973). Statistical Methods and Scientific Inference, 3rd ed., Hafner Press, New
York, pp. 153ff.

Gibbs, J. W. (1902). Elementary Principles in Statistical Mechanics, Yale University Press, New
Haven.

Khinchin, A. 1. (1949). Matl ical dations of Statistical Mech Dover, New York.

Klein, M. I. (1985). Paul Ehrenfest: The Making of a Theoretical Physicist, 3rd ed., North-
Holland, Amsterdam.

Kolmogorov, A. N. (1956). Foundations of the Theory of Probability, 2nd English ed., Chelsea,
New York, p. 42.

Koopman, D. 0. (1936). Transactions of the American Mathematical Society, 39, 399,

Kaullback, S. (1959). Information Theory and Statistics, Dover, New York.

Kullback, S., and Khairat, M. A. (1966). Annals of Mathematical Statistics, 37, 279.

Kullback, S., and Leibler, R. A. (1951). Annals of Mathematical Statistics, 22, 79.

Landau, L. D., and Lifshitz, E. M. (1969). Statistical Physics, 2nd ed., Pergamon Press, Oxford.

Lavenda, B. H. (1987). The implication of Bayes' theorem in statistical mechanics, submitted
for publication.

Lavenda, B. H., and Scherer, C. (1987a). Rivista del Nuovo Cimento, in press.

Lavenda, B. H., and Scherer, C. (1987b). The statistical inference approach to generalized
thermodynamics, submitted for publication.

Le Cam, L. (1953). University of California Publications in Statistics, Vol. 1, p. 277,

Lorentz, H. A. (1916). Les Théories Statistique en Thermodynamique, Teubner, Leipzig, pp. 10
and 16. 3

Mandelbrot, B. (1956). IRE Transactions on Information Theory, IT-2, 190.

Mandelbrot, B. (1962). Annals of Mathematical Statistics, 33, 1021.

Mandelbrot, B. (1964). Journal of Mathematical Physies 5, 164.

Neyman, J., and Pearson, E. S. (1933). Proceedings of the Cambridge Philosophical Society, 29,
492.

Perrin, F. (1939). Mécanique Statistique Quantigue, Gauthier-Villars, Paris.

Pitman, E. J. G. (1936). Proceedings of the Cambridge Philosophical Saciety, 32, 567.

Rao, C. R. (1945). Bulletin of the Calcurta Mathematical Society, 37, 81.

Savage, L. (1962). In The Foundations of Statistical Inference, Meth London.

Szilard, L. (1925). Zeitschrift fiir Physik, 32, 753.

Wald, A. (1947). Sequential Analaysis, Wiley, New York, Chapter 3.

International Journal of Theoretical Physics, Vol. 26, No. 11, 1987

Prolongation Structure and Painlevé Property of the

Giirses—Nutku Equations

Ayse Kalkanh'

Received November 27, 1986

It is shown that the Giirses-Nutku equations have a finite prolongation a_!gehr_a
for any value of the parameter K. The Painlevé property of these equations is
also examined.

A generalization of the KdV equation found by Giirses and Nutku
(1981) is given by

u,+6u, + U — At =0 (la)
A+2uh, +2Ku, =0 (1b)

where K is an arbitrary constant. These equations arise as the embedding
equations of a two-dimensional surface into a flat, three-dimensional space.
Giirses and Nutku discussed the equivalence between the two-dimensional
integrable systems and surface theory at the metric level. In a recent work,
Chowdhury and Paul (1985) studied the prolongation structure of equations
(1) without being aware of Giirses and Nutku (1981). They showed that
the prolongation algebra closes for K =—1,1,2. In this work we restudy
the prolongation algebra of Giirses- Nutku equations and show that it closes
for any value of K. We also show that a nontrivial Backlund transformation
cannot be found by prolongation techniques of Wahlquist and Estabrook
(1975). We reduced the partial differential equations (1) to ordinary differen-
tial equations by transformation of variables and applied the Painlevé test
of Ablowitz et al. (1980). We also applied the Painlevé test for partial
differential equations introduced by Weiss et al. (1983) to the Giirses- Nutku
equations. In both cases these equations fail when K # 0. Therefore they
are not of P-type in their present form.
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Introducing the notation

u=p, p=q (2)

we can write equations (1) as
u+6up+q,—A.q=0 (3a)
A +2ur +2Kp=0 (3b)

