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1 Motion

Noether symmetries for a classical Lagrangian

L=1i-V(,az). (1.1)
% no sym algebra
V(t,x) 0 ——
2
wir? + — 3 sl(2, R)
x
wla? 5 sl(2, R) @& 24,
prx 5 sl(2, R) &4 24,
u? 5 sl(2,R) s W.
Lie point symmetries of the corresponding evolution equation
ou  0*u
it = 1.2
5 + 97 + V(t,x)u =0, (1.2)
V no sym algebra
V(t,z) 0+14 00 A By 00A;
2
w?z? + }% 3+14+00 {A1®sl(2,R)} ®s00A; (1.3)
¥
h
u“; 3+1+00 {41 ®sl(2,R)}®s 004

wr® 54+ 1400 {sl(2,R)®s W} s 004,
0t 5+ 1400 {sl(2,R)Ds W} ®s 004
w? 5+1+4+00 {sl(2,R)®; W} ®s00A;,

where I is the Heisenberg-Weyl algebra with

[217 EQ]LB =0, [217 Z3]LB =0, [227 23]LB =2



2 Money

2.1 Terminal condition u(7,z) =U

2
ou  Pu | 4 4

wT,z) = U.
I‘1 - f(ta J:)au
FQ = u@u
Fg - 8t

r, = e*t (& + wxd, + (Wz* — %w)u@u)
[, = e 2 (8t — wr0, + (W2 + %w)u@u)
e = (0, +wrud,)

I; = e (0, —wrud,)

as + ae®T +aze™*T = 0
as + age® T <w2x2 — %w) + age” 2T (w2x2 + %w) = 0,
az + ase®™’ +aze T =

ag + aze®T (w2x2 — %w) + aze” 2T <w2x2 + %w) + age’T (wz) + aze ™" (—wz) =

¥y = coshw(t—T)0, +wrusinhw(t —T)
¥y = sinh2w(t —T)0, + wx cosh2w(t — T)0, + (%w(l — cosh2w(t — T')) + w®x® sinh 2w (¢ —
Lie Bracket [X1, o], 5 = w.

dt dx du

0  coshw(t—T) wzusinhw(t —T)

t and u [—%wxz tanh w(t — T)} u= f(t) [%wa tanh w(t — T)}

u(t,x) = Ucosh 2 w(t —T) Bwﬁ tanh w(t — T)]



2.2 Application to a mean variance hedging equation

8J  8J | ,0% [0\
g+ ipp = 122 = 2.1
5 +a8y +5b o2 7\ ay +v(y)=0 (2.1)

with the terminal condition J(T,y) =0
v(x) = p? for which the symmetries are

L1 = f(t,x)expl[J/b*]0;

Ly = 0y

s = o

Iy = t0+ Lz + at)d, + p°td, (2.2)
Iy = t20, +tx0, + % (th — 2ty — (z — at)Q) 0

e = 0,

'y = to, — (x —at)dy,
where f(t,x) is a solution of

Of 1 p0f | OF i

V=5 ta-—"5f=0 2.3

ot 2 a2 T Tl TV (23)
Also v(z) = p*z and v(z) = jw?a?

J =T —t), (2.4)

Jtx) = L~ TP+ YTV — 2~ T)e  (25)

and

J(t,x) = a[l —sechw(t — T')|4+5 (a2 - ngz) tanhw(t—T)+1b* log coshw(t—T)—1a*(t—T)
(2.6)



2.3 Extension to a time-dependent v(¢,x)

v(t, ) = p2(1)

Iy = f(t,x)exp[J/b°]0,

s = 0y

I's = 0,

Ly, = 0,—p*(t)9y

I's = to,+ (at —x)0y

L = 2t0; + (at +x)0, — 2t1*(t)0y

U7 = 2120, + 2w, + (bt — 26%%(t) — (v — at)?) Oy,

where f(t,x) is a solution of

Of | 1,2f | of pA()
ot T2V Y T

f=0. (2.7)

ag +2Tag +2Ta; = 0
ag — p*(T)ay + (aT — x)as — 2Tp*(T)ag
+(2aTx — a®T? + VT — 2* — 2T*1*(T))a; = 0.

El = 890
Yo = 20t=T) (0 —p2(t)s) .

J = /T p(s)*ds — /t p(s)?ds (2.8)

to to



3 Medicine: The Burgess equation

A model of the spread of aggressive brain cancers such as glioblastoma mul-
tiforme:

on(r,t) 1 0 [ ,0n(rt)
e Dr2 By <r o + pn(r,t) — kn(r,t) (3.1)

in which n(r,t) is the concentration of tumour cells at location r at time ¢,
D is the diffusion coefficient, ie a measure of the areal speed of the invading
glioblastoma cells, p is the assumed constant rate of reproduction of the
glioblastoma cells and k the killing rate of the same cells.