These first-order partial differential equations can be associated with the
set of four 2-forms, i

a=dundt—pdxndt
@, =dp A dt — g dx adt

4
ay=dqrdi+6updxadt—qdA adt—dundx "
@y=—dA Adx+2udA ndi+2Kpdx adt
The set {a;, a,, @i, a,} constitutes a closed ideal. That is,
4
dau=h§]fﬂbab’ ab=1,. .4 (s)

where f, are some 1-forms. We now seek a set of 1-forms
Wy =dy+ F dx+ G, dt, k=1,...,n (6)

with F (u, g, A, ) and Gi(u,p, g, A, y,) having the property that the
prolonged ideal {a, a,, as, @y, wy, ..., w,} is closed, that is,

4 "
dwe= ¥ graaat Y niaw (7
a=1 i=1

where n is the number of prolongation variables, and 8. and n} are some
sets .of 0-_forms and 1-forms, respectively. This requirement gives the set of
partial differential equations for F, and G,:

Fy=F;=0, . Fy+Gy=0
G, +2uF, —gF,=0 (8)
pG.+49G, +6upF., +2KpF, +[F, G]=0
where

v .. i
(£ 61=2 -G p
ay ay
The solutions of equations (8) are
F=uBse™ +ye*

. " 9
G =—qgBge” +pdy—2u(uBye )+709A)+§0 @
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where Bo, Yo, 80, and &, are independent of u, p, g, and A and satisfy the
commutator relations

[, Bol = 80

[80, Yol =270(K —1)

[80, Bal=2B0(1 - K)

[£o. Yol =[£0, Bol =[£0. 80] =0

The above algebra is finite-dimensional and no “closing off” is needed.
With the choice £ =0, which does not alter our conclusion, equations (9)
and (10) reduce to the results given by Chowdhury and Paul (1985) for the
special values K = -1, 1, 2, provided F and G in (9) are expressed in terms
of

(10)

g (11)

Choosing ¥, =(1- K)X,, By=—X,, and 8,= (K — 1) X,, one can write
F and G in (9) in terms of the generators of SL(2, R) algebra, satisfying
the commutation relations

[Xo, Xi]=2X,, [Xo, X:l=-2X;, [X, X:]1=X, (12)

Using the 2 x2 matrix representation of these generators, we can construct
an SL(2, R)-valued connection 1-form

0, 0,
e (@2 _90) a3)

where
By=(K —-1)u,dt
0,=(1—-K)e*(dx—2udt) (14)
@,=—ue *dx+e (2u'+u,)dt

This connection defines a linear equation d ¥ = —T'¥, where ¥ is a column
vector with components ¥, and W¥,. This associated linear equation does
not contain any spectral parameter. To introduce such a parameter, we can
perform an SL(2, R) gauge transformation

=23 txd> (15)
where det £=1. As a simple example, we choose
B 0
I= ( 0 e—:‘gx) (16)
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In the_ case the linear eigenvalue equations and the associated time evolution
equations can be reduced to the following scattering problem:

Voo = (2E+ AV +[E—ith + (K - Dul¥
¥, =[2uig+(1- K)u,J¥ - 2u¥,

i Assuming that one particular solution of the prolonged ideal {a;, w;}
is known, another solution of equations (1) can be written as S

u=t(u,p, qy")

(17)

I=1(x )
P=p(up g,y o
§=4(up, g,y
Substituting these into the set of forms
ay=dindt—pdxad
@ =dp adit—Gdxndt
(19)

Gy=dp ndi+6updxndt—Gdiadi—di n dx
dy=—dXndx+2idX A dt+2Kp dx n dt

and requiring these be in the rin i
4 g of the prolonged ideal,
following set of differential equations: 2 i P

Uy=Py= ,=0
Pl — i, F —f=0

PPutap,—p,F'-§=0

P4 +4§, —6upg.,+6up— g, F'+ GA,F —i,G =0

A ) (20

‘I‘J'q“]*h\=0 )
§y=ii,=0

Ka(di—u)=0

2K(p-phy)—Ay G - 24X, F =0
The solutions of these equations are trivial, i.e.,

- u=w, A=A, 4=g, p=p (21)
}Vhlc}.l means that there exists no Bicklund transformation other than the
ldenn_ty map. This supports the claim that for nonlinear partial differential
equations admitting only finite-dimensional prolongation algebra Biicklund

tr?nfgt;gr?ations other than the identity mapping seem to be absent (Leo et
al, :

Giirses-Nutku Equations 1w

There is a close connection between solvable nonlinear evolution
equations and nonlinear ordinary differential equations of Painlevé type.
An ODE is said to possess the Painlevé property when all movable sin-
gularities are simple poles. Ablowitz et al. (1980) conjecture that a nonlinear
ordinary differential equation obtained by an exact reduction of a nonlinear
partial differential equation of inverse scattering transform class is either
P-type or it must be related by a simple transformation to an ordinary
differential equation that is P-type.

Introducing new variables

g=xu Z=x /i (22)

we can write equations (1) in the form of a single nonlinear ordinary
differential equation,

[272°v"+ zv"(18v+24 —z) — 120(v +2)](6v —2)
—6K(2v-3v'2)(6v—60'z+92°0v") =0 _ (23)

where prime denotes derivative with respect to z. Using the algorithm for
nonlinear ordinary differential equations introduced by Ablowitz er al.
(1980), we obtain the following results:

Substituting

v~ (z—20) “vo, 2,18 arbitrary (24)
into equation (23), we find
a=-2, vo=—925(K +2) (25)

The resonances occur at r;=—1, r;=6, r;=2(K +2).
1t is obvious that for different values of K we have different resonance
values. For K # 0, substituting

6 3
v=(z-2z) = Y v(z—z) (26)
e =0
into the full equation (23) and requiring that the coefficients of (z —zg)
must vanish identically, we find that v; corresponding to the resonance
values are not arbitrary. This means that at the resonances there must be
logarithmic branch points. Therefore, equation (23) is not of P-type for
K #0.

A different exact reduction of equations (1) to an ODE may be obtained
by looking for a self-similar solution

v(z) g 27)

CH@FT 00N
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where v(z) satisfies

v"(20—2)+2Kv'v"+ 0/(120% - 8vz + 2°) + 20z —4p2= 0 (28)
This can be integrated once:

0"(20-2)+(K - 1)(v")>+ v’ + 40> — 402 + 229+ C = 0 (29)

where C is an arbitrary integration constant.

T_‘h:s ODE is not of P-type, because the Painlevé expansion does not
contain the correct-number of arbitrary constants.

_Annther exact reduction of equations (1) to a different ODE may be
obtained by looking for a traveling wave solution

u=y(z), z=x—ct (30)
where v(z) satisfies
" Lo REOREI
" +6vv'—cv +2v—cu =0 (31)
which can also be integrated once,
v"2u—e) +(K—1)(0')+4v’ —dev’ + - C'=0 (32)

where C' is an arbitrary integration constant. Again this ODE does not
have the anect number of arbitrary constant; hence, it is not of P-type for
K #0. This ODE admits solutions of the form of the elliptic functions, but
the total number of arbitrary constants is reduced to two, instead o!: the
three“needed. The ODEs (23), (28), and (31) obtained by exact reductions
of Giirses-Nutku equations, which are IST class, are not of P-type in their
present form.