_ _ _ k-
T=2Dt, ¢(r,7)=rn(rt), w= 5D (3.2)
(3.1) becomes
dp 0%
or = 2o TV (33)

w can be w(r,t) without affecting (3.3).

Other aspects of the model.



4 Symmetry-based solutions for the Burgess
equation

The nontrivial Lie point symmetries of the Burgess equation

o 9%
2= — =% 4 2w =
or ~ op + 2we =0

are

ry = 0.

Iy = 270, + p0, — 2wpp0y

I3 = 27°0, +27p0, — {2107'2 +7+ pﬂ ®0y
I

I's = 70, — pp0s.

)1
W~
|

We generate solutions as for the time-dependent Schrédinger equation.



The associated Lagrange’s system for I'y is

dr _dp _ d¢
0o 1 0

with the corresponding characteristics u = 7 and v = ¢, thus ¢ = f(7).
Equation (3.3) now gives

—f=wf e f(r)=cexp[~uwr],

that is
¢o =exp|—wr| and Xy = o exp [—wT],

where Y is the surface in (7, p, ¢) space of the basis solution. Obviously ¢
is a particular solution of (3.3). The vehicle for the production of further
solutions is Yy and the way is to operate the other solution symmetry, I's,
on Y, ie

5% = —po(—¢ 2 exp [~wT]) = po~ ' exp [~wT].

Thus
¢1 = pexp|—wr] and ¥, = po ' exp [~wr].



This procedure results in the construction of an infinite set of particular
solutions. We report a few more in order to give a clue for the derivation of
the general formula of these symmetries.

¢y = (74 p*)exp[—wrT]

¢35 = p(37+ p*)exp[~wr]

¢y = (372 +671p% 4 p*) exp [~wrT]

o5 = p(157% +107p* + p*) exp [~wT]

s = (157° +457%p* + 157p* + p%) exp [~w7].

In general we have

for the even solutions and

_ - 2jn' 27 _n—j
Panit = (p D) e CTR I J) exp [~wr] (42)

for the odd solutions.



What about the reverse procedure?

The associated Lagrange’s system for I';5 is

dr _dp_ d¢
I

so that the two invariants are

v=7 and w = gexp [%pz/ﬂ .

We write
6 = f(r)exp [—1p*/7]
0 - 2
90 _ (117 ol 1
92 2
3;5 = f (— + 7'.;) exp [ ;pz/T}
Then 96 5%
87 - sz + 2w¢ =0
becomes
" 1 p
T T T

and so we find the ‘ground-state’ solution

o =17 Y exp [—wT - %pZ/T} )

10



We use I'y = J, to generate other solutions as before. Some are

T S
o = () e[ -
b = (=)o [ 1]

01 = (p4 — 6p°7 + 3T2> 792 exp [—UJT — %pZ/T} )

These are not solutions to the Burgess equation!
To obtain them one introduces the transformation

_ kb

T ) Cb(?", 7') T‘TL(T’, ), w 5D
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Some solutions of the Burgess

equation

Some of the solutions of the Burgess equation obtained by the transfor-
mations of solutions generated from the basis solution of I'y are

no

ny

no

ns

Nop =

Non+1

(6Dt + 1) exp [(p — k)1

(z 2 ‘<2Dt>"-ﬂ‘) exp(p — k)]
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5 Other models for the Burgess equation

ot T r2or or
which contains a Malthusian term consisting of two parts, both of which were
constant. The first term contains the rate of replication of the glioblastoma
cells and the second term contains a killing term which could be due to
intervention such as chemotherapy.

We could examine the effect of a proliferation rate, p, which is not a con-
stant but which depends upon the radial distance r. We could also examine
the effect of a killing term, k, which is a function of time.

The assumption of a constant proliferation rate does not take into ac-
count the effect of crowding and is part of the assumption of growth in a
uniform and isotropic medium. We can assume that the proliferation rate is
proportional to the radial distance, that is

on(r,t) _ 10 <r2 onir, t)> +pn(r,t) — kn(r,t) (5.1)

p=cr®, a>0. (5.2)

Possible values for a which are mathematically amenable are o = 1,2, —2.
In the case of a = 1 the Burgess equation is

on(r,t) Dig (7"2 on(r,t)

= o

o 29 ) + cern(r,t) — kn(r,t).

When a = 2, the Burgess equation has the form

on(r,t) Dl 0 <T28n(r,t)

=D—— + cer’n(r, t) — kn(r, t).
ot r2 or or ) (r?) (r?)
A third possibility for a nontrivial algebra of Lie point symmetries occurs

when a = —2, e

on(r,t) 1 0 [ ,0n(rt) 5 B
oy _Dﬁﬁ (r o +cr n(r,t) — kn(r,t).
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6 Can there be Chaos?
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