; A different and more recent Painlevé test due to Weiss er al. (1983) is
given as follows: A partial differential equation has the Painlevé property
when its solutions are “single-valued” about the movable singularity mani-
fold. If the singularity manifold is determined by

D(x%x!,..., x"=0 (33)

and u (a=1,..., N) satisfy a system of partial differential equations ( N-
equations), then the Painlevé expansion is given by

ul;|=¢.r!"m_’JD un 0 1 ¥ n k
Eﬂ X, X5 T (34)

where ";“) are analytic functions of (x% x',...,x") ina neighborhood of
the n?amfold (33). The substitution of (34) into the partial differential
equations under consideration determines the possible values of a, and
gives the recursion relations for Uy, P

.
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A set of partial differential equations is said to have the Painlevé
property in the sense of Weiss er al. provided the a, are integers, the
recursion relations are consistent, and the series expansion (34) contains
the correct number of arbitrary functions. So there are basically three steps
to the algorithm. Applying these steps to equations (1), we obtain the

following:
L. Leading order analysis:
u~ D ug, A~ D),
oy=-2, a,=2K (35)
wo=—(2+K)®,,  A=07"
Here K must take negative values in order for A, to be analytic on ® =0.

2. Resonances: Substituting
U=0tu,+ B0 A =N g (36)

into the leading terms of the original equation and requiring that 8, and
f- remain arbitrary, we have

@+ K)(r+2K)[(r-2)(r=3)(r-4) - 12(r=2)+ 122+ K)]=0 (37)

The roots of this equation determine the resonances. We must always have
the root r; = —1, since it represents the arbitrariness of the singular manifold
@& = (. The other roots should be integers. », =—1 is a root of the equation
(37) when K =0. For this case the other roots are found tobe r, =0, r; =4,
r,=6. We know that the case K =0 is related to the KdV equation, which
is in fact P-type. When K =1/2, r,=—1 is again a root of equation (37),
but this time A, is not analytic on ®=0. Therefore equations (1) are not
of P-type when K #0.

In conclusion, we have showed that the coupled differential equations
(1) have no nontrivial Bicklund transformation. Even though the coupled
partial differential equations (1) have a nontrivial prolongation structure
and have a Lax pair, we have showed that they do not pass the Painlevé
tests of Ablowitz et al. and Weiss et al. In that respect we should reexamine
the Painlevé tests for coupled partial differential equations. Presumably we
must expand each field, u and A for our case, about distinct singular
manifolds.

The research reported in this paper is supported in part by the Scientific
and Technical Research Council of Turkey.
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We consider a closed gaseous system immersed in a heat bath undergoing a
thermal explosion. The effects of instantaneous fluctuations in the temperature
on the heat removal mechanism and on the reaction rate are idered. The
intensity of the fluctuations in situations far from equilibrium is determined by
calculating the temperature self-correlation. This quantity scales with the inverse
of an effective volume ) obtained from generalized fluctuation-dissipation
theory. This determines a virtual system corresponding to the localized ignition
process, possibly leading to a global runaway. The induction period is identified
with the Kramers mean passage time for diffusion across a kinetic barrier. The
induction period is thus shown to be dependent on the fluctuation volume (1.
The diffusion process is hastened by the critical fluctuations. The explosive
decomposition of ethyl azide was selected to test the theory and the results

exhibit very good ag with experi 1 data. Our treatment resolves the
previous discrepancy between the predictions rooted in the classical Frank-
Kan ky and the p ire ignition observed experimentally.

1. INTRODUCTION

The aim of this work is to provide a rigorous framework for demonstrat-
ing the stochastic contribution to ignition processes in gaseous closed
systems. That is, we shall describe the phenomenon of ignition in a statistical
sense. In an ensemble of realizations of the combustion experiment, some
replicas of the system will present a delayed explosion and others an
accelerated ignition. In order to appreciate the results presented in this
work, we emphasize the physical difference between critical nonequilibrium
fluctuations responsible for ignition and fluctuations near thermodynamic
equilibrium. Critical fluctuations are assumed to be localized in space and
the physical consequences of such an assumption will be examined. This
issue is discussed in a general context in Graham (1975), Fernandez (1985a),

'Department of Chemistry, Princeton University, Princeton, New Jersey 08544.
